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GENERALIZATION OF THE GROUPS OF GENUS ZERO* 


BY 


G. A. MILLER 


One of the most important systems of groups is that which is composed of all 
the groups which may be defined by the orders of two generators (s,, s,) and 
the order of their product. It is known that these three orders determine a 
finite group only when one of them is unity, when two of them are equal to 2, 
or when one is 2 while the other two are one of the following three pairs of 
numbers: 3,3; 3,4; 3,5. The first of these sets of orders define a cyclic 
group and may be regarded as trivial. When the order of two among the three 
operators s,, S,, 8,8, is equal to 2, the group {s,, s,}, generated by s,, s,, is 
the dihedral rotation group whose order is twice that of the third operator. 
This useful category has recently been generalized under the heading, Zhe 
groups generated by two operators which have a common square.t This gen- 
eralized category could also be defined as the set of groups generated by two 
operators such that the square of one of them is equal to the square of their 
product. 

The object of the present paper is to complete this kind of generalization for 
the dihedral rotation group and to extend it to the other groups of genus zero. 
The resulting groups have a two-fold interest in view of their close contact with 
the important system of groups of genus zero and their elementary structures. 
It is believed that a complete list of these groups will prove very useful in many 
investigations. Our object is to study all the groups which result when one of 
the three conditions which may be used to define a group of genus zero is pre- 
served while the other two are replaced by a single one of an elementary type. 
For instance, the dihedral rotation groups are defined by the conditions § 


Baal Che 3g be (8:35)? == 1. 


In the generalization mentioned above these conditions are replaced by 





* Presented to the Society at the New Haven meeting September 3, 1906. Received for pub- 
lication July 11, 1906. ; 

+ American Journal of Mathematics, vol. 24 (1902), p. 96. 

tArchiv der Mathematik und Physik, vol. 9 (1905), p. 6. 

§ Throughout the paper care has been taken to insure that, when one of the given generational 
relations of a group is s” 1, the operator s shall be of order n. 
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Beas, (s,8;')*= he 

A similar generalization is given by the equations 
SaaS (38a. 7—1 (n>2). 


We proceed to consider the groups whose generators satisfy the last equation. 
From (s,s;')’=1 it results that s,s7's,=s, Hence s;'s,s,=s}—' and sy's}s,=s)—” 
Since s? is invariant under {s,, s,} it is necessary that n? —n =n (mod m), 
m being the order of s,. That is, m must divide(n —1)?—1. Since {s,, s,} 
is generated by s, and s,s; and since the latter transforms the former into its 
(n — 1)-th power, the order of {s,,8,} is 2m. These results may be expressed 
as follows: Jf the two generators of a group satisfy the conditions si = s*, 
(s,sy')=1, n> 2, tt is non-abelian, involves a cyclic subgroup of half its 
order, and an additional operator of order 2 which transforms each operator 
of this cyclic subgroup into its (n —1)-th power. 

For m =n this category of groups reduces to the dihedral rotation groups. 
It is clear that we may assume that m=; for, if m were less than n, the 
number n could be replaced by n — km, where & is arbitrary. The invariant 
operators of {s,, s,} constitute a subgroup whose order is the highest common 
factor of m andn—2. With respect to this subgroup the quotient group of 
{s,, s,} is a dihedral rotation group. If H represents any Sylow subgroup of 
odd order in {s,, s,}, then either s, is commutative with each operator of H or 
it transforms each of these operators into its inverse. In the former case the 
order of s, is divisible by that of H. In the latter case the orders of s, and H 
are relatively prime. The numbers and m cannot be relatively prime since 
{s,, s,} is non-cyclic. For the same reason s, must be of even order, as is also 
otherwise evident. 

It may be added that if nis replaced by n’ = m—~n, the given equations 


become 
i=; (tte) == (n’<m—2). 


Hence these equations define the same system of groups as those given above. 
Similar remarks apply to the system defined by the equations ¢] = ¢3, (¢,t,)"=1. 
Since the dihedral rotation groups constitute an infinite system it is necessary 
that the generalization of the conditions satisfied by its generators are also satis- 
fied by the generators of an infinite system of groups. The other groups of 
genus zero are defined as individuals, and the corresponding generalizations are 
satisfied by a very small number of groups. 


$1. Generalization of the tetrahedral group. 


t is known that any two operators of order 3 whose product is of order 2 
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generate the tetrahedral group. ‘That is, this group is completely defined by 
two operators s,, s, which satisfy either of the following sets of conditions: 


Ce Oe Aa ie CS yet lal ey ean 
We proceed to consider the groups which satisfy the more general equations 
s} = 8), (8,8, =1; si = 8), (,8,)°=1. 


We begin with the first of these two cases; that is, we consider all the groups 
which are generated by two operators having a common cube and a product of 
order 2. 

The three operators s,s,, 8,8,, 8;'S,8} are conjugate under s, and the product 
of the last two is s}s} = s,s,:s) since s,s,= s;'s;'. As s,s, transforms this 
product into its inverse and is commutative with s? the order of s, must divide 
24. As it isa multiple of 3 it has one of the three valuees 24, 12,6, 38. If 
this order is 24 the two operators of order two s,s,, s;'s,s{ generate the octic 
group since s}si is of order 4. This octic group and s° generate an invariant 
subgroup of order 16 since it is transformed into itself by s, and also by s,. 
As this invariant subgroup contains the quaternion group as a characteristic 
subgroup, this quaternion group and s} generate the group of order 24 which 
does not involve a subgroup of order 12. Hence the given group of order 
16 and s} generate the group of order 48 known as G‘,,.* As this involves s° 
and s° it also involves s*. If we extend it by means of s} there results a group 
of order 96 which involves both s, and s, and hence is {s,,s,}. As s? is 
invariant under { s,,s,} there is only one such group.+ It may be represented 
as a substitution group of degree 32 by means of 


,=acceeg'ga -bm'nf’ of hk ld'mp fijb'kn'do'ph'il, 
s, = am jeon gk'peml'eind'kj col ip’: bd'df fr'ho’. 


When sg, is of order 12 the two operators s,s,, s;'s,s{ are commutative since 
their product is of order 2. Hence {s,s,, s;'s,s;} is the four-group. This 
four-group and s° generate the group of order 8 which involves seven operators 
of order 2. This is invariant under {s,,s,}. Since the group of isomorphisms 
of this group of order 8 is known, it is known that s{ and one of its subgroups 
of order 4 generate the tetrahedral group. Hence {s,, s,} is the direct pro- 
duct of this tetrahedral group and s?. When s, is of order 6 the four-group 
{s,8,, 8;'s,s}} involves s,s,, and together with s{ generates the tetrahedral 
group. Hence {s,, s,}, in this case, is the direct product of the tetrahedral 
group and the group of order 2. These results may be expressed as follows: 





*Quarterly Journal of Mathematics, vol. 30 (1898), p. 258. 
7 Bulletin of the American Mathematical Society, vol. 3 (1897), p. 218. 
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There are exactly four groups whose two generators s,, 8, satisfy the relations 
si=s3, (s,s,?=1. They are the tetrahedral group; the direct products 
of the tetrahedrl group and the cyclic group of order 4 or the group of order 
2; and the group of order 96 considered above. 

The second generalization of the tetrahedral group relates to the groups whose 
two generators satisfy the equations 


er — 
rane a CAP eee 
The three conjugates of s, under s, are 
ms | = 
S15 87 8; Ses 8 


As these conjugates have a common square we are concerned with a generaliza- 
tion of the dihedral rotation group. Multiplying the second into the inverse of 
the third, we get 


£3 


—2 o—1 2 
$s; 


2 


1 5 


1 ‘ —_s= 
8, §,° 8, s,=S 1° 


=] Fires deal So 
ee siba 81 89.370 258 


1 


Since s? is transformed into its inverse by sy's,s, and s? is invariant under 
{s,, 8,} it follows that the order of s, divides 20. If the order of s, is 20 we 
consider the group generated by si°>=t,, s}°>=¢,. From the fact that 
(83° 32° )8 = gi7°(s,8,))=1, it results that 77—¢3 and (47, =1. Hence 
{t,, ty’t,t,, G° t,t; } is the quaternion group, which is invariant under {¢,, ¢, } 
since it includes ¢, and is transformed into itself by ¢,. This quaternion group 
and ¢, generate the group of order 24 which does not contain a subgroup of order 
12. Hence this is {¢,, ¢,}, while {s,, s,} is the direct product of {¢,, ¢,} and 
the cyclic group of order 5 generated by st. 

When the order of s, is 10, it follows from the preceding paragraph that 
{ si, s;} is the tetrahedral group and that {s,, s,} is the direct product of 
this group and the cyclic group of order 5. These results may be expressed as 
follows: There are exactly four groups whose two generators satisfy the con- 
ditions sj =83,(s,s,)»=1. They are the tetrahedral group, the group of 
order 24 which does not contain a subgroup of order 12, and the direct pro- 
ducts of these groups and the cyclic group of order 5. As only one of these 
groups occurs among the four given above we have seven distinct groups result- 
ing from one or the other of the given generalizations of the defining equations 
of the tetrahedral group. 

It may be of interest to note how a slight change in these generalizations may 
affect the system. Instead of the equations s? = s}, (s,s,)? = 1, we proceed to 
consider s} = s}, (8,8,;')?=1. The three conjugates s,s>1, sy's,, s;1s;'s? are 
commutative and constitute, together with the identity, the four-group since 


ets Eat : he ul: 
878? = (8,38; = s,s,'. This four-group is invariant under { s,, s,} and has 
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only the identity in common with the cyclic group generated by s?. Hence the 
theorem : 

Two operators s,, 8, which satisfy the conditions s? = s3 and (s,s;')? =1 
generate the group which may be obtained by establishing a (4, h) isomorphism 
between the tetrahedral group and a cyclic group of order 8h, where 8h is the 
order of s, .* 

Since there is one and only one such group for every value of , a group is 
completely defined by the value of 2 and the given equations. In particular, 
when h = 1, {s,,s,} is the tetrahedral group. When h is prime to 3, {s,, s,} 
is the direct product of the tetrahedral group and the cyclic group of order A.+ 

Similarly, the second set of equations given at the beginning of this section 
may be replaced by s? = s} and (s;'s,)>=1. The three conjugates of s, under 
Ss, are 

ent re a Hatt pe 

The product of the second into the inverse of the third is s;'s,s;'s} = s;'. 
Since s;'s,s, transforms s, into its inverse and is commutative with s? the order 
of s, is either 2 or 4. In the former case {s,, s,} is the tetrahedral group. In 
the latter case, {s,, s;'s,8,, 8;7s,s}} is the quaternion group. As this is 
invariant under { s,, s,} we have the result: Jf the two generators of a group 
satisfy the conditions s* = s}, (s;'s,)’= 1, it is either the tetrahedral group 
or the group of order 24 which does not contain a subgroup of the order 12. 


§ 2. Generalization of the octahedral group. 


The octahedral group is completely defined by the fact that it may be gen- 
erated by two operators of orders 2 and 4, respectively, such that their product 
is of order 8. That is, s,, s, define the octahedral group provided they satisfy 
the equations si=s}=1, (s,s,)’=1, and the orders of s,, s, are 2 and 4 
respectively. We shall now consider the generalization of the octahedral group 
given by the equations sj = s3, (s,s,)* = 1. 

It will be convenient to consider the three conjugates of s; under s,8,. 
These are 

S2> Sy! 8838182) 8 $28.87 S| = 8, 828, 


The form of the last one of these three conjugates results from the fact that 
(s,s,)~? = 8,8, since (s,s,)*=1. These conjugates have a common square since 
sj is invariant under {s,,s,}. The group generated by any two of them is 
therefore a generalized dihedral rotation group. We shall consider the group 





*Bulletin of the American Mathematical Society, vol. 1 (1897), p. 218; cf. 
MANNING, Transactions of the American Mathematical Society, vol. 7 (1906), p. 
233. 

+ Transactions of the American Mathematical Society, vol. 1 (19U0), p. 67. 
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generated by the last two. The product of the third into the inverse of the 
BeCONd IS 8, 8,828, S 95-885 == 8) 85° 8, 8a 8, Se = 628, 5 See oe COL Ola ee 
given conditions we have (s;'s;")* = (s;'s;')* = 1, and therefore 


(3:85 ye = aes or (8,827)? = 887. 


Since s, s?s;' transforms s}° into its inverse and has a common square with s3, 
the order of s, is a divisor of 72. The group generated by s;'s;"s>s,s, and 
s, 8387! contains s} since it contains both s} and s}’. This group is transformed 
into itself by s,, since this operator transforms the latter generator into the 
former, as 8,838,’ = s;'s3s,, and also transforms their product into itself. 
Hence it is also transformed into itself by s,, as it is transformed into itself by 
8,s,. That is, s}, sy’ s;'s>s, 8), 8,8;8;' generate a subgroup which is invariant 
under {s,, s,}. When this subgroup is extended by means of s,s, there 
results another invariant subgroup since s,s, = (s;'s;')~, 8,8, = 8}8;' 87 83, 
and si, s; are in the preceding invariant subgroup. The order of {s,, s,} 
must therefore divide the product obtained by multiplying the order of 
{ sy} 87's} 8,82, 8,838;'} by 6. That is, this order divides 6-4-18 = 432. 

If the order of s, is 72, the group generated by s}, sy's;'s}s,S,, 8,838,‘ is of 
order 72, and its invariant operators constitute the cyclic group of order 18. 
It may be defined by the fact that it is non-abelian and contains more than one 
cyclic subgroup of order 386. Its three cyclic subgroups of order 36 are conju- 
gate under s,s, and its cyclic subgroup of order 18 is composed of the invariant 
operators of {s,,s,}. By extending this group of order 72 by means of s,s, 
there results the direct product of the cyclic group of order 9 and the group of 
order 24 which does not contain a subgroup of order 12. As this direct product 
contains just three subgroups of order 24, one of them is transformed into itself 
by s, and includes s}°. This subgroup and s} generate a group of order 48, 
known * as G,,, and hence { s,, s,} is the direct product of the latter and the 
cyclic group of order 9. That is, if s,, s, satisfy the conditions si= s}, 
(s,s,)* =1, then either they generate the direct product of the cyclic group of 
order 9 and the group of order 48 known as G,, or they generate a quotient 
group of this direct product. 

If the order of s, is 36, the three operators s}, sy’ sy’ ss, 8, 8,838,’ generate 
a group of order 86. As this is abelian and contains three cyclic subgroups of 
order 18 it is the direct product of the four-group and the cyclic group of order 
9. By extending it by means of s,s, we obtain the direct product of the alter- 
nating group of order 12 and the cyclic group of order 9. Hence {s,, s,} is the 
direct product of the symmetric group of order 24 and the cyclic group of order 
9 whenever the order of s, is 86. If the order of s, were not divisible by 4, 





* Quarterly Journal of Mathematics, vol. 30 (1898), p. 258. 
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s} would be equal to the square of a generator of s, and hence we would be 
dealing with a group generated by two operators having a common square. 
Hence it is only necessary to consider the cases when the order of s, has one of 
the following values: 4,12, 8, 24. In the first two cases, we arrive at the 
symmetric group of order 24, or the direct product of this and the group of 
order 3. In the last two cases we arrive at the group of order 48 considered 
in the preceding paragraph or the direct product of this and the group of order 
8. As the considerations are similar to those given above, it seems unnecessary 
to enter into details, especially since the quotient groups mentioned at the end 
of the preceding paragraph are so well known from the fact that G’,, has a (2, 1) 
isomorphism with the symmetric group of order 24. 

A similar generalization of the definition of the octahedral group is given by 
the equations 


ee 


2 
s - 


1 


(s,8,)*= 1. 


To find an upper limit for the order of s, we may consider the following product 
of two conjugate operators of order 2: 


a \aeee 2 2 2 eek 2 2 2 2 e—1 __ 930 
8 $28,3, Joe (8, 8,8; S,8, 8.) = 87 8,8) 8,8, 8,8, 8,918, 5, = 85 


= a lite Nite yet DAR Ley Ate lat Rel Wom ate 4 


(8, 8,8 


Vi A | 


As 83° is both commutative with (s,s, )’ and transformed into its inverse by this 
operator, its order cannot exceed 2 and hence the order of s, divides 60. We 
shall first consider the group generated by s°, s} when the order of s is 60. It 
is clear that these two operators satisfy the given conditions since 


(ss) )* = (81838, 8) = 81° 8)" (88; )* = 8)”. 


It will appear that {s,, s,} is the direct product of {s?, s}} and the cyclic 
group generated by s}’. From the equation given above it follows that 
{ 8,8,8,8,, 8,8,8,8,} is the octic group. Extending this by means of s}°, we 
obtain a group of order 16 which is invariant under { s,, s,} since s, transforms 
one generator of this octic group into the other, and the product of the two into 
s? 8 8,85 = (8,8,8,8,)~'- 8°. By extending this group of order 16 by means 
of s}, we get a group of order 48 which is invariant under {s,, s,} since 
87'S) 8, =(8,8,8,8,)~'-s,°. Finally, if we extend this by means of s} we obtain 
the group of order 96 in question. It is easy to verify that this group may be 
generated by the following substitutions : 


s, = aaggee'ce - bohm fk di: id'ob'mh kf" -jn'pl'njlp’, 
s, = amlgkjeipcon :-bdfh:-amlgkyevp'con - Vd fh. 


When the order of s, is 60 the invariant subgroup generated by s}” has only 


the identity in common with the G‘,, of the preceding paragraph. Hence 
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{ s,s, 83} = {s,, s,} is the direct product of G,, and the cyclic group of 
order 5. When the order of s, is 12 it follows directly from the preceding 
paragraph that {s,, s,} is G,,. Hence it remains to consider the cases when 
the order of s, is not divisible by 4. If this order is 30 we again consider 
{s°, si}. Hence {s,s,s,s,, s,8,8,8,} is either the four-group or the group of 
order 2. In the former case it does not contain s}, since one of its two genera- 
tors is transformed into the other by s, and their product is transformed into 
itself multiplied by s}? by the same operator. Hence this four-group and s} 
generate the group of order 8 which contains 7 operators of order 2. Just as 
in the preceding paragraph, we observe that this group of order 8 is invariant 
under {3s,, 8,}- 

As s> transforms this group of order 8 into itself and is commutative with 
only one of its operators of order 2, it transforms one of its subgroups of order 
4 into itself and this subgroup and s>° generate the alternating group of order 
12.* That is, s} and this group of order 8 generate the direct product of the 
alternating group of order 12 and an operator of order 2. By extending this 
group of order 24 by s? we obtain the group of order 48 which has 24 addi- 
tional operators of order 4 of which 12 have the same square as s? while the 
other 12 have a different common square. ‘This elementary group of order 48 
is {s?, s}} and has the symmetric group of order 24 for its group of cogredient 
isomorphisms. When sg, is of order 6, {s,, s,} is this group of order 48, and 
when s, is of order 80 it is the direct product of this group and the cyclic group 
of order 5. 

It remains only “ consider the cases when s, is of order 8 or 15. In the 
former case { s,, 8, } is clearly the octahedron group, while in the latter it is the 
direct product of ik and the cyclic group of order 5, since s}, s} generate the 
octahedron group. The proof of this fact follows directly from the preceding 
paragraphs. Hence there are just six groups whose two generators satisfy the 
conditions s} = 83, (s,s,)*=1. Three of these are of orders 24, 48 and 96, 
respectively ; ohare the other three are the direct products of these Tes and 
the cyclic group of order 5. 

It remains to consider the generalization of the octahedral group whose two 
generators satisfy the equations 


3 


$) 


=sl, (4 8,)'=1. 


The superior limit of the order of s, may be found as follows: 


2 ed oP et Aa tes 292 \2 _ g—24 4. eae 
: (83 $; 85S} ) So (83 8, 8287) $2 (s,s :} = Sor as 
since 
ae Pees eed oe 
Biss Grane han S58)” es 2 Gr1 Se 





* Cf. MoorRE, Bulletin of the American Mathematical Society, vol. 1 (1894), p. 61. 
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As sy’ and s;*s3s? have a common square, s;* 


and into itself by s3. That is, the order of s, divides 56. The two operators 
st’, s$° also satisfy the given conditions since (s;° s;°)? = s}*(s,s,)?=1. If the 
order of s, is 56 the orders of these two operators are 6 and 8 respectively. We 
proceed to consider the group generated by them. 

From the given equations it follows that s3°, s-** s}° s?* 
group. That this is invariant under {s,, s,} follows from the proof that 


{ s3, 87° 83s} } is invariant under {s,, s,}. That this group contains 


is transformed into its inverse 


generate the quaternion 


—1 ,2 —4 , 2 2 —4 —1,-—1 —4 —1 ,—2 .—1l —8 —2 o—1 .—2 ,—20 2 o2 gt 


follows from the given form of the product sy*-s;*s}s?. It is transformed into 
itself by s, since s? transforms 28,8287 into 8,8, 84878, = s?-s,1s2s,82, which is in 
7 7 < 98 —98 98 98 49 

this group. The quaternion group { s}°, s;°*s}*s?*} and st? generate the group 
of order 24 whic s not contain a subgroup of order 12. s this is clear 

f order 24 which does not contain a subgroup of order 12. As th learly 
1, 8)? } is the group of order 48 
which is very closely related to the group of this order G‘,, con- 


invariant under {s,,s,} it results that {s 
known * as G,,, 
sidered at the beginning of this section. When the order of s, is 8, {s,, s,} is 
therefore G‘,,, and when this order is 56, {s,, s,} is the direct product of G‘,, 
and the cyclic group of order 7, since the group generated by s} is invariant 
*, 85°} and has only the identity in common with it. 

When the order of s, is 28, { st®, s}°} is the symmetric group of order 24 
and {s,, s,} is the direct product of it and the cyclic group of order 7. Hence 
there are exactly four groups whose two generating operators satisfy the con- 
ditions s} = s},(s,s,?=1. Two of these are of orders 24 and 48 respec- 
tively while the other two are the direct products of these and the cyclic group 
of order 7. It may be added that the three groups of order 48 which have 


been considered in this section are distinct. 


under {s 


§3. Generalization of the icosahedral group. 


If two operators s,, s, satisfy the equations 
s=1, s=1, (sSe)ee 


they generate the simple group of order 60. This fact was observed by Hamiz- 
TON as early as 18567}, and it is of especial interest since there are only a few 


finite groups which may be defined in such an elementary manner. It is well 
known that the 60 operators of this group may be written as follows: 


m m z m 2 S 
Soy $38,855 $38,858, 8, $38, 828,8,8, (m,n=1,2,---,5). 


*Quarterly Journal of Mathematics, vol. 30 (1898), p. 258. 
+ HAMILTON, Philosophical Magazine, vol. 12 (1856), p. 446. 
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In the following generalization it will be convenient to use a group which is 
defined by a very closely related set of equations, viz., 


sj=l, 33 = sh, (355) aL. 


Since the icosahedral group does not involve any operators of order 4 the order 
of the present group is not less than 120. That it is exactly of this order 
follows from the fact that each of its operators may be written in one of the 
following forms: 


3 


m m n m 2 gn m 2 Bcd re es 
$3913 81895 Sy 8,858,825 8p 8,8) 8,8)8, (m=1, 2,---, 10; n=1, 2,---, 5). 


The reductions to these forms follow directly from those of the icosahedral 
group, since any product involving powers of s, and s, may be written as a power 
of s, multiplied by a product in which only the first power of s, and the first 
four powers of s, occur; for sj and s} are invariant under {s,, s,}. 

This group (G,,,) of order 120 is well known as an imprimitive group of 
degree 24 * and it seems therefore unnecessary to give an existence proof here. 
It may be observed that it does not include the icosahedral group, but this group 


is its group of cogredient isomorphisms. It will be found that the groups. 


whose two generating operators satisfy the generalization of the icosahedral 
group given by the equations 


g=si, (s,8,%=1 


are merely direct products of a cyclic group whose order divides 21 and one of 
the two groups given above. As a first step in this proof, we consider the 
product of two operators of order two which have a common square, viz., s, and 
sy‘s,s}. The following equations result directly from the two given relations 
between s, and s,: 


(sr4s, s$er1) = (shsytsl = shsytal srs, 
( Sz * 8, 82877)” = 83( 87" 83°)’ 837 = 83( 8, 83)’ 83> = 8”. 


Since s, transforms s}” into its inverse + and is commutative with it, the 


order of s, cannot exceed 210. If this order is 210 the two operators sj, s} 
generate the given group of order 120 since (s7's}')? = s}!°(s,s,)’=1. Hence 
{s,, 8,} contains the group generated by s;’ and this group of order 120 as 
invariant subgroups having only the identity in common.. It is therefore the 
direct product of these two subgroups, and each of its operators is represented 
once and only once by one of the following expressions : 


Sp’, Sq’ 8, 82 5 87 8, 858; 83, SP 8, 838, 858 (m=1, 2, “2103 w= 1, 2,75, Ole 





* It is also the compound perfect group of lowest possible order. Cf. American Journal 
of Mathematics, vol. 20 (1898), p. 277. 


tArchiv der Mathematik und Physik, vol. 9 (1895), p. 6. 
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The cyclic group generated by s} is composed of the invariant operators of 
this group and the corresponding quotient group is the icosahedral group. This 
group of order 2520 may be regarded as the generalization of the icosahedral 
group which is defined by the equations sj = s} and (s,s,)’=1. The other 
groups whose two generators satisfy these conditions must also satisfy an addi- 
tional condition, viz., that the order of s, is less than 210. If the order of s, is 
either 70 or 30 it still follows that (s3's3')’=1 and hence the corresponding 
{s,, 8,} is the direct product of the given group of order 120 and either the 
cyclic group of order 7 or the cyclic group of order 3. 

Finally when the order of s, is 105, 35 or 15, the two operators s7', s?' generate 
the icosahedral group and {s,, s,} is the direct product of this group and the 
eyclic groups of orders 21, 7, 3, respectively. If we include the icosahedral 
group and the given group of order 120, there are exactly eight groups whose 
two generators satisfy the equations si = s>,(s,s,)»=1. In each case the 
operator of the group is represented once and only once by one of the following 
forms : 


ae ss, st, 8} 8, 858,85, 858,828,858, (m=1, 2,---, order of s,; n=1, 2, ---, 5). 


It may be added that the existence of the given direct products could have 
been seen directly, since, in the definition of the icosahedron group by means of 
the equations sj = 1, s} = 1, (s,s,)? =1, it is clearly possible to select an inde- 
pendent operator of order 21 and multiply s,, s,, respectively, by its first and 
its thirteenth powers. The resulting products will satisfy the equations of the 
generalized icosahedral group. The above proof may therefore be regarded as 
merely establishing that there are no other such groups. 

The two other possible similar generalizations of the icosahedron’ group can 
readily be reduced to the preceding one. We shall first consider the case when 


3 


I=), (s,s,)=1. 


To exhibit the connection with the preceding case we let ¢, = s,s, and t, = sj". 
Hence we have to consider { ¢,, t,} where 


t=1, t= (¢,t,)°. 


To obtain an upper limit for the order of ¢, we may use the product t;‘t, ¢}t,. 
Since ¢} is invariant under { ¢,, ¢,} = {s,, s,}, it is possible to write the given 
product in a more compact form as follows: From ¢;'t,¢y't,t7't, = & it results 
that t;‘t,t#t, = ¢2¢,t,-¢3. Hence it results that (t;‘t,¢t,)" = ¢2(t,08)" 0". 
If we write the equation ¢y't, t7't, t7't, = @ in the form ¢, (3 = ¢,t,t,¢,¢4 -¢3 it is 
clear that (¢,¢3)" = ¢,¢,t}¢,t7'-%". Letting m = 5 in these equations we arrive 
at the equation 
(t°t,6¢,) = t;'. 
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As ¢, is commutative with ¢;° and also transforms it into its inverse, the order 
of ¢, is a divisor of 160. We shall now prove that it cannot be 160. If ¢, 
were of order 160 ¢,¢, would be of order 96. The group generated by ¢}° and 
(¢,t¢,)°=t, ¢,-t7” is the same as the one generated by ¢}° and ¢,¢,:t7*. °=t, ¢,- 0°. 
As the last operator is of order 3 and as ¢,¢3°-t;'® = ¢,t}° is of order 4 we are 
dealing with a group whose two generators s,, s, satisfy the equations s} = s}, 
(s,s,)?=1,st=1. This is the group of order 120 whose properties were 
considered above. The cyclic group generated by ¢}° is invariant under this 
group and with it generates {¢,, ¢,}. This is impossible, since ¢, would cor- 
respond to an operator of order 4 in the (4, 1) isomorphism between { t,, ¢, } 
and the given group of order 120. The order of s, must therefore divide 80. 

It is now easy to prove that there are exactly five groups whose two genera- 
tors s,, 8, satisfy the equations s? = s},(s,8s,)?=1. They are the direct products 
of the icosahedron group and the cyclic group of order 2*,a=0,1, 2, 3, 4. 
The proof of this theorem follows very readily from the fact that the order of s, 
divides 80. Hence {s;°, s}° } is the icosahedron group, since (s}° s}° )?=(s, 8 )?=1 
and s{°, s}° are of orders 3 and 6 respectively. As {s,, s,} contains the cyclic 
group generated by s} and the icosahedron group as invariant subgroups having 
only the identity in common and the order of { s,, 8, } cannot exceed the product 
of the orders of this invariant subgroup, the proof is complete. 

It remains only to consider the groups whose two generators satisfy the 
equations 
Sites Ses (3 6.) eee 
It will be convenient to use the auxiliary symbols ¢,=s,, t,=s,s,. Proceeding 
as before we have 


Henge (HASTY AGREE, (4H Saat ee. 
ence 
(aan 


Moreover, (¢7*t, 23t;* )® = s?( Gt, )t7* = 8). Since ¢, transforms both s;™ 
and s/° into their inverses and is commutative with each of them, the order of s, 
divides 30. 

If the order of s, is 30 that of s,is 20. In this case s°, s}? generate the group 
Go) considered above; for (s}s}”)’ = s? and the orders of sj, s}° are 4 and 3 
respectively. As sis invariant under this group and has only the identity in 
common with it and as { s{, s{, s}°} = {s,, s,} it follows that the latter is the 
direct product of G‘,,, and the cyclic group of order 5. When the order of s, 
is 15 that of s, is 10 and s°, s}° generate the icosahedron group. In this case 
s? si° = 88,8, = 8,8,- When the order of s, is either 6 or 3, {s,, s,} is either 
the given group of order 120 or the icosahedron group. Hence the theorem: 


be 
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There are exactly four groups whose two generators s,, 8, satisfy the equations 
si = 83, (8,8, ?=1. They are the icosahedron group, G,,,, and the direct 
products of these groups and the cyclic group of order 5. 

Combining the results of this section, we conclude that there are fourteen dis- 
tinct groups which are generated by two operators satisfying one of the three 
immediate generalizations of the defining relations of the icosahedron group. 
The generators of the icosahedron group satisfy each of these generalized defini- 
tions, those of G’,,, satisfy two of them, while those of each of the other twelve 
groups determined above satisfy only one of these sets of conditions. The sim- 
ple defining relations and the close contact with the simple group of lowest com- 
posite order make these fourteen groups of peculiar interest. 





ON REFLEXIVE GEOMETRY* 


BY 


F. MORLEY 


This memoir is in continuation of two in these Transactions (vol. I, p. 97 
and vol. IV, p. 1). It follows especially § 3 of the first memoir. The object 
of the three is to illustrate an algebraic method of handling planar displace- 
ments, which applies more immediately to elementary geometry than does the 
usual codrdinate geometry. While the latter heads directly for projective 
geometry, the present method heads for inversive geometry. It may perhaps be 
called reflexive geometry. 


§ 1. Outline of the method. 


This is not the place to expound the beginnings of the method, but an out- 
line may be given. On analysing displacements of a plane on a plane, on the 
hypothesis that translations exist, we find easily that they amount to 

(1) reflexion in a line chosen once for all, 

(2) rotations about a point, chosen once for all, and 

(3) translations. 

We take the point on the line and call them base-point and base-line. 

Let now the displaced object have symmetry; and passing at once to the 
extreme case let it be a point. Displacements previously different become the 
the same, and equations arise. 

The subsequent details are merely an enlargement of the planimetric inter- 
pretation of the fundamental operations of algebra, as given in works on the 
theory of functions and in some works on algebra. 

The notation used is a superposed bar for reflexion in the base-line (thus % 
is the image in the base-line, or “conjugate” of x) and the letter ¢ or 7 for rota- 
tion about the base-point. The symbol 0 denotes that the moving particle is 
at the base-point, the symbol 1 that it has undergone a unit translation along 
the base-line, the symbol ¢ that it is somewhere on the circle with center 0 and 
radius the unit of length. This circle is called the base-circle, and the special 
complex number ¢ is called a turn. 





* Presented to the Society at the New Haven meeting September 3, 1906. Received for pub- 
lication September 3, 1906. 
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§ 2. The cyclogen. 


Consider the series of self-conjugate equations : 


a+at=0, 

a+ 2ut+a?=—0, 

a+ b¢+ 62+ a2=0, 

a + bt + Qué + 60+ att =0, 


where wis real. Such an equation is of the same generality as the equation with 
real coefficients usually studied in the theory of equations. In fact by mapping 
the base-line on the base-circle they are interchanged. To the real roots of the 
latter correspond the turn roots of the former, to conjugate roots of the latter 
correspond inverse points as to the base-circle. 

Thus every equation of our series, whose degree is odd, has one turn as a 
root. We take as the standard case an equation all of whose roots are turns. 

Now regard in the above equations a pair of conjugate coefficients as variable. 
We have then for given ¢ a line, for varying ¢ a curve of lines. 

If we denote by n the class of the curve and by m the number of lines of the 
curve in a given direction, then the curve may be denoted by C”. The simpler 


curves are : 
C}, a point ; C3, a cardioid ; 
C*, a segment ; Cé, a segment * ; 
C?, a circle ; C3, a parastroid ; 
C?, a deltoid ; Ct, a paranephroid. 


These curves may be called cyclogens. 

We are concerned here solely with the curves C” for which the end coeffi- 
cients are variables. If we mean by the aspect of a curve the number of 
parallel tangents, then these curves are cyclogens of full aspect. They might 
be called cardioids, or better ennacardioids. Thus C{ is the tetracardioid. 
Denoting the curve C” now simply by C”, the series of ennacardioids begins 
with the point C’, the circle C’, the cardioid C*. We call the equation by 
which a cyclogen was defined its line-equation, having no other line-equation in 
the context. [It comes under what Laguerre ( Works, vol. 2, p. 190), called 
the “équation mixte.”’ 


* Described with superposed harmonic motions. 
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§ 3. The ennacardioid. 


Taking now the case of C”, we apply to it Srupy’s theory of osculants. We 
write the line equation in abridged form 


(1) ( at Ve = 0 3 
where (at) = a, + a,t, a[ a}-” is a coefficient conjugate to a}~"a) and x = a’. 


The equation 
(ad,) (at)? = 0 


defines a (first) osculant; it is a curve C”-'. An osculant of this is a second 
osculant of C”. And so on till we come to the completely polarized form 


(2) (at, )(at,)-+-(at,)=0, 


which shows that the m osculant points, formed from n —1 of the n ?#’s, lie on 


a line. 
The relation of x to ¢, deduced from 
(at) = 0 
is 
(3) Ci ( ij ee 


This is the map-equation of C”. Its polars are map-equations of the osculants. 
If in a map-equation we calculate D,x and make it zero, we obtain values of 
t which, when turns, give cusps. The cusps of (at)”" are then given by 
(4) a,a,(at)-* = 0, 
a self-conjugate equation. Thus C” can have n — 2 cusps. To avoid periphrasis 
I will use the projective view and say that there are always n — 2 cusps, real or 
imaginary, though, strictly, imaginary points have no foothold in the reflexive 
geometry, which is a chapter of mathematics preceding projective geometry. 
The cusps themselves are 


a, (at ) aes, = 0 
where 
ns (it) ae 0, 
or are 
(5) at (at) * == 0): 


The map equation of an osculant is 
a, (at, )(at)'-# = 0 


and this equation holds when (4) and (5) do. That is: Zhe osculant is on the 


cusps of C”. 
The osculants are thus defined by the facts of touching the curve and being 
on the n — 2 cusps. 
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§ 4. The envelopes of osculants. 


Denoting the osculant 
(at,)"(aty'-" = 0 


by O., it has an envelope and a cusp-locus. The envelope contains the original 
curve C” and the curve y,. It is to be shown that the cusp-locus of O. is y,,,- 
The map-equation of O, is 

a (at (atl "a= 0. 


Now to obtain the envelope of 


w= f(t, t,) 
the rule is that 
(6) D,x/t: D,,«/t,, is real. 
Here then 
apa, (at) at y"*/¢: a.0,( at) (aby /t,, is rea 


But the equation 
aa.(at,) (at \a 20 


is self-conjugate. Hence either ¢ = ¢,, which gives C”, or 
PRL VG Ob Vere can U0 
which manifestly gives the cusp-locus, or 
i hte age vindad Wes ay yeaa th 
which gives y,. Thus y,,, is given by 
{ BROT OHO 09 8 ries CAN 


che ead ery pein tN 


(7) 


The former equation may be replaced by 


a (at, "(at)"? = 0, 
and this again by 
CHOI aia ate — ae 
This proves the theorem. 
There are then associated with C” a series of curves 


x, the cusps, 

x, the cusp locus of O, and envelope of O,, 

x, the cusp locus of O, and envelope of O,; 

. and writing again the equations for y, : 

Peds Ote yas, CO.) ae ee 0), 


a2 (at, (at! = 0, 
Trans. Am. Math, Soc. 2 
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we see that since we may interchange ¢ and ¢, the curves y, and y,, are the 
same if 

r+r=n. 
Thus for the curve C% there are 


x, the cusps, 


x, a circle or arc of a circle (according as the cusps are not real or real) which 
is the cusp locus of osculant cardioids and the envelope of osculant circles; 


and for the curve C°, which has as osculants C*, C? and C?, 
x, the cusps, 


x, which is at once the cusp locus of C*, the envelope of C*, the cusp locus 
of C®, and the envelope of C”. 


§ 5. Note on the rational plane curve in general. 


For rational plane curves in general, given for convenience of statement in 
lines, it is equally true that the cusp locus of O, is the envelope of O.,,. We 
know from Srupy’s theory that the cusps of the given curve are on O,, and 
the cusps of O. on O,,,. Let O, be given by 


E= (as )"(at)"", 
n = (Bs)'(Bt)**, 
c= (ys) (9t)"", 


where 
at=a,+ a,b. 
The cusp parameters are given by 
[Fé 7 s|=09, 
that is by 
Cas )"Cat 
(OS "(COL \Porne ea a= 0 
ai(as) (at)? 
or by 
a BO 
a B; gy NOB Cae sere oO 


Gy FB Pa eis 


The envelope of O.,, or 
b= (G8) tol Oh) aiea roles 
is given by 
|§ Dn D,o|=9, 
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or by 
(as Yah Can ri mee 


Ce im OL ses 


a, ( as yt? (at Sper wer. 


and this on throwing out the factor s — ¢ gives the same result as before. 

Thus for example with the rational curve of class 4 is associated a curve y, 
on which lie the cusps of osculant cubics, and which has as tritangent conics all 
osculant conics. 


§ 6. Construction of the ennacardioid. 


The number of coordinates specifying a C”isn+1. For the number of 
arbitrary real constants in (a¢)" is 7 —1, and the base-point is here a definite 
point as to the curve —say its center. 

Hence when 2(n —2)=n-+1, or n= 5, the cusps determine a C”, though 
not perhaps uniquely. Where n> 5 the cusps are not independent. 

Two osculants, say 

(at, )( at)" and (ag,) (at Von, 


have a common osculant 


(at,)(at,)(at)?. 


But conversely if two C”~"’s have a common osculant, they are osculants of a 
C”. For an osculant of one C’—' can touch the other; if in addition it is on 
the cusps, this is n — 3 conditions and the coordinates of the two and 


2n —(n—3) or Ri oe 


But this is also the specification of C” and two osculants. 
The tangent at ¢ of the osculant at ¢,, C”—', is 


COUR CGG Jen crea 


This is satisfied when a, (at)"-' = 0, and this gives the point tof C”. Varying 
t, we obtain a rigid pencil of lines, each touching some oseulant C”—'. Con- 
versely, consider any two C'"-"s. Let an angle slide around them. The locus 
of its vertex is easily seen to be a polynomic or curve of the form 


c= Pti+ Q(1/é) 


where P and @ are polynomials. And in fact any polynomic can be so 
constructed. 

But when the two C"—"s have a common osculant C"~*, and are therefore 
osculants of a C’", the locus of the vertex can be this C”. 

Thus granting that we can construct one and therefore two C’’s of which an 
osculant C”—' is given, then we mark on each line of C’~' the corresponding 
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points of the two C's, and the lines of these C”’s at these points meet on 
a C™+!, Thus the curves can be drawn in succession ; the first step is to take 
two intersecting circles, and draw lines on a common point; the tangents of the 
circles at the other intersections meet on a cardioid. 


§7. The C" of an n-line. 


It was shown in these Transactions (vol. 1, p. 102) that (with the nota- 
tion there used) the circles of 3 from 4 lines are osculants of a C®, 


v= a,— 2a,t+a,t’, 
where |a,| = |@,|. 
Calling this the cardioid of the 4-line we have now the theorem : 
The cardioids of 4 from 5 lines are osculants of a C*; and in particular 
meet at two points (the cusps). 
For the curve for 5 lines 


w= da, —a,t+ 3a,? —a? 
isa C*. 
And so in general: 
The C"-"s of n—1 from n lines are osculants of the C” of the n lines, 
and in particular are on the n — 2 cusps. 
Conversely, a C” and n +1 osculants determine at once n + 1 lines, for a 
C” and n osculants determine the line 


(at,)(at,) «+ (at,) = 0. 


This line may be found thus. Weare givena Cand n osculant C"-"s. Every 
two C’"—"s have a common osculant C'”~*. Hence a selected C”~' has n—1 
osculant C”-*s; and so finally we come to a C® with three osculant C”’s whose 
common osculants are points on the line in question. 

There is then for an n-line a curve C”~'. There is also a definite circle 
ealled (vol. 1, p. 99) the centre-circle. I will call it now the centric circle and 
its center the centric of the n-line. I proceed to give a general meaning to 
these two curves. 


§ 8. The images of a point in ¢ lines. 


To connect by a curve the images of a point x, in four given lines we employ 
the process of interpolation. This is not a definite process, but employed as 
follows what results is the conic on x, and its images. 

Write the lines 

% — a,8, + a,8, — Xs, = 0, 


where the 8 turns whose symmetric functions are s,, s,, 8, are selected from 4 
whose product is — 1. 
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Then the image of 2, is 
v= a, 8, — 4,8, + %8,- 


We have to symmetrize this. 
Assume two turns 7, 7, such that. 


3 3 
(8) w= A+ A.ti— ATT (7—-¢,)—A, JT (4-4), 
where 
Arr ATT = ai, 
Ar + A,T, = 4, 
A+ Ay =. 
Then 


%) TT, — a,(T+7,)+a,= ie 
or 


| e,— 4,(T+7,) + a,77,=0. 
‘Thus «, is any point inside the C? 
we, —2a,7+a,77= 9. 


We have then, symmetrizing (8), 


4 4 
(9) pee el LL) 
ih. Tt — ¢: 
where A and A, are known. 
This is the map-equation of a hyperbola. It evidently is on the 4 images of 
x,, but further it is on a, itself. 
For eliminating A and A, the equation is 








x TP a tT us 
T—t T—t 
(10) a, 2 7 =. 
ds T T 





The terms independent of ¢ give x. But the terms in ¢ are 











0 _ Il - It 
T—t T,—6t 
A= 
2 2 5) 
a, 4 5 Ty 
A, i T, 


and the conjugate of this is 
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Hence A = 0 is a self-conjugate equation, giving a value of ¢ which is a turn. 
That is, we have the hyperbola on x, and its images. 

The clinants of the asymptotes are found at once to be 1/7 and 1/7,. 

There are now two special conics : 

1) the rectangular hyperbola, when 


Tear 
the point x, is then given by 
v% -+ TT, 
and is on the centric circle ; 
2) the parabola, when 
T= T 


1? 


the point is then on the cardioid. ‘Thus the conic on a point x, and its images 
in 4 given lines is a rectangular hyperbola when ~, is on a circle and a parabola 
when 2, is on a cardioid. 


§ 9. The images of a point in n lines. 
The generalization is now immediate. ‘Thus if 5 lines be written 
%— A,8, + 4,8, — 4,8, + xs, = 0, 


where the s, are symmetric functions of 4 from 5 turns whose product is 1, the 
images of of «, in the 5 are on 














Il I, LE 
ce Tt T — —— 

7T—t ' 7—¢ 2 1,—t 

3 3 3 
a, T | 7 = 0 

2 2 2 
as T tp “if 
| a, T 7, To 





where 

%) — a,(T+7,+7,) + 4,(7,7, + 7,7 + TT,) —a,77,7, = 9. 
We have then a pencil of cubic curves J* passing through the images of x, and 
twice through 2. 


If we make 7 = o7, = w’7, where w + @+1=0, then 
x, —a7?=0, 

that is, for points ~, on the centric circle the cubic has equispaced asymptotes. 

If we make 7 = 7, = 7, the point a, is on the C‘ of the 5 lines and the J* 
meets infinity (regarding infinity as a line, i. e., speaking projectively) at one 
point only. 

And so in general, calling a curve of order m with a multiple point of order 
m — 1 a JONQUIERES curve J”: 
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Let a J*~ be drawn with multiple point at x, and on the images of x, in n 
given lines. IPf the J" have equispaced asymptotes then x, is on the centric 
circle of the n-line ; and if the J” have coincident points at infinity then x, 
is on the C" of the n-line. 

There are naturally other special cases. Important among these as giving the 
CLIFFORD theorem is the one where the system of J”~”s (for m odd) reduces to 
a J°-?, This involves the vanishing of minors of the elements in ¢ in the 
determinant and brings us back to the analysis given in these Transactions, 
loc. cit., p. 104. 

The statement of CLIFFoRD’s theorem in terms of (’”"~' is: The curve C?”""! 
has one osculant C” which reduces to a point; the parameters are the canoni- 
zant of the cusp-parameters. For the curve C”” the locus of points which are 
degenerate osculant C’”’s is a circle. 


§10. Zhe case when the C" of an n-line is a circle. 


We have seen that the image-curve for a point on the centric circle is an 
equispaced J"~*. Let the point be the centric of n—1 of the lines. The 
remaining line and therefore the image of x, in it becomes arbitrary. Hence 
the centric. of » —1 lines is the multiple point of not one but a pencil of 
equispaced J”~”’s on the images of x,. But the pencil meets again in 
(n—2/P—(n—8)—(n—1) orn—4 points. Hence the n —1 lines be- 
long to a symmetric system of 2n — 5 lines. That is, m lines belong to a set of 
2m — 3 lines. 

Any m of these have the same centric, and therefore the centric circle of 
m-+1isapoint. The analytic condition is then, since the centric circle is 


L=a,— a,b, 


that a, formed for any m+ 1 lines in 0. This requires for the 2m — 3 lines 


24 F. MORLEY: ON REFLEXIVE GEOMETRY 


that a, =a,=-+--=a,_,=0. The radius of the centric circle of any m lines 
is |a,,_,|, and therefore any m have the same centric circle. Since all a’s except 
a,_, vanish, the conditions are summed up by saying that the C’"~* of the 
lines is a circle. 

Thus in particular 4 lines determine a fifth; the 5 forming say a pentacle, 
sach that the centres of the 10 38-lines are on acircle. The figure is drawn 


simply by placing a ring of 5 circles with centres on a given circle and each 


m—1L 


intersecting the next on this circle. The 5 other intersections of the adjacent 
circles being joined in order form the pentacle, and the salient. thing is that the 
intersections of non-adjacent sides are also on the respective 5 circles. 


CRATER CuUB, ESSEX, N. Y., 
July, 1906. 





THE GROUPS IN WHICH EVERY SUBGROUP IS EITHER ABELIAN 
OR HAMILTONIAN * 


BY 
G. A. MILLER 


The non-abelian groups which contain only abelian subgroups have been deter- 
mined and many of their fundamental properties have been noted. + The pres- 
ent paper is devoted to a determination and a study of the non-abelian groups 
which involve only abelian and hamiltonian subgroups. It will be found ‘that 
there are only two exceptions to the following theorem: If a group contains at 
least one hamiltonian subgroup and if all its subgroups are either abelian or 
hamiltonian the group itself is hamiltonian. The two exceptional groups are of 
orders 16 and 24 respectively, and are completely determined in the following 
paragraphs. 

Let G represent any group in which every subgroup is either abelian or 
hamiltonian and suppose that it is represented as a transitive substitution group 
of the lowest possible degree. If it is imprimitive its systems of imprimitivity 
are permuted according to some primitive group. To prove that G is solvable 
it is only necessary to prove that this primitive group is composite since it may 
be simply isomorphic with G' and since every subgroup of G is solvable. The 
primitive group in question is of class nm —1, n being its degree, since two of 
its maximal subgroups of degree n — 1 can have only the identity in common. ¢ 
As every group of class n — 1 and degree n is composite G is solvable. 

In the preceding paragraph it is not assumed that G necessarily contains a 
hamiltonian subgroup. This assumption may, however, be made since the non- 
abelian groups in which every subgroup is abelian are known. Hence we shall 
assume in what follows that G‘ contains at least one hamiltonian subgroup. Its 
order can therefore not be the power of an odd prime number. We shall con- 
sider all the possible G’s under two headings as their orders are a power of 2 
or involve more than one prime factor. 


* Presented to the Society October 27, 1906. Received for publication October 19, 1906. 
¢ MILLER and MORENO, Transactions of the American Mathematical Society, 
vol. 4 (1903), p. 398. 
t Loe. cit. 
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$1. Lhe order of Gis 2”. 


Since G involves at least one hamiltonian subgroup it must involve a hamil- 
tonian subgroup (/7) which is composed of half the operators of G'. Since 
is hamiltonian, three-fourths of its operators are non-invariant, of order four, 
and have a common square.* The remaining one-fourth are the invariant opera- 
tors of H and they constitute an abelian subgroup (4) of type (1,1,1,---). 
With respect to A, H is isomorphic to the four-group. There is at least one 
subgroup ( /7’) in H which involves A and one-third of the operators of order 
four contained in {7 and is invariant under G. The subgroup 1’ is abelian 
and of type (2, 1,1, ---). 

As H does not contain any operator whose order exceeds 4 there can be no 
operator whose order exceeds 8 in G. Moreover, every operator of order 2 is 
invariant under G. This results from the following considerations. Any 
operator of G together with A generate a subgroup which is either abelian or 
hamiltonian since this operator and A do not generate G’. As every operator 
of order 2 in a hamiltonian group is invariant this proves that every operator 
of A is invariant under G. If any other operator of order 2 were not commu- 
tative with some operator of order 4 in H the latter operator could not be in 7’ 
since a hamiltonian group involves no non-invariant operator of order 2. That 
is, each operator of 7’ is commutative with every operator of order 2 contained 
in G. If an operator of order 2 were not commutative with any other opera- 
tor of order 4 in H it would transform this operator into itself multiplied by 
an operator of order 2 contained in HY. Hence the order of G could not 
exceed 16. As the groups of order 16 are so well known it seems unnecessary 
to go into further details to establish the theorem in question. 

We shall now prove that there is one and only one G which involves opera- 
tors of order 8. As an operator (¢) of order 8 in G@ is commutative with all 
the operators of A and has its square in 7’ it must be commutative with every 
operator of HZ’. It cannot be commutative with every operator of H since ¢? 
transforms some of these operators into their inverses. As ¢ transforms an 
operator of order 4 in / into itself multiplied by an operator of order 4 which 
is commutative with ¢+, the group generated by ¢ and any operator (s) of order 
4 in H which is not commutative with ¢ is of order 16 or 32. This group must 
coincide with G’ since it is neither abelian nor hamiltonian. 

We proceed to prove that the order of the group {s, ¢} generated by s and 
t cannot be 82. If this order were 32, ¢? would not be in the group of order 8 
generated by s and the commutative subgroup of {s,¢}. This group and ? 
would therefore generate the hamiltonian group of order 16 and G would involve 
the abelian group of type (8,1). This abelian subgroup would involve all the 





*Bulletin of the American Mathematical Society, vol. 4 (1898), p. 510. 
tBulletin of the American Mathematical Society, vol. 7 (1901), p. 350. 
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operators of order 8 contained in G' and two of the remaining operators of order 
4 would generate a non-abelian group of order 16 involving a commutator sub- 
group of order 4. As sucha subgroup could not occur in G it has been proved 
that the order of G cannot exceed 16. It may be remarked that this result 
could be directly obtained from the properties of the known groups of order 32.* 
As the groups of order 16 are known we may state the result as follows: There 
is one and only one group of order 2" which involves operators whose orders 
exceed four and satisfies the additional conditions that every subgroup is either 
abelian or hamiltonian and that at least one subgroup is hamiltonian. This 
is the group of order 16 which contains a cyclic subgroup of order 8 while the 
remaining operators are of order 4 and transform the operators of this cyclic 
subgroup into their inverses. 

Half of the operators of G which are not also in / transform the operators 
of order 4 in /Z’ into their inverses while the other half are commutative with 
these operators. Hence /Z/’ is contained in two hamiltonian and one abelian 
subgroup whose order is half the order of G. We proceed to prove that G 
contains operators of order 2 which are not in 7 whenever its order exceeds 
16. Let ¢, represent an operator of G which is not in H and which trans- 
forms into their inverses the operators of order 4 in H’. The operators of 
order 4 in // and ¢, have a common square. The group generated by ¢, and an 
operator of {7 which is not contained in / is at most of order 16. It could not 
be of this order since two operators of a hamiltonian group cannot generate a 
group of order 16. From this it follows that ¢, is commutative with half the 
operators of 7 and hence with operators of order 4 in H. As the product of 
t, into such an operator is of order 2, G is the direct product of 7 and an 
operator of order 2. That is, Jf every subgroup of a group of order 2",m>4, 
is either abelian or hamiltonian and if there is at least one hamiltonian sub- 
group, the entire group is hamiltonian. . 

It remains to consider the groups of order 16. If such a group contains a 
hamiltonian subgroup it must be the quaternion group. As every group of 
order 16 contains an abelian subgroup of order 8 and as the groups under con- 
sideration do not involve any operators of order 8, it follows that G would have 
to contain operators of order 2 in addition to the one contained in the quaternion 
subgroup. As such an operator has to be commutative with each operator in 
the quaternion subgroup G' itself is the hamiltonian group of order 16, and it 
results that the group of order 16 which was considered above is the only non- 
hamiltonian group of order 2” in which every subgroup is either abelian or 
hamiltonian and in which at least one subgroup is hamiltonian. With this 
single exception the hamiltonian groups are the only ones involving hamiltonian 
subgroups, but no other non-abelian subgroups. 





*Quarterly Journal of Mathematics, vol. 28 (1896), p. 233. 
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§ 2. The order of G is divisible by at least two different prime numbers. 


Since G involves at least one hamiltonian subgroup its order is divisible by 
8. It contains an invariant subgroup 7 of prime index (p) as it is solvable. 
This subgroup is the direct product of its own Sylow subgroups since it is either 
hamiltonian or abelian, and the order of every operator of G which is not also 
in /7 is divisible by p. Let ¢ represent one of these operators, so that ¢ is in 
fT but tis notin H. Each of the Sylow subgroups of H is transformed into 
itself by ¢. 

When p = 2, 7 involves at least two different Sylow subgroups and ¢ is com- 
mutative with all the operators of odd order contained in H. The group gen- 
erated by ¢ and the Sylow subgroup of order 2” contained in // is hamiltonian 
since it is a Sylow subgroup of G. As all of its operators are commutative with 
every operator of odd order in H, G is the direct product of its Sylow sub- 
groups whenever it contains an invariant subgroup of half its order. The 
Sylow subgroup of order 2”+' is hamiltonian while all the others are abelian. 
Moreover, any such direct product is a group of the required kind. It remains 
to consider the cases when p is odd. 

When p > 2 the Sylow subgroup of order 2” contained in # is hamiltonian. 
When # involves more than one Sylow subgroup, ¢ is commutative with every 
operator of 7 since it is commutative with all the operators in its Sylow sub- 
groups. Hence G is the direct product of its Sylow subgroups whenever the 
order of H is divisible by at least two different prime numbers. It remains 
only to consider the case when /Z is the hamiltonian group of 2” and p > 2. 

Since /7 contains only three abelian subgroups of order 2”—', ¢ would have to 
transform each of these into itself if p>38. As the group generated by ¢ and 
such a subgroup would be abelian, ¢ would again be commutative with every 
operator of 47 and we have proved that if the order of G is not of the form 2”.3 
G is always the direct product of an abelian group of odd order and a hamil- 
tonian group of order 2”. We shall therefore assume that the order of G is 
2”.3 and consider the possible value of m. 

The order of the subgroup generated by three operators of order 4 in H 
cannot exceed 16. Hence if we assume that ¢ is not commutative with every 
operator of order 4 in /7 it transforms a subgroup of HZ whose order cannot 
exceed 16 into itself. Since the group generated by ¢ and this subgroup is 
neither abelian nor hamiltonian the order of G cannot exceed 48 unless it is the 
direct product of its Sylow subgroups. We may assume that ¢ does not trans- 
form each of the three abelian subgroups of order 2”—" into itself, otherwise it 
would be commutative with each operator of 7, and hence the group which the 
three conjugate operators of order 4 generate is the hamiltonian group of order 
16 or the quaternion group. As the former contains exactly four quaternion 
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subgroups ¢ and this quaternion subgroup generate the group of order 24 which 
has no subgroup of order 12. 

The main results of this section may be stated as follows: If a group con- 
tains at least one hamiltonian subgroup and if all its subgroups are either 
abelian or hamiltonian it is the direct product of the hamiltonian group of order 
2” and an abelian group of odd order, unless it is the group of order 24 which 
does not contain a subgroup of order 12. Hence there are only two non-hamil- 
tonian groups which contain at least one hamiltonian subgroup and whose 
other subgroups are either abelian or hamiltonian. The orders of these well- 
known groups are 16 and 24 respectively. While there is an infinite num- 
ber of non-abelian groups in which every subgroup is abelian, there are only 
two other non-hamiltonian groups in which every non-abelian subgroup is 
hamiltonian. 





ON MODULAR GROUPS ISOMORPHIC WITH A GIVEN LINEAR 
GROUP* 


BY 


H. F. BLICHFELDT 


THEOREM. Given a group G@ of linear homogeneous substitutions in n 
variables, transitive (irreducible) and of finite order. Then there exists an 
infinitude of prime numbers p for each of which we can construct a simply 
isomorphic transitive group G’ of linear homogeneous substitutions in n 
variables, the elements of whose matrices are integers taken modulo p. 

Let the operators of the abstract group G” simply isomorphic with G be SY, 
t=1,2,---, NV. Write down NV matrices in n variables with undetermined 
coefficients . 


S;= |]aall> 


and form the WV’ products S;S;. Writing S; S; = S,, whenever SS’ = S7, 
we obtain n” V* equations in the elements a;,. This system of equations shall 
be denoted by A. Any system of elements a;,, satisfying A will furnish a 
linear group G‘, isomorphic with G”’. That this group may be transitive in n 
variables we must, furthermore, have no equation of the form + 


(1) 2 Pn t= 9 (t=1, 2,---, NW), 
= 


the coefficients 6,, being independent of 7. In other words, zero cannot be the 
value of every determinant of (n”)? elements of the matrix of n’ columns and 
NV rows, the ith row of which is formed of the n? elements Ary We shall 
denote by 5B’ the system of equations obtained by equating to zero all the deter- 
minants mentioned. Furthermore, in order that G, may not contain two trans- 
formations that are identical, we must exclude all possible sets of solutions of A 
for which two rows of the matrix of n’?V elements just mentioned are identical. 


This condition expressed in analytical form is as follows: the expression 





* Presented to the Society (Chicago), April 14, 1906. Received for publication February 13, 
1906. 

{+ BURNSIDE, Proceedings of the London Mathematical Society, vol. 3 (1905), 
p. 433; FROBENIUS, Sitzungsberichte der K. Preussischen Ak. der Wissenschaf- 
ten, 1897, p. 1004. 
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Pe Rae ey Cesta eee) 
must not vanish for a set of n’ arbitrary parameters X,,. We shall modify the 
system B’ by multiplying each of its equations by P, and we shall denote the 
resulting set of equations by B. 

Now, because the transitive group G’ exists, the system A can be solved, and 
solutions exist which will not satisfy all the equations of B. To solve A we 
may, by a well known process, form a normal equation of the system, an alge- 
braic equation whose coefficients are integers and which has no double roots. 
Let this equation be 


(2) FH=a,x +a,_,0'4+---+a,=0. 


Denoting by x any one of the roots of this equation, we can write every 
corresponding value of a, as an integral function of «, the coefficients of which 
are definitely given rational numbers (the same for any root « of (2) considered). 
Substituting in the system B we have a series of equations in # with rational 
coefficients, known functions of the parameters ),,, which equations could not all 
be satisfied for every root x of (2). Hence /’= 0 has at least one root not 
found in one (say C’'= 0) of the equations B. Let us suppose = FF, 
where /’, = 0 has no root in common with C=0.* Then we can construct an 


identity of the form 
aF + 8C=a kK. & 0, 


where a, 8 and BC are integral functions of « whose coefficients, as well as /,, 
are integral functions of the parameters ,, with integral coefficients. To every 
root « of #’, = 0 will correspond a transitive group G’, simply isomorphic with G”. 
The question whether or not there exists a transitive linear group in n 
variables simply isomorphic with G” with coefficients modulo p can now be 
solved. We start as above with the VV matrices 
S, = | Gs, | 
and write down all the congruences (mod p) following from the equations 
S, S, = S,. The system A above will merely be replaced by congruences, and 
instead of = FF’, = 0 we will have = FF, = 0 (mod p). We remark 
that the coefficients of /’, #’, and F’, are all known integers, although p is, as 
yet, not known. The elements a‘, are, as above, expressed as integral functions 
of a root « of #’, = 0 (mod p), the coefficients of which functions are known 
fractions. Let the least common multiple of all the denominators entering in 
these functions be denoted by MW. We shall replace the parameters 2, by such 
a system of integers that A’, does not vanish. The resulting value of A, (an 
integer) will be denoted by A. 


* We seek the highest common factor of Fand C, etc. The coefficients of /, and F, will be 
supposed to be integers. 
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Suppose that /, =b 2" +.---+6,. We may assume that b, + 0, as we 
may replace » by «+A. Let us substitute for « in #, = 0 (mod p) the 
quantity Wib,y. We obtain 


b,{ MK(c,y™+---+¢y) +1} =0 (mod p), 
the coefficients of the left-hand member being known integers evidently not 


all zero. 
If we substitute any integer y’ for y such that 


MEK (cy +-:-+¢y')+1=L41o0r0, 


and choose for » any prime factor >1 of LZ, we have a modulus p fulfilling 
the conditions of the problem. For, p is prime to JJ, and F’, = 0 (mod p) 
has a solution «= MKb,y’. Accordingly, the system of congruences A is 
satisfied, but not the system B (by virtue of the identity aF,+ BC= K). 
Because A is satisfied, we have a modular group H isomorphic with G”’. If 
this group is intransitive modulo p, it may be transformed into a group of type 


H,| 0 


0|H, 
from which it follows that the elements of H satisfy at least one system of con- 
gruences corresponding to (1), from which again would follow the system Bb, 
and therefore also C=0(modp). Again, if H were not simply isomorphic 
with G, the factor P would vanish (mod p), and therefore also every ew nation 
of B. But this is not the case, according to our procedure. 


BERLIN, 
January, 1906. 





DENUMERANTS OF DOUBLE DIFFERENTIANTS* 


BY 


WILLIAM EDWARD STORY 


I. Introduction. 


1.+ In 1856 ¢ CaYLey gave (without rigorous proof) a formula for the num- 
ber of linearly independent yx-differentiants (as I call them) of a given type 
belonging to a single binary quantic,—a formula that he derived from the 
assumption that the necessary and sufficient conditions, as they naturally 
appear, are linearly independent; this formula was first proved in 1877$ by 
SYLVESTER, who extended it to a system of any number of binary quantics. 
The formula as originally given by CAYLEY expresses the number in question as 
the excess of the number of terms in the general form of the type of the differ- 
entiants over the number of terms in the general form of a certain other type, 
precisely as in formula (37) of this paper (when x and y are the only variables) ; 
but the number of terms in a general binary form is readily expressible as the 
sum « the numbers of partitions of a certain kind of certain numbers, and it 
was tue formula in terms of such partition-numbers that SYLVESTER proved and 
extended. About 1885 it occurred to me, while giving a course of lectures on 
invariants at the Johns Hopkins University, that CAYLEY’s original formula and 
SYLVESTER’s proof of it,—indeed, the latter’s extension of it, when expressed 
in the original terms, —are valid for yx-differentiants (simple differentiants, as 
I call them below), even if « and y are only two out of any number of vari- 
ables. In 1892 || I discovered operators that produce all the differentiants of a 
given type and certain combinations of characters, namely, all forms that are at 
once yx-, 2u-, sx-, --+, vx-differentiants and all forms that are at once xy-, xz-, 
as-, ---, vv-differentiants. Suspecting that the method by which these operators 
were obtained could be utilized for the discovery and proof of a formula for the 
number of linearly independent forms of any given type that possess any given 
combination of differentiant characters, I have devoted much time during the 





* Presented to the Society December 28, 1906. Received for publication October 31, 1906. 
+I shall refer to these numbered sections as § 1, etc. For Table of Contents see p. 70. 
tA Second Memoir upon Quantics, Philosophical Transactions, London, vol. 146, p. 107, 
§ Philosophical Magazine, ser. 5, vol. 5, March, 1878. 
|| Mathematische Annalen, vol. 41 (1893), pp. 485-489 ; Proceedings of the London 
Mathematical Society, vol. 23 (1892), pp. 265-272. 
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last fourteen years to attempts te obtain such formule. I have succeeded in 
the cases of double differentiants of all kinds, as the present paper will show; 
the extension of the formule to triple and higher differentiants is almost self- 
evident, but the proof of the extended formule presents a difficulty that I have 
not yet overcome. 

When I began these attempts I was not aware of what Deruyts had done in 
a similar line;* but his work differs from mine in essential respects, both as to 
methods and results. He has, to be sure, given a formula for the denumerant 
of the semi-invariants (chain-differentiants of order 0 — that is, not involving the 
variables explicitly) which is formally identical with the formula (51) of this 
paper for three variables, but my formula is proved for wyz-differentiants of any 
type, even if this type implies any number of variables other than w, y and z, 
and the explicit presence of all these variables in the differentiant, while his 
formula supposes that the variables do not enter explicitly and that x, y, and z 
are the only variables in the system. Moreover, I have obtained formule for 
other combinations of differentiant characters not considered by Deruyts. But 
the most important differences in our work will be found in the methods used. 
Deruyts has employed the methods of “ sources” and of “ symbolic representa- 
tion,’ while my main object has been to obtain formule by direct consideration 
of the “actual” forms, without recourse to those (from my point of view) indi- 
rect methods. At all events, it must be for the advantage of mathematical 
science that various methods should be exploited. 


2. We assume a system of quantics (homogeneous polynomials), which we 
shall call simply the qguantics, finite in number and of finite orders m, m’, m’, - ++, 
respectively, in a finite number n of variables ~, y,z,---. Any such quantic 
of order m is assumed in the form 


(1) oS, 


where the summation extends to all integral values (positive and 0) of g, h, i, ---, 


m! wae 
aay A Re any ; pig) see Meee 
g! h! i! 1 iggy Caner 7] 3 


whose sum is m. For convenience, we speak of a _ freed from the cor- 


Whee 
responding polynomial coefficient as a coefficient oreihe quantic. If it were 
necessary to represent the coefficients of the different quantics, we should denote 
those of the first quantic by a, those of the second by 6, those of the third by ¢, 
etc., each with its proper suffixes ;+ the coefficients of the quantics will be used 
as so many sets of additional variables (though not so called) having no deter- 


mined numerical values. To each coefficient is assigned a weight in each var- 





* Essai d’une théorie générale des formes algébriques, Mémoires de la société royale des 
sciences de Liége, ser. 2, vol. 17 (1891). 

ft Of course the sum of the suffixes of any coefficient is equal to the order of the quantic to 
which that coefficient belongs. 
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iable, namely, the weight of any coefficient in either variable is the sum of all 
its suffixes excepting that which denotes the power of the variable in question in 
the term of the quantic to which the coefficient belongs ; thus, in (1) the weight 
of a, ,,;,...nzism—i. The weight of any variable in itself is 1 and its 
weight in any other variable is 0. The weight of any product of variables and 
coefficients in any variable is the sum of the weights of its factors in that var- 
iable; thus the weight of any power of a variable or coefficient is the weight of 
that variable or coefficient multiplied by the exponent of the power. 

The order of any product of powers of variables and coefficients is the sum 
of the exponents of the powers of the variables and its degree in the coefficients 
of either quantic is the sum of the exponents of the powers of such coefficients 
in it. If the terms of a polynomial in the variables and coefficients of the 
quantics are all of one order and of one degree in the coefficients of each 
quantic of the system (even if of different degrees in the coefficients of the dif- 
ferent quantics), the polynomial is homogeneous of that order and those degrees. 
If the terms of a polynomial are all of one weight in each variable (even if of 
different weights in the different variables), the polynomial is isobaric of those 
weights in the several variables. Any polynomial is a sum of homogeneous 
isobaric polynomials. The order, degrees in the coefficients of the several 
quantics, and weights in the several variables, of a homogeneous isobaric poly- 
nomial, or form, together constitute the type of that form. One consequence 
(and advantage) of the definition of weight here given (which has not been 
adopted by all writers) is that each of the quantics is isobaric in each of the vari- 
ables of a weight equal to its order. The numbers that characterize the type of 
any form are connected by a simple relation; namely, if the quantics are of 
orders m, m’, m”, ---, respectively, in m variables, x, ¥, 2, ---, and any form 
of degrees j, j', j’, ---, in the coefficients of these quantics, respectively, and of 


order & in the variables, is of weights w,, w,, w,, --- in these variables, respec- 
tively, then 
(2) w, +, +w,t+---=(n—1)Dmy+4, 


Mt esr 


where )) mj = mj + m'j’ + mj” + ---3; so that the weight in either variable is 
completely determined when the other characteristics of its type are given. 

If a linear transformation is imposed upon the variables, that is, if the  vari- 
ables x, y, 2, --- are expressed as homogeneous linear functions of m new vari- 
ables x’, y’, 2’, ---, and these expressions are substituted for v7, y, z, --- in any 
one of the quantics, this becomes a quantic of the same order in w’, y’, 2’, ---, 
whose coefficients are homogeneous linear functions of the original coefficients 
of the quantic and homogeneous functions of the parameters of transformation 
of a degree equal to the order of the quantic: the coefficients of the new quantic 
in x’, y’, 2, --- are the transformed coefficients of the quantic in question. It 
is assumed that the determinant of the parameters of transformation is not 0, so 
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that the new variables 2’, y’, 2’,--- can be expressed as homogeneous linear 
functions of the old variables a, y,2,---. Any polynomial in the variables 
and the coefficients of the quantics is transformed by replacing the variables by 
the expressions of the corresponding new variables in terms of the old ones and 
the coefficients of the quantics by the expressions of the corresponding trans- 
formed coefficients in terms of the original coefficients. A homogeneous poly- 
nomial is thus transformed into a homogeneous polynomial of the same order 
and the same degrees; but the weights are not generally preserved by an arbi- 
trary linear transformation, —indeed an isobaric form does not remain isobaric 
in general. 

The linear transformation by which the variable x is increased by a multiple 
of the variable y, that is, the transformation «= aw’ 4+ ry‘, y= y',2=2% 4005 
shall be called a yax-shear ; and similarly for other pairs of variables. A shear 
involves a single parameter (2, in the example just given), which we shall gen- 
erally suppose to have an arbitrary value. A polynomial in the variables and 
the coefficients of the quantics that is not altered by an arbitrary yx-shear (that 
is, by a yx-shear whose parameter is arbitrary) shall be called a ya-differentiant, 
and similarly for other pairs of variables. A polynomial subject to only one 
such condition is a simple differentiant ; if subject to more than one such con- 
dition, it is a multiple differentiant, namely, double, triple, etc., according to the 
number of independent conditions of this kind to which it is subject (we shall 
see that certain combinations of simple differentiant conditions imply others). 
The aggregate of differentiant conditions to which a polynomial is subject con- 
stitute its character. The object of this paper is the determination of the 
number of linearly independent double differentiants of a given type, more specif- 
ically, the number of wy- and wz-differentiants, of wz- and yz-differentiants, of 
ay- and y2-differentiants (which are, as we shall see, also xz-differentiants), and 
of vy- and zs-differentiants. There are as many kinds of simple shears and, 
therefore, of simple differentiants and simple characters as there are pairs of 
variables, if we have regard to the sequence of variables in the pairs (so that xy 
and yx are regarded as different pairs), that is n(m — 1) kinds. 

A very important class of multiple differentiants is that defined by a set of 
simple characters such that the second letter of each defining pair of variables 
is the same as the first letter of the next pair, when the pairs are taken in the 
proper sequence; such differentiants may be called chain-differentiants (SYLVES- 
TER called them “seminvariants”). Any chain-differentiant character is com- 
pletely determined by the letters in it and their sequence in the chain, so that 
it may be unambiguously designated by this sequence; thus an wy-, yz-, 28-, +++, 
tu-differentiant may be called simply an wyzs --- tu-differentiant. Any simple 
differentiant character may be regarded as a chain-differentiant character of two 
letters. Of course, the number of letters in any given differentiant character 
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has no particular relation to the whole number of variables in the quantics and 
differentiants in question. 

The name “ differentiant ” is derived from the fact that a yx-differentiant not 
explicitly involving the variables is a function of the differences of the roots of 
the equations in x: y formed by equating the quantics to 0, if » and y are the 
only variables (n = 2). 


3. The result of imposing the yx-shear «=a + ry’, y=y',2=2,--- on 
any polynomial ¢ is 





~ nw A VW, a 
(3) Pia ean Petrie aUge Det ay aE PE 9 
the operator yx being defined by * 
_ O } 
(4) Gb EE hp ge gee Uae 


where the double summation extends to the coefficients a,,; , 0 
Cy,n,i,...9°°* Of all the quantics and to all values of the suffixes of the coefficients 
of each quantic whose sum is the order of that quantic. From (8) it is evident 
that the necessary and sufficient condition that ¢ shall be a yw-differentiant is 
the identity 


(5) yoo = 05 


that is, the condition is that the multipliers of the different products of powers 


J, hh, %, 2009 


of the variables and of the coefficients of the quantics that occur in yx + (these 
multipliers are homogeneous linear functions of the multipliers of such products 
in ¢) shall all be 0, a condition that gives as many homogeneous linear equa- 
tions between the multipliers of the terms of ¢ as there are terms of yx-¢, but 
it does not yet appear that these equations are linearly independent. From (4) 
it appears that ye leaves unchanged the order and degrees of any form, as well 
as its weights in all the variables excepting « and y, diminishes the weight in « 
by 1, and increases the weight in y by 1, so that (5) must be satisfied by each 
of the homogeneous isobaric parts of ¢ of different types if it is satisfied by ¢ 
as a whole; that is, every yx-differentiant is a sum of homogeneous isobaric 
yx-differentiants, — and the same is true of differentiants of any simple or mul- 
tiple character. It appears from (5) that a yx-differentiant is a polynomial that 
is annihilated by the shear-operator yy. 

Being concerned with linearly independent differentiants alone, we shall hence- 
forth assume that every polynomial with which we have to do is homogeneous 
and isobaric, that is, is a form. Moreover, the forms to be considered at any 
one time will all be obtained by applying operators analogous to yee to forms of 
one and the same given type; the orders and degrees of all forms thus obtained 








* The sign = is used throughout this paper to denote identity. 
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are the same, as are also the weights in the several variables excepting those 
variables that occur in the shear-operators used in obtaining the forms, and the 
sum of the weights in these excepted variables is the same for all the forms. In 
giving the type of a form it will, then, suffice to give its weights in those vari- 
ables in which the forms to be considered are not all of the same weight; thus, 
if the forms considered are all of a given order, of given degrees, and of given 
weights in all the variables excepting x, y, and z,—so that the weights in these 
three variables are the only characteristics of the type that vary from form to 
form,—the type of any particular form may be represented by (w,, w,, w,), 
where w,, W,», W, are its weights in w, y, 2, respectively ; and similarly for any 
number of variables. It is to be observed that the expression of the type of a 
form by its weights in certain variables does not imply anything with regard to 
the whole number of variables, but only that the weights in all the variables that 
do not enter into this expression of the type are the same for all the forms con- 
sidered. To avoid confusion, we suppose the variables to be arranged in a cer- 
tain sequence wv, 7, 2, --- and we write the weights in any expression of a type 
in the corresponding sequence. 


4. By a complete system of forms of given type or types and given differen- 
tiant characters, subject to other conditions or not, we mean a system of such 
linearly independent forms satisfying the given conditions that any form of the 
given type or types satisfying the conditions can be expresed as a linear func- 
tion of the forms of the system. The forms of any complete system of one type 
can, evidently, be replaced by the same number of linearly independent linear 
functions of them, chosen arbitrarily, without affecting the completeness of the 
system or the character of its forms (because the shear-operators are distributive 
over their operands). By the rank of any form relatively to any given shear- 
operator we mean the exponent of the highest power of that operator that does 
not annihilate the form; thus, ¢ is of rank r qua* ay if ay” ‘> = 0 but 
ay -¢=0. A complete system of forms of a given type and given charac- 
ters shall be called reduced qua vy if its forms are so taken as to include the 
greatest possible number of forms of rank not greater than r qua ay for each 
value of 7 from 0 to the highest rank of any form + of the system, inclusive. A 
complete system of forms of a given type and given characters reduced qua xy 
can be constructed thus: out of the (V) forms W of any complete system of 
the given type and characters construct the greatest possible number (,) of 
linearly independent linear functions ¢, of rank 0 qua vy and select as many 
(NV, = N— J) other forms y, of the system that are linearly independent of 





* Qud signifies relatively to, with respect to, according to. 
t+ We employ this abbreviated expression instead of the more cumbrous ‘‘rank of the forms 
that are of highest rank.’’ 
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each other and the ¢,’s as may be necessary to constitute a complete system 
with the ¢,’s; out of these (V)) other forms y, construct the greatest possible 
number (V,) of linearly independent linear functions ¢, of rank 1 qua xy and 
select as many (VV; = V\ — J) other forms yy, from among the y,’s that are 
linearly independent of each other and the ¢,’s as may be necessary to constitute 
a complete system with the ¢,’s and ¢,’s; out of the (V_) forms yy, construct 
the greatest possible number (V,) of linearly independent linear functions ¢, of 
rank 2 qua xy and select as many (Ni, = NV, — W,) other forms y, from among 
the y,’s that are linearly independent of each other and the ¢,’s as may be nec- 
essary to constitute a complete system with the ¢,'s, ¢,’s and ¢,’s; and so pro- 
ceed until the forms y,_, last selected are all expressible as linear functions of 
the forms ¢, last constructed. The forms ¢,, $,, ¢,,---, ¢, thus constructed 
constituted a complete system of forms of the given type and given characters 
reduced qua ay. Of course, the forms y,_, are forms ¢,. 

The peculiarity of a system reduced qua xy is that any linear function of the 
forms of such a system is of exactly the rank qua xy of the forms of highest 
rank in it. For no linear function of forms of a system reduced qua vy that 
are all of the rank 7 can be annihilated by ay” (otherwise, the system would not 
contain the greatest possible number of forms of rank less than 7, that is, would 
not be reduced), but every linear function whose terms are all of the rank 7 is 
annihilated by yt} ; so that the result of applying ay” to a linear function of 
forms of the reduced system of which some are of rank r and others of rank less 
than 7 is the same as the result of applying any? to the aggregate of those terms 
of the linear function whose rank is 7 alone, and this result is not identically 0. 

If ¢ is a form of rank r qua xy, then xy" - ¢ + 0 but ay’*)- hb = 0, that is, 
ey” - > is an xy-differentiant (of rank 0 qua ay). The form derived from any 
form ¢ by operating upon it with the power of xy whose exponent is the rank 
qua ay of the form ¢ in question shall be called the derivative qua ay of that 
form ¢; the derivative qua ay of any form is, then, an wy-differentiant, and the 
derivatives qua avy of the forms of a system of one type reduced qua vy are 
linearly independent xy-differentiants (namely, the derivatives of forms of the 
same type that are of different ranks are themselves of different types, so that a 
linear relation between the forms of a reduced system implies a linear relation 
between the derivatives of forms that are of one rank, and this again implies a 
linear function of these forms that is of lower rank than they, which is impos- 
sible, as above shown). 


5. In the present investigation we are concerned chiefly with what we may 
call denumerants, that is, expressions for the numbers of linearly independent 
forms of given types that satisfy certain conditions. A denumerant shall be 
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represented by IV followed by the type with the conditions attached to the Vas" 
suffixes and exponents. Conditions shall be expressed thus : 

that the forms in question have certain differentiant characters shall be indi- 
cated by the pairs and sequences of variables that define these characters, attached 
to JV as suffixes (thus, the suffix «xy shall indicate that the forms are wy-differ- 
entiants) ; 

that the forms are of given ranks relatively to certain shear-operators in a 
system reduced relatively to each of these operators shall be indicated by the 
highest powers of the respective operators that do not annihilate the forms, 
attached to V as exponents (thus, the exponent ry’ indicates that the forms are 
of rank r qua vy in a system reduced qua zy) : 

other conditions will generally be attached to JV as suffixes ; 

several suffixes or exponents attached to the same WV shall be separated by 
commas; and 

the absence of suffix or exponent shall indicate that no condition such as 
would generally be written in that place is imposed. 

Thus, 

N(w,, w,, +++) is the number of linearly independent forms of the type 

(Wy °° ), which is also the number of terms in the general form of this type; 

NV, (Ww, ,s +++) is the number of linearly independent wy-differentiants of the 
type (w,, w,,+°+)3 

Noy, xz( Wes Wy, Wz5 +++) 18 the number of linearly independent wy- and wxz-differ- 

M, entiants of the type (w,, w,, w,, -++)5 

N*""(w,, W,,++) 1s the number of forms of a complete system of type 
(w,, W,,-++) reduced qua xy that are of rank r qua vy 

NV Tage 6 W,, W,, +++) is the number of awy- and wz-differentiants of rank r 
qua yz in a complete system of type (W,,, Ws W,, ++) reduced qua yi 

NV ye Mp9 Wy» Wz+ +++) is the number of linearly independent xyz-differentiants 
of the type (w,, w,, W,, °+*)3 

N;-(w,,w,, +++) 18 the number of linearly independent forms of the type 
(Wi. Wyr °°") that satisfy the conditions A’ (whatever they may be); 

Nye vy(Wes Wy, +++) is the number of linearly independent ay-differentiants of 
the type (w,, Wy ---) that satify the further conditions A; ete. Evi- 
dently, the exponent ay is equivalent to the suffix wy, so that 

NY (Wes Wy 9 Wy.) aA iy (00g 3 Wg 5 ROD) a 

The conditions to which the forms under consideration are subject are gener- 
ally that the forms shall have certain differentiant characters and that certain 
numerical characteristics (rank, etc.) of the forms shall have given values or 
values lying between given limits; it will be convenient to speak of the former 
as differentiant conditions and of the latter as nwmerical conditions ; there can 
even be no objection to speaking of the differentiant characters assumed and the 
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values or limitations of value of the numerical characteristics as themselves con- 
ditions, because they determine the conditions. 

If ¢ is a form of type (w,, Wiyses)s xy is a form of type (w,+1 ie —l, +), 
— provided it is not identically 0; accordingly, using the symbol wy to repre- 
sent the operator that changes the type of any form ¢ into the type of vy “O, 
we have (as definition of the symbol zy). 


wy (W,, W,,°>:)=(w, +1, 0,—1,°:-), 
so that ; 
ay" (w,, W,> ak (w,, + ie, w,—k, ve), 


The types obtained from any given type by applying powers of wy whose expon- 
ents are positive integers or 0 shall be called types subordinate to the given 
type qui xy; thus, the types (w, +h, w,—k,---) for all positive integral 
values of & and 0 are types subordinate to (w,, w,, +--+). Of course the same 
notation and nomenclature applies to the type-operators xy, etc., that correspond 
to all shear-operators xy, ete. 

Any denumerant may be regarded as a function of the type, and we shall 
apply the type-operators xy, ete., to any denumerant as to a function of the 
type, observing that they affect only the type, but neither the suffixes nor the 
exponents of VV; thus, 


xy* N_,( 2, Wy» W,) pa NV, (®, oF k, w, = k, w,), 
(1 — wy )(1 ee xz) -N(w,, Ww, W,) = N(w,, wv, w,)— N(w, +1, w, — Ties} 
— NV(w,+1, W,) W, — 1)+ V(w,+ 2, 1 oe 1, w,—1), ete. 


It is to be observed that the operators az, etc., like the operators wy, etc., are 
distributive over their operands, but, unlike the latter, the former operators are 
commutative, so that, in their effects on any function of a type, 





cay wajorienss 1, Cy ya = yz ry = x2, etc. 


As ay" = 0 if k& is greater than the weight of ¢ in y, we must take 
xy N(w,, 
have ; that is, the result of applying any product of powers of type-operators to 
a denumerant must be taken to be 0 if it makes the weight in any variable 
negative.* But it may be that some less value of & than w, + 1 will make 
ay" N(w,, w,, +++) = 9, because, with the notation of § 2, the weight in y of 
any form can be 0 only if the weights in each of the other variables is as least 
as great as )-mj for the form. The result of applying a product of powers of 
type-operators to a denumerant may be 0 also because there are no forms of the 


w,, +++) =0 if w, <k, whatever suffixes and exponents V may 


* Any form of weight 0 in either variable has, evidently, every differentiant character that is 
defined by a pair in which the variable in question occupies the second place. 
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resultant type that satisfy the conditions imposed by the suffixes and exponents 
of JV in the case in question; thus, 


Ye Ve cg Was Wy» W,) = Nyy, an( Wes W, ts k, Ww, —k)= 0 


if w,—w, <<, because there are no «wy-differentiants whose weight in y is 
greater than that in x, as we shall see in $8. 


6. We shall make use of the notations 


(6) AX =a(a—1)(a—2)---(a-—i+1), i =i! 
for any value of a and any positive integer 7; from this follows 

é i bake gettD 

a wert ee ee ee 
(7) HY = aca—1) mame e 


by means of which the symbol a can be extended to negative integral values 
of i and 0; thus, still for a positive integer 7, 
1 1 


Ee (at+1)(a+2)(a43)--(a4%) (443)? Cate 





We shall write also, for any integer i (positive, negative or 0), 


) a-(;). 


which is the coefficient of a in the development of (1 + #)* according to posi- 
tive or negative powers of x, according as 7 is positive or negative. In partic- 
ular, if a is a positive integer or 0, 


(10) (*)=0 unless 0 =i=a; 
but if a is a negative integer, 

(11) (7) =0foracis—1; 
while 

(12) i!=o if i S=—1. 


It is evident from (7) and (8) that 
(13) (— a) =(—1)i(a+i—1), MeN)! or Ur 


If a and 7 are both integers, 


(14) a = 0 if 0 =a <i, and only then. 
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We shall have oceasion to use the formula of summation 


~P nr 
(15) Smn — Ss 1) , (7). (p = as 1) 4 (Ca ily (p +q—m + 1) ) 
Lt i=0 fo a (q “e sym eed q +n 
‘(m+ 7) 





’ 


m+n 


where m,”, p, g are given integers, of which n is not negative; from which 
follows 
(16) Smet 0 if lSm Sq and m+n—1=p. 


T. The results of applying the shear-operators defined by (4) for different 
pairs of letters successively are connected by these simple relations, where ¢ is 
any form of type (w,, Wy, Wz, W,,***): 


ny yop =yo-ay-p+(w,—w,)-$, ay az p= az -ay-g, 
(17) | ay-20-h = 20 wy + 2y-, ny 2y b= ry xy, 
ny yep = yo-ay-h — x2-d, wy 28 p= 28 -ayd, 


where x, y, 2, s are any four different variables. The last three identities of 
(17) show that any two shear-symbols and their powers are commutative unless 
they have a common letter that occupies different places in them. Repetitions 
of the first three formule of (17) give 
ase a B gi) BO y 
ay" YX $= W,— Ww, +a— PB): yao i py od; 


i=0 


a, B oe ae a 





(18) nyt aah =D - 200 B-i ay! ay-*-d, 
re a, B of ) BO — 5 tee Se, aS F 
ny? 42 -b = Ds 1)’ - yah aa! aysé 


‘= 


where each sum extends to all integral values of 7 from 0 to the smaller of the 
two numbers a and £. 


8. Any form ¢ of type (w,, w,) is annihilated by a certain lowest power of 
ey and by a certain lowest | power of ya; let « and @ be the exponents of the 
highest powers of xy and ye, respectively, that do not annihilate ¢ (the ranks 
of ¢ qua ay and yey respectively), so that 


xy" = 0, xytt- = 0, ya? -$ + 0, yort!.b = 0; 
then, by the first formula of (18) as applied to xy*t8+!-ya%+!-d and 
yort e+ eyett -, 
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0 — (a on B ~~ 1 )§84*) =. ep. — w, oe aq enn wy: 


0=(a+B41)o-(w, —w, + BY - ya? -b; 


and 


therefore, 
(w, — w, + a)E*) = 0 and (w, —w, + BY =0, 


that is, by (14), 


w,—w,+a=P8 and w,—w, +B Sa, 
so that 
(19) B=w,—w,+4 or a=w,—w,+f. 
If ¢ is an wy-differentiant, « = 0 and, therefore, 8 = w, — w,, so that 
(20) w, = w, 
and 


A. Every xy-differentiant is of at least as great a weight ina as in y. 

If ¢ is an xy-differentiant and w, = W,> then 8 = 0, so that 

B. Every xy-differentiant whose weights in « and y are equal is also a yx- 
differentiant. 

From the third identity of (17) follows that a2 go = 0 if both vy -¢ = 0 and 
y2- = 0; that is, 

C. Every «xy- and yz-differentiant is also an wz-differentiant ( xyz-differenti- 
ant). From this theorem it appears that every chain-differentiant has every 
simple differentiant character that is defined by two letters of the corresponding 
chain, taken in the sequence in which they occur. 

It is evident that 

D. If two given shear-operators are commutative, the result of applying any 
power of the first to a form that is annihilated by the second is also a form 
annihilated by that second operator ; 
that is, the repeated application of one of two commutative shear-operators does 
not affect the simple differentiant character defined by the other. Similarly, 
from the second and third formulae of (18), together with theorem D, it appears 
that, 

EL. If bis an xy- and xz-differentiant, so is also yet: and, if $ is an 
w2- and yz-differentiant, so is also ayo 
provided, in each case, the result is not identically 0. 

A polynomial that has a// the simple differentiant characters that are defined 
by pairs of variables taken from a certain set (including both orders of each 
pair) may be called a complete differentiant relatively to that set of variables. 
In the paper in vol. 41 of the Annalen to which I have referred, I have 
proved that every isobaric complete differentiant in all the variables is a covari- 
ant (or invariant); but the proof shows also that an isobaric complete differen- 
tiant in any set of variables is simply multiplied by a power of the determinant 
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of transformation when the variables of that set alone are .subjected to any 
linear transformation. 

From (19) follows also that 

ie lf is a form of weights w, and w, in x and y, respectively, and of 
rank » qua xy, then w, — w, = r (of consequence only if w, <w,). 

Theorems B and C show that an isobaric chain-differentiant is a complete 
differentiant in the variables defining the chain provided it is of one and the 
same weight in those variables (which, by theorem A, requires only that it shall 
be of the same weight in the first and last variables of the chain). 


9. In the papers cited in § 1* I have shown that the operators 


TRU a ng G5 of 5 Ot 





w —w +v)! vanrt-vy® -v2y--.vut-uvt---20%-yv® -avt 
2D ce : : 
P sa a! Bly! ---el (o+u,—w,+ 7)! 
an 
(22) Ce areas ths} 
p -_— ~ Praia t 


a, e we €. ere ee 9 . aye 
a (w,—w,, + v)! wvr-yo® -2v%---uvs- vu v2 vy? - va 


ea) al Bl y!..-e!l (c+w,—w,+>7)! 





where v is the number of variables x, y, 2, ---, uw (without v), the summa- 
tions extend to all integral but not negative values of a, 6, y,---, e, and 
o=a+t+P+y4+--.+e for each term, have, when applied to a form ¢ of 
weights w,, Wis Wey tty Wy, W, In ©, Y, 2, +++, U, V, respectively (whatever the 
number of other variables and the weights of ¢ in them may be), these properties: 

If p is an wy-, w2-, ---, wu-differentiant, {v; u, +++, 2%, y, e}-p is an 
LY-, We-, +++, LuU-, wv-differentiant of the same type as > (if it is not identi- 
cally 0), is the most general differentiant of that type and these characters if 
is the most general differentiant of its type and the characters stated, and is 
p itself if that form is an wy-, vz-, +++, wu-, vv-differentiant. 

Tf $ is a yx-, zu-,---, wx-differentiant, {x, y,2%,-+-,us vV}-h is a yu-, 
Zi-y +++, Un-, va-differentiant of the same type as > (if it is not identically 0), 
is the most general differentiant of that type and these characters if is the 
most general differentiant of its type and the characters stated, and is > itself 
if that is a ya-, 2ut-, +++, ux-, va-differentiant. 

The summation in (21) is naturally limited to values of a, B,y, +++, € such 
that o = w,, and that in (22) to values of « = w,, B=w,, y=w,, +++, €=w,. 

In particular, if ¢ is any form of type (w,, w,),f 

*E. g.. Mathematische Annalen, vol. 41 (1893), pp. 485-489. 

tIf ¢ isa form involving only the coefficients of the quantics (that is, a form of order 0) for 


which w, = wy, this formula is equivalent to that for [?] given by HILBERT, Mathematische 
Anunalen, vol. 36 (1890), p. 523. 
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Wy — yt1 ! a ee 
(23) Lys ev} os SM ae ey ao 





is an xy-differentiant of the same type as ¢ (if it is not identically 0), is the 
most general xy-differentiant of that type if > is the most general form of the 
type, and is > itself if that is an xy-differentiant. 

In applying (21), (22) and (23) to any particular form ¢, it is to be observed 
w, to be used are the weights of that 


uw? 


that the values of w,, w,, ,, +--+, w 


form. 


If ¢ is any form of type (w,, w,, W,, +++) W,» W,)> 


(24) [b]’ = {v3 U,---, 2,9, Po {us 5 2, YU) += es yy wl ee 


is an wy-, wz-,---, wu, wv-differentiant of that type, and 


(25) [ob] = (my ys 2-255 U5 OF (0 Ys 24-03 whoo {ory ys 2} fas y} 


is a ya-, 2@-,---+, ux, ve-differentiant of that type. 


Il. Determination of denumerants in general. 


Let wy be any one of the differentiant characters included in the conditions 
for the denumerant, let the aggregate of all the other conditions be represented 
by XC, and let (a, 6) be any given type (to specify the weights in # and y alone). 
If the shear-operator wv, or differentiant character wy, is so related (or unrelated) 
to the conditions A that the form xy" satisfies the conditions A for every 
form ¢ that satisfies them and every value of & for which ary! -¢ is not identi- 
cally 0, we shall say that the operator xy, or the differentiant character LY 4 
does not interfere with the conditions . 


10. If the differentiant character xy does not interfere with the conditions 
K, the forms xy”: derived from the forms ¢ of a complete system of type 
(a, b) satisfying the conditions A and reduced qua ay by operating on each 
such form ¢ with the power of ay whose exponent is the rank of that form ¢ 
qua ny are linearly independent «y-differentiants of the types (a+r, b—r) 
subordinate to the type (a, 6) qua zy, by §4. Therefore, the number of lin- 
early independent «y-differentiants of any type (a+7,6—~r) subordinate to 
(a, 6) qua any is at least as great as the number of forms of rank 7 in a com- 
plete system of type (a, 6) satisfying the conditions A reduced qua ay; that is, 
for 0 Sr=r, 


(26) N2 (a,b) = Ne y(at+r,b—71), 
from which follows 


Y , 


(27) Naso) = > NS (056) Sa, a ee) 
r=) 


r=0 
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where 7’ is the greatest value of for any possible type (a + 7, b — 7) subor- 
dinate to (a, b) qua wy. 


11. If, for each value of r from 0 tor’, the greatest value of 7 for any pos- 
sible type subordinate to (a, b) qua vy » there exists a determinate* distributive 
operator w, such that the forms » yy, obtained from a complete system of ay- 
differentiants yr, of all types (a +7, b —71) subordinate to (a, b) qua ay that 
satisfy the conditions AX are linearly independent} forms of type (a, 0) that 
satisfy the conditions A’, then the number of linearly independent forms of type 
(a, b) that satisfy the conditions J is at least as great as the number of linearly 
independent ay-differentiants of all types (a + 7, 6 — 7) subordinate to (a, b) 
qua «xy that satisfy the conditions A: that is, 


(28) Deva (er, 6 — 7) >) Ve (ab) = Ne( 0,0): 
r=0 r=0 


12. If the conditions of both §10 and $11 are satisfied, we have, by (27) 
and (28), 


(29) > Me m(tt+r,b—7r) => NW (a,b) = N;(a, 5), 
r=0 r=0 


and, because (29) cannot be satisfied unless the sign of equality is to be taken 
in (26) for every value of r from 0 to 7’, inclusive, 


(30) Nim (t+r,6—r)=NP (a,b) for0Sr=r’. 


In this case, for any particular value of 7, the forms ay -@ of § 10, being, as 
we have there seen, linearly independent wy-differentiants of type (a +7, b—1r) 
that satisfy the conditions A’, and being, by (30), just equal in number to the 
number of such linearly independent wxy-differentiants, in themselves consti- 
tute a complete system of linearly independent «ay-differentiants of type 
(a+r7r,b—r) that satisfy the conditions A: for any particular value of 7, the 
forms Wy of § 11 are, then, linearly independent linear functions of the forms 
ay” -b of § 10, and vice versi, and the former forms may be replaced by the 
latter, whenever it may be convenient; that is, when we are considering simply 
a complete system of linearly independent wy-differentiants of a type (a+7, b—1r) 
subordinate to (a, b) qua ay satisfying the conditions A, we may take these 
wy-differentiants to be the forms ay -@ derived from the forms ¢ of rank 7 in a 
complete system of type (a, 6), to which (a + 7, b—7) is subordinate qua yy 





* By a determinate operator w, I mean one that depends on the type (a, }) , the conditions K, 
the differentiant character zy, and the value of r, alone, and not at all on the particular form 
w, to which it is to be applied. 

+ And, therefore, non-vanishing forms: for a vanishing form may be regarded as a linear func- 
tion of any forms, having all its coefficients 0. 
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satisfying the conditions A and réduced qua vy. Again, in this same case, the 
forms @ Wy, of §11 for all values of 7, being, as we have there seen, linearly 
independent forms of type (a, >) that satisfy the conditions A, and being, by 
(29), just equal in number to the number of such linearly independent forms, in 
themselves constitute a complete system of linearly independent forms of type 
(a,b) that satisfy the conditions A; the forms ¢ of § 10 are, then, linearly 
independent linear functions of the forms yy of § 11 for all values of 7, and 
vice versi: whenever we are considering simply a complete system of linearly 
independent forms of type (a, 6) that satisfy the conditions A’, we may, then, 
take them to be the forms » yy obtained from complete systems of linearly inde- 
pendent wy-differentiants wy, of all types (a +7, b —71) subordinate to (a, b) 
qua avy that satisfy the conditions A’: but it is to be observed that we have not 
shown that the forms yy, although they may be replaced by the same number 
of arbitrary linearly independent linear functions of them for each value of r, 
can be so taken that the forms , 1, for al/ values of r shall constitute a system 
reduced qua iy ,— however, it would be so if the forms wo were of rank r for 
each value of 7, as a little consideration will show. 


13. If the differentiant character wy does not interfere with the conditions 
#, so that (26) and (27) hold, and if, for each value of r from 0 to r’ [the 
greatest value of r for which (a+7, 6—r) isa possible type subordinate to 
the given type (a, 6) qua wy | , there exists a determinate distributive operator 
o, such that the form , yf, is a form of type (a, 6) that satisfies the conditions 
#T for every wy-differentiant yy, of type (a+7r,b—7) that satisfies the same 
conditions, and also such that 


(31) vy’ 0,4, = S.-%,, 

where S, is a non-vanishing constant, then the forms @,y, obtained from com- 
plete systems of wy-differentiants of all types (a+7,6—v7) subordinate to 
(a, 6) qua wy that satisfy the conditions A are linearly independent. For, 


by (81), Ee Zs 

ayo rw = Say" = 0 if rile, 
so that any linear relation between forms , 1, for which the greatest value of r 
is k would be turned by the operator ay into a linear relation between the 
forms yf, with non-vanishing coefficients, whereas no such relation exists ; 
therefore, such operators @, satisfy the conditions of $ 11, so that their existence 
proves (28) and, because (26) and (27) hold, also (29) and (80); then, by § 12, 
the linearly independent «y-differentiants of any type (a +7, 6 —7r) subordi- 
nate to the given type (a, b) qua avy that satisfy the conditions A may be taken 
to be the forms ony” -@ derived from the forms ¢ of rank r in a complete system 
of type (a, b) satisfying the conditions A and reduced qua xy. 
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In this case, for any given value of k from 0 to 7’, inclusive, the forms ey x) 
of type (a + 4, b—&) obtained from the forms ¢ of rank as great as k are 
linearly independent, for any linear relation between such of them as are 
obtained from forms ¢ of rank / and less qua ay (4k =h=r’) would be turned 


* into a linear relation between the linearly independent 


by the operator ay" 
forms ay ‘f derived from forms ¢ of rank A quad ay « Again, the types 
(a +7, b—7r) subordinate to (a, b) qua xy for all values of r as great: as k 
are also the types subordinate to (a+hk,b—k) qua ay, and the xy-differen- 
tiants xy’: 6 = xy’ xy -@ derived from the forms ¢ that are of rank r qua xy 
are the wy-differentiants derived from the forms ay" ‘> that are of rank r — k 
qua xy so that the latter forms constitute a system reduced qua vy . Finally, 
the operators xy - wo, for all values of 7 as great as k turn the linearly indepen- 


dent xy-differentiants xy” - f into linearly independent forms of type (a+hk, b—k) 
and rank r — k& qua ey that satisfy the conditions A and for which, by (31), 


-~ I ae, ane aos ves acta, 
xy’—"- vy" -@ ay" b = xy’-o -vy"-b = Say", 


which is what (31) becomes when the system of forms ¢ is replaced by the 
system of forms ay", so that formule (29) and (80) hold also if the type 
(a, 6) is replaced by the type (a + &, 6 —:k) and, of course, the limit 7’ of r 
by the limit r°—k of r—k. The resultant formule are, evidently, equivalent to 


(32) DN, w(atr,b6—7) = Ny(a+k,b—k) 
=k 
and 
(33) NM, .(a+r,b—17) = Ne""*(a+hk,b—k) for kSrSr. 


On subtracting (32) from (29), member from member, we get, for 1 =hk=7r’, 
(34) Pie matr, b—r)=N,,(a, b)—N(a+kh, b—k) = (1—ay")- N;,(a, 6), 
and, in particular, for k= 1, 

(85) Ny (a, 6) = N;(a, b)— Nz(a+1,6—1)=(1—2y)-N;z(a, d), 


by which (if the conditions for its validity are satisfied) the number of linearly 
independent forms of given type that satisfy the conditions A and have the 
additional differentiant character xy is determined when the numbers of line- 
arly independent forms of certain types that satisfy the conditions A are known. 
In other words (85) is a formula for the addition, in a denumerant, of a differ- 
entiant character to other conditions with which it does not interfere. 


14. Whatever differentiant and numerical conditions may be given, it seems 
easy to select one of the differentiant characters that shall not interfere with the 
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ageregate of. the other conditions and, for each of the possible values of r, to 
find an operator », that shall have all the properties stated in § 18, excepting 
the last, that is, that the constant S, shall be different from 0 for each value 
of r. At least, that is the only difficulty that has presented itself to me in my 
attempts to determine the denumerants for triple and higher differentiants. 

Evidently, the reasoning of §§$ 11-13 requires that there shall be forms of 
type (a, b) that satisfy the conditions A if there are forms of any type sub- 
ordinate to (a,b) qua ay thut satify them and we shall find that, at least in 
the cases we consider, the operators , that naturally suggest themselves do not 
satisfy (31) with a non-vanishing constant S, for all the values of 7 in question 
unless 6 =a, which, by theorem A of § 8, is a necessary, though not sufficient, 
condition that there shall be xy-differentiants of the type (a, 6). In other 
words, we shall find it impossible to use (35) unless the type (a, 6) is such that 
the condition of theorem A of § 8 is satisfied by the weights in all the pairs of 
variables that define the differentiant characters for the denumerant to be deter- 
mined. But this is really no limitation to the use of (35), because the left mem- 
ber of this formula implies these relations between the weights, or else its value 
is 0. 


15. The numerical conditions included in A may be of very different kinds, 
of which it would be impossible to state all that it might be useful to take into 
account, but we ought to mention one class that we shall have occasion to con- 
sider. Numerical conditions satisfied by the derivatives of a system of forms 
relatively to a given shear-operator may be regarded as conditions satisfied by 
the forms of the system. In particular, that the rank qua ye of the derivative 
qua ay of any form ¢ of a complete system of type (a, b) satisfying certain 
other conditions shall lie within given limits is admissible as a numerical con- 
dition to restrict the system further, and will be satisfied by the derivatives of 
the restricted system; the wy-differentiants yy, of types (a+r, 6—7r) must 
then be taken to satisfy the same condition, namely, that their ranks qua ye 
shall lie within the given limits. It may be that the conditions A can be 
separated into two sets, of which the second set contains only conditions that are 
satisfied by all forms ¢ of type (a, 6) that satisfy the conditions of the first set 
set and by their derivatives qua ay : the conditions of the second set need be 
specified only for the «wy-differentiants yr, of types (a +7r,b—7r). 

For example, if the differentiant character wy does not interfere with the con- 
ditions A (representing only the conditions of the jirsé set); if the rank qua yz 
of the form xy" -¢ lies within limits l, to 1; dependent only on the given type 
(a, 6) and the value of &, inclusive of both limits, for every form of type (a, 6) 
that satisfies the conditions A and for every value of & for which xy": ¢ is not 
identically 0 (the one condition of the second set); and if, for each value of r 
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from 0 to r’ [the greatest value of r for which (a + 7, b —1r) is a type sub- 
ordinate to (a, 6) qua wy], inclusive, there exists a determinate distributive 
operator @, such that the forms , y, obtained from the xy-differentiants yy 
whose ae qua ye lie within the limits 1, to U’, inclusive, 1 in complete systems 
of all types (a +7, 6—7) subordinate to (a, b) qua ay satisfying the condi- 
tions A and reduced qua yz are forins of type (a, 0) that satisfy the conditions 
K and the identity (81), where S, is a non-vanishing constant ; then, by (29), 


(36) , oy Ne Py(t2+7,b—1r)=WN,(a, bd). 


f==0 p=l; 


Ill. Simple differentiants. 


16. In this section we consider only forms of a given order in the variables, 
of given degrees in the coefficients of the several quantics, and of given weights 
in the several variables excepting two, say wand y. For any such form of type 
he.. w,) we have, by (2), w, + w, =o, where o is a constant, that is, is the 
same number for all the forms considered. It will be convenient to represent 
w,, temporarily by a simpler symbol a (or a’): then, w, =o —a (org —a’). 

For wy-differentiants of a given type (a, ¢ — a) there are no conditions except- 
ing the differentiant character wy and the types See to (a, 7 — a) qua xy 
are the types (a +7, o —a—~r) for which 0 = 7 = o — a (it may even be that 
ry has asmaller upper limit thano—a). If w,_, is any wy-differentiant of one 
of these subordinate types, say (a’, o— a’) forr =a’ —a, wherea =a’ =o 
and lo =a’, by (20), then ya”-*- yr, 
by (18), because ay hy = 


xy’ ‘ ya’—* : se = (a ae ) ( 2a’ ere ) ath : Wa? 


which is not identically 0 if c—a@’ =a=a' Sc: therefore, by (385), if 


—a 


is a form of type (a, o — a) for which, 


fee, = 
57 ==, 


N,,(4,¢—a)=(1 —axy):-N(a, o—a ) 
or, if we replace a by w, and « — a by w,, 
(37) N,, (0, »,) = (1 — xy): N(w,, w,) Pastor wD == WD, 


This is CAYLEY’s formula as extended to a system of any number of quantics in 
any number of variables. 

Formula (37) shows that the number of linearly independent linear equations 
between the coefficients of the general form ¢ of type (w,, w,) implied by the 
identity xy- = 0 is just the number of terms in the general form of type 
xy:(w,, w,), that is, that the linear equations implied by this identity are din- 
early independent, as Cayley assumed. This proves also that, if ¢ is the general 
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form of type (w,, w,), then ary -@ is the general form of type (w, + 1, w,— 1) 
and, therefore, ay" - is the most general form of type (w, +k, w, —&) for 
every value of & for which this type exists. 

Incidentally, formula (87) shows that, of the general forms of two types that 
differ only in the weights in two variables, that has the more terms in which the 
weights in the two variables in question are the more nearly equal (unless they 
have the same number of terms, in which case the general forms of all interme- 
diate types, —types subordinate to one and to which the other is subordinate, — 
have that same number of terms). 

Again, formula (87) gives the number of linearly independent covariants or 
invariants of any system of binary quantics if w and y are the only variables 
and w, = w,, by theorems A and B of § 8, because every xy-differentiant for 
which these conditions are satisfied is a complete differentiant in x and y and, 
therefore, a covariant or invariant. 


IV. Double differentiants. 


In §§ 17-22 we shall consider only forms of a given order in the variables, 
of given degrees in the coefficients of the several quantics, and of given weights 
in the several variables excepting three, say x, y,andz. The type of sucha 
form shall be regularly denoted by (w,, w,, w,), representing only the weights 
in w, y, and 2, in this sequence, so that, by (2), w, + w, +W,=F, where o has 
the same value for a// forms considered; but, in the deduction of formulae, it 
will be more convenient to represent two of these three weights by simple letters, 
and for this purpose we shall put either w,= a, w,=6 and w,=ao—a—Od, 
—or w,=ao—b—c, w, = b, and w,=c, —accenting a, b, or c when we 
have occasion to represent more than one value of either. ‘ 


17. If y is an wz- and yz-differentiant of type (o — b’ —c, b’, c),— where, 
by theorem A of §8,¢c=b’ =o — 2c, — so that ae + = 0 and ye-X = 0, 
then, by (17) and (18), 


az xy -y = ay aay = 0 and ye ny" x = wy yey + hayley = 0, 
so that the differentiant character wy does not interfere with the differenti- 
ant characters xz and yz. The derivatives of wvz- and yz-differentiants of the 
given type (o — 6’ —c, b’, c) qua avy are, then, ayz-differentiants of types 
(co —b—c, b, c) subordinate to (co —b’—c, 0b’, c) qua ry for which 
05c=b5b' S=ao—b—candb=}(c—c), by theorems A and F of § 8. 
If W,,_, 1s any xyz-differentiant of type (o — b —c, b, c), — for which, in the 
notation of §§ 10-18, r = 6’— 6 and 0 =r = b’— c,— then, by (17) and (18), 


ey _——~ 


oz yo’? or, = ye”? - wah, + (b' —b)- ya’ -yz-, , = 0 
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and 
Saks abies , ae hes ak Se cn) 
Ye yo Vy, Syn yer, , = 0, 


so that ya’: w_, 18 an wz- and yz-differentiant of type (o — b’ —c, b’,c), 
if not identically 0, for which, by (18), 


sy’ yal? py, = (b) —B)! (7 — 25 — 0)" ys 
where the multiplier of y,,_, is a non-vanishing constant if b = b’ =a—b—c. 
Therefore, if 0 =c=b' =}3(c—c), 
Niay(e—b'—c, ve) EN me(o —b—c, b,c), 
by (28), and 
Ni (o — b' —e, b', c) =(1—2y)-W, 
by (85), while, if 0=c=b=0' =}(c—c), 


a¢—b'—c,b',c), 


x2, yal 


Le, Y% LYz 


Nw (o—b'—c, b’,c)=WN,,,(¢ —b—c, b,c), 


by (80); or, when « — b’ —c is replaced by w,, b’ by w,, ¢ by w,, and b by 
b —r,ifw,=w,=uw,, 


Wy—W, 


(38) yon mss tes Dy is 2D Nyyz(W2 $05 Wy, — 7, Ww.) 
and 
(39) Neyal Wn Wy 0,) = (1 — ay) -New, yo (Me, Wy> Wz)s 


while, if w, = wv, =, and 0 =r=w, —Ww., 
(40) NI ( Wey 0, 0.) = Noy ( tO, +2, 10 — 7 10): 


Also, by § 12, the forms yx’”-’- vy, obtained from complete systems of wyz-dif- 
ferentiants of all types (oc —b—c, b, c) subordinate to the given type 
(o —b'—c, b’,c) qua xy constitute a complete system of wxz- and yz-differen- 
tiants of the latter type if 0 =c =b’=3(c—c). 





18. If y isan wy- and wz-differentiant of type (a, oF, o—a— b’), —where, 
by theorem A of §8,0—2a=b’=a,—s0 that ay: xy =0 and wz-x=0, 
then, by (17) and (18), 


re aa, Sis A -~- mer 1 ca “—— Sas oR ann 
cy yz" -ysyz" vy y—k- ye" -xz-~=0 and we yz yvsye"-wz-vy=0, 


so that the differentiant character yz does not interfere with the differentiant 
characters xy and wz. The derivatives of wy- and «z-differentiants of the 
given type (a, 0’, c—a—bd’) qua yz are, then, «yz-differentiants of types 
(a, b, c—a—b) subordinate to (a, 0’, c—a—b’) qua yz for which 
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¢—a—b=b'=b=a=c—band }(c—a) =), by theorems A and ¥ of 
§8. If w,_,, is any vyz-differentiant of type (a, b, o — a — b),—for which, in 
the notation of §§ 10-13, 7 =} — b’ and 0 =r =a — b’,— then, by (17) and 
(18), 


= 


es F , —— 
ey = a Vy = ay? "ey * Vy aa 
and 

“— ay ee 


coe Raa ett 2 2S Pe cat she 
rz + Wy = ey we, — (6 — 0’) zy ‘cy, =, 


so that 2” ’.4 is an wy- and xz-differentiant of type (a, b',¢7—a—J’),1 
not identically 0, for which, by (18), 


yo" ap! Nyy = (B— VI (a+ 2b — a PM, y, 
where the multiplier of y,_,, is a non-vanishing constant if oc —a—b=b=b. 
Therefore, if }(o —a) =) Sa=a—QO, 

Noy, e(s 8,0 —a—B) = Yo W,,,(a,b, 9a =D), 
by (28), and 

W,,,(a,8,0—a—8)=(1—92) My, (a, 8, ¢—a—8), 
by (85), while, if }(o —a) =V Sb S=a=ca—-8), 
Ne (a, b,o—a—Jb)=VW,,,(a,b,0—a—b), 

by (30), or when a is replaced by w,, b’ by w,, ¢ — a — b' by w,, and b by b'+7, 


ifw,=w,=w,, 
z y 


w zy 


(41) NV iiveg (Qa; ne = Da Nyyc( Wey Wy, +7, W, — 7) 
and 

(42) Nye (Wer Wy Wz) = (1 — y2) May, az (Was Wys We) 
while, if o, =w, =w, and 0=rSw,—w,, 

(43) NY ‘aa Wey Wy Wy) = ayy Wey Uy tht, ot he 


Also, by § 12, the forms zy Nyy obtained from complete systems of wyz- 
differentiants of all types (a, b, c—a—b) subordinate to the given type 
(a,b,co—a—D’) qua yz constitute a Oe system of wy- and wz-differ- 
entiants of the latter type if }(o —a) =b SaS=a—UD. 


19. If ¢ is an wy-differentiant of type (a’, b’, o—a’—b’), where, by theorem 
A of §8, Sa =o —D, s0 that xy: = 0, then, by (17), 


-_— 


ae Come Came 
cy x2" b= x2 ay bo = 0, 


that is, the differentiant character xz does not interfere with the differentiant 


1907] OF DOUBLE DIFFERENTIANTS 55 


character xy. The derivatives of wy-differentiants of given type (a’,b’, ¢—a' —b’) 
qua az are, then, wy- and wz-differentiants of types (a, b’, ¢ — a — b’ ) for which 
¢—a—a Sb =a =az=c—OD’, by theorems A and /of §8. If y,_., is 
any xy- and #z-differentiant of type (a, b’,«—a— 0’), —for which, in the 
notation of $$ 10 —18, r=a—a and 0 S=rSo0—a —bd’, —then, by §9, 
{y:a@} 2h” « X,-a 1s an wy-differentiant of type (a’, b',o — a’ —b’), if not 
identically 0. 

Now, by § 18, if (0 —a) =’ =a=oa— 0D’, we may take a complete sys- 
tem of wxy- and wz-differentiants y,_,, of type (a, 6’, 7 — a — Ob’) in such manner 
that any one of them of rank 6—b’ qua ye can be represented as x, = zap” an 
where y,_,, is an 2yz-differentiant of some type (a, 6, o — a — b) subordinate 
to (a, 6’, 7 —a—bd’) qua yz for which 6’ =6=aand6=a—a. Then, 


ey +X, = 9; WX qa =O, 


cy,» =9, zw, 4 =O, yew,» = 9, 
and, therefore, 


eo, 


b—b/ Be tee gat gh hehe : , 
LZ 2Y ar 7S 0 and §$ x28 - ze dd) aw, =0ifa—ad—acB, 


so that, by (17) and (18), 


fa oS 


—* 
a , a—al | — ee ’\(a), ea als * ; 
ay rd sae = (a a \e 200 a zy? ae, 
= (a —a' 209-4 - zy". 
= —a )\ + 20 y hy a 


ae ’ \(a) ac else APY OS cae CO aa! 
= (a — a’ )™- y2*- xz Peed Sle CN ees 


a—a 


eet’ J yar 3 ay* : mnt" é Ni 
=(a—a)!(a—a)®-(2a +B! — a — a) 8-9-9) 28 zy 8 aby, 

= (a—a’')!(a—a')®-(2a +B’ —o — a) *-#—).(b — 8’ + a) 

x (a+b4b'—c)” aul =p, 
(2a4b'—o—a)! (b—b' +a)! 


_(a—a@)! (a+6+4b’—c)! 
heb Ei oa) he? 


~ (at+a+b—c)!(b—0)! 
and, by (23), 
(44) awe {ys @) een, ys Sy Xa a's 
where, by (15) 
ee cee Na to i ae 
Soh (6—b')! (ata’+b’—c)! pee) 


a—a (2a + b' —c—a2)' 
x y ‘(a’ LAK: tat Lie 








‘(a—a' \™. 





a=0 





(a—a')!(a'—b'+1)!(a+b48'—o)! aw 
= Steptoe avi) 


(6—0b')!(a+a'4b'—c)! 





56 W. E. STORY: DENUMERANTS [January 


which, by (14) and (16), is a non-vanishing constant if c—a—b=b'=b=a =a; 
so that, at least when these conditions are satisfied, the derivative of the form 
tay eaters gt X,-a qua #2 is a non-vanishing constant multiple of p Ae” 
Observe that the condition « — a — b=D' is satisfied if }(o —a’)=b'=b. 
But, if @ is an wy-differentiant of type (a’, b’,o—a’ — 6b’) and of rank 
a—a’ qua az, its derivative qua az, namely x2"-”-@, is an wy- and «z-differ- 
entiant of type (a, b'’,¢—a—b’) and, say, of rank 6 — 6’ qua yz, so that 
ye" ext’. is a non-vanishing wyz-differentiant of type (a,b,0—a—b), 
where, by theorems A and /’ of §8,o—a—a' 3b’ Sa’ Sa=ca—b,b' =b=a, 


and oc —a— b’=b; then, by (18), because ay = 0, 
nyt” ; yarte—a— o= ( if ame : (a saa pe bye" yl ‘ pet” « ob ek 0, 
by (14), while 


2m a—a’+1, Be bal aes pao ° 
ey yz og=0; 


therefore, yerte—a—v -¢ is a non-vanishing form of type (a’, a+ b—a’, c—a—b) 
and rank a— a’ qua ayy so that, by theorem /’ of §8,a+b—2a' =a—da’, 
that is, b =a’; the types of ¢ and its swccessive derivatives qua az and qua ye 
are, then, so related that c—a—6b= Oe =b=a Saza— bd. 

If, then, (0 —a) Sb’ =a =a=ca—bJ’,, the wy- and xez-differentiant 
X—a of type (a, b', c—a—LD’) subordinate to ee b',o0—a—0’) qua wz and of 
rank b — }’ qua yz is turned by the operator fy; x} -2e"-” into an wy-differ- 
entiant of type (a’, b,c — a’ —1’) satisfying the condition (44) with a non- 
vanishing value of the constant S_,, if b' =b =a’; the condition (44) is 
equivalent to (31) if, in the latter, r is replaced by a — a, vy by a2, wr by 
X,-a) and o, by {y; x} -2a—” ; and the conditions b’ = b = a’ are satisfied by 
every xy-differentiant of type (a’, b',o — a’ — b’) whose derivative qua wz of 
type (a, b', c—a—b’) is of rank b—0' qua Ye. Therefore, by (86), if 


4(o—ad)S=0 5d 50-0, 





& E NGe (aoa v= WN, (0, 0’ —) 
or, by (48), 


a 


48) YE Nb ea B=, (Bea 0), 


b=b’ a=a’ 


where, however, the upper limit of 6 is co—a’ if a= a’, because otherwise 
there could be no summation qua a. Evidently, the summations qui 7 and p 
in (386) may be performed in either order if the limits are properly taken, and 
here it is more convenient to sum first with respect to 7 (a — a’) and then with 
respect to p (b— 0’). 
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If }(o-—a )=b' =a =o— bd’ —1, (45) holds also if a’ is replaced by 
a +1, and when we subtract the result of the replacement from (45), member 
from member, we find 





a’ o—a’/—1 
> NW,,,(a,6,¢—a'—b)— >) Ni (a,a’+1,0—a—a' —1) 
(46) | 2a, Ne 


=(1—2)-N.,(a’,b’,c—a' —2’) 


ita io, but 
ges Va (ash, c— a’ —5) = (122) V. (a', 8) 0—ac'—b’) 
b=b/ 


if 0 = a’; the special case a’ = $(o — 1) requires a’ to be taken as the upper 
limit of b before the replacement of a by a’ + 1 and o —@ —1 = <4 afterward, 
and the result of the subtraction is (46); in the special case a’ = 30, (46) and 
(47) are identical ; the second sum of (46) vanishes if a’ = 40 or (0 —1). 


If 4(0—a’) =0' =a =o— 0’, that is, if 40 Sa’ and b’ =a — a’, (45) 
gives directly 
(48) N,,.(@,¢—@,0)=WN,(a',o—a, 0), 
which is consistent with (47) [and with (46) if 6’ =a’ = to | ,— because 
wz WV (a',o—a’,0)=0, by §5,—and true, because every y-differentiant 
of weight 0 in z is an «wyz-differentiant, by the foot-note to §5. So that (46) 
holds if 4(0—@’)=b'’ =a =c—D’' and a’ =e, while (47) holds if 
¢(o-—@) 30 Sa So—0' andjo=a'. 

If 4(0—a@’) S=0' <a’ =a—b'—1, (46) holds for a’ =o and (47) for 
40 =a’ when J’ is replaced by b’ + 1, the difference of the formule before and 
after replacement, in either case, being 


(49) iN ae b',a—a —b’)=(1 — yz)(1 —2«z)-N(a’, b',a—a—bd’), 


which, because Yes wz and Ye 02 annihilate JV,,(a',o— a’, 0), includes also 
(48), that being the case of (49) for which a’ =o — 0’. 
If ¢(0 —@') = =a =o— 0’, that is, if 40 =a’ =}o and b' =a’, (45) 


gives 





cy 


o—a’ 
SD Vea a,o—a—a)=WN,(a,a’, o — 2a’) 
a=a/’ 


or, with the replacement of V,,.(a, a’, s — a —a’) by its expression from (49) 
for all values of a greater than a’ [for which, evidently, (49) holds], 


=A 


Nyt, @,o—2a')= WN, (a’, a’, o — 2a’) —(1 Sh Ota! — x2) 


x WV, (4, a’,o—a—a’) 
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=WN,,(v, @, c—2¢)—N,,(¢+1, @, o—2a'—1)+y2- NV, (@ +1, a’, c—2a'—1) 
=(l—az+ wz- yz): (a’, a’, o — 2a’) 
=(l—yz)(1—az)-V,,(a', a’, o — 2a’), — 


because yz N_,(a', a’, o—2a')= WN, (a, a +1, o— 2a’ —1)=0, by 
theorem A of § 8, —and this result is what (49) becomes for 6’ = a’.* There- 
fore, (49) holds for }(¢ — a’) =b' =a So —0’, that is, for all types of which 
there can be wyz-differentiants in accordance with theorem A of § 8. 

On replacing WV, (a’, 6’, ¢ — a’ — b’) in (49) by its expression from (87), we 


have, if d(o—a')=b’ Sa’ Sa—B’, 
N,,(@, 0, ¢ —a’ — 0) = (1 —yz)(1—az)(1 —ay)- Wa, U, 0 — a’ — 8); 


after the restoration of w,, w,, w, for a’, b’, ¢ — a’ — DU, respectively, we have, 
x y z 
if wow =w, =vw,; 
y x 


(50) W,,,(,) My» w,) = (1 — yz)(1— 22) (1 — ay): V(w,, w,, %,). 


By § 5, xy, wz, and yz are commutative and xy-yz =z; therefore, (50) may 
be written 





51) NV yz (Wz 9 Wy» W, = (1 — ey — ye + az) (1 — xz): N(w,, w,, w,) 
( 





=[1—ay—ye+ (wy + yz—az)-a2]-N(w,,w,,,)- 
In particular, if w, = w,, 
yz N(w,, w,, w,) = V(w,, w, +1, w,—1) = M(w, +1, w,, w,—1) 


= «xz: N(w,, W,) W,)s 
so that 


Bh foes Ga ADS 1. Vik —oz+ wz-yz)(1 — xy): N(w,, W,. W,)s 


as we have already seen in the special case of (49) for which 0’ = a’. 
20. In combination with (43), (41), and (87), formula (49) gives 


52) Nee" 14 (Wes Wy) Wz) = (1 — yz) (1 — az) - y2"> My (We) Wys Wz) 
(62 we bak: a 

=(1 — yz) (1 —2xz)(1 — ay) -y2- NV (w,, w,, ¥,) 
if w, = wv, = w, and 0=r=w,—vw,, and 


Wy—W 


rapt pees (22 Wy» w, ) a (1 — az): Sal — yz): yz" Nyy (We, Wy w,) 
r=0 


=(1 — xz) 1 JV, Waseca) — yz N,, (Ws, W,, W, + w,—,) | 





*If a’— jc, the sum in the first expression for Nzyz(a’, a’, o— 2a’) vanishes and we have 
Nuyz(40, 40, 0) = Nx( 40, 40, 0), which is a particular case of (49), — because xz and yz 
annihilate Nz,(4o, 40, 0), by § 5, —and this formula is true, by (48). 
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= (1 — xz)+ Ny (Wes Wy, W,) + 2: ye Ny (Wz 5 W,, UW, + w,—,), 
that is, by (37), 
eas Weg 105 5 w,) 
= (1— az): NV, (w,, Ww,» w.) + NV, (, +1,w,+1, wv, +w,—w,— 2) 
== (‘1 —«y)(1 — az): V(w,, W,» w,) 
+ (1 —ay)-WV(w, + 1,w, +1, 0, +, —w,—2) 


(53) 


if w, = w, =vw,. If wD We =, 1 2, the last term of each of the expres- 
sions for N., y,22(Wz5 W,, W,) given by (53) vanishes. 

Because the sequence of variables is unessential, (52) gives, if w, = w, = w, 
and 0 =r=w,—w,, 


N24 ( Wes MAb) =U —yz)(1 —«z)(1 —axy)-N(w,,v, +7; w, — 1) 


“3 we, Sh Ce Wys w,) > Nae ees Wy» w,)» 


LY, U2 
by (19), from which follows, when r is replaced by 7 + W,— Ws 
NE, (Wes Wy» w,) a a —yz)(1 —az)(1 — xy) -N(w,z, Wy a8 Tr, W,— *) 


if o, =v, Sw, and wv, —w, Sr Sw, — Wy» but this formula . ence! with 
(52); freretore! (52) holds ' We anD ea WANG Ie Mi 0 — 1, 
without regard to the relative values of w, and w, (of course, 7 is not negative) ; 
that is, (52) holds for all types of <atiats there can be xy- and wz-differentiants 
in accordance with theorem A of § 8 and for al/ possible ranks of such wy- and 
oz-differentiants qua Ye by theorem /’ of § 8 and by § 18. 
Similarly, (53) gives, if w, = w, =w,, 

Stes (2025 Wz w,) 

=(1—ay)(1—az) Nw, W,» w,)+(1—ay) ‘Nw, +1,w,4+1,w,+v,—w,—2) 

= 4V,2, my tliss Wy w,) 

== (1 —xz)(1 —ay) -V(w,5 W,,W,) +(1—ay) -M(w,+1,0,+1,v,+v,—w,—2), 
which is identical with (53), so that (53) holds if w, = w, and w, = w,, without 


regard to the relative values of w, and w,; that is, (53) holds for ad/ types of 
which there can be wy- and wz-differentiants in accordance with theorem A of § 8. 


21. If ¢ is a yz-differentiant of type (o — b’— c’, b’, c’), — where, by theorem 
A of §8, ¢ Sb’ So —c',—s0 that yz-¢ = 0; then, by (17), 


yn wet hb = wx yx = 0, 
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that is, the differentiant character wz does not interfere with the differentiant 
character yz; the derivatives of vz-differentiants of given type (o — b’—c’, 0, &) 
qua az are, then, #2z- and yz-differentiants of types (o — b’—c, b’, c) for which 
0=cS¢5b'Sa—c—¢, by theorems A and # of §8; if x,_, is any wz- 
and yz-differentiant of type (o — b’ —c, b’, c),—for which, in the notation of 
§§ 10-18, r =c’— ¢ and 0 =r = c,—then, by § 9, {z; y} - papt’—© + 
differentiant of type (o — b'—c’, b, c’), if not identically 0. 

Now, by § 17, if 0 =c=b'=}3(¢—c), we may take a complete system of 
wz- and yz-differentiants y,_, of type (o — b’—c, b,c) in such manner that any 


vo 18 B Ye 


one of them of rank b’— b te ay can be represented as y,_, = = yx" SEN Tie 
where y,,_, iS an 2 ye-differentiant of some type (o — b —c, b, c) subordinate 
to (o — b'—c, b,c) qua xy for which ce =b6=0’; then, 

2X, = 0, Ye-Xo- =0, 


cy Wr, ,=9, wz, , = 9, ye vy, =9, 
and, therefore, 


ue es ee: TP 
we: yor ete = 0 and = xe8 zt yg te) = 0 if ¢ —c—e GB 


so that, by (17) and (18), 
pe BBB yg = (= LY (e = 08 e* Y Ny, 
Btn ee 


aire aye eyes ¢ (a) ay ca oer ee ty Sone —e 
“BYyt yet eae? sy, = (— 1)*+(c — ay - x2 ype" ea ys 


c—c 


vz 
= (ce)! (Co —c)-(o — B — 20 — a) ay" yas” PF8 Why, 
=(c’'—c)!(¢—c)®:-(¢ —b' — 2c — aye" - (6 —b + a) 
x (c —b—— cc) - yr” -e,_, 
(Cao (ec) bc) (o—b'—2c—a)!1(b—b+a)! 
= MEH colby tae yi (c—b—0—c=—a)\li eee 
and, by (23), | 
(54) me’ {a5 yb 2x, = Sy, Xo os 
where, by (15), 


(c’ —c)1(b'—c' + 1) Dc —¢)! 
Sy-1 = (b'’—b)!(o—b' — —c’)! aSn ane (a ‘) 











a=0 
Cade. — 2c — a)’ 
Sib a ec +a+1)/e-t 
in CBee MAC Soe Mee LBS oa oe SON pi Bee 
(0 —b)Mo—8' —c—c’')! on vbe, net 








1907] OF DOUBLE DIFFEREN'IIANTS 61 





which, by (14) and (16), is a non-vanishing constant if ceSc’ =b=b' Sc—b—e; 

so that, at least when these conditions are satisfied, the derivative of the form 
— 

{23 y}-2z@°"-y,_, quad wz is a non-vanishing constant multiple of y,_ 

Observe that the condition b’ = o—b—c is satisfied if b = b’ =3(c—c). 


But if ae is a ye-differentiant ¢ of type bass — b’—c’, b’, ce’) and of rank 


—c 


ce’ —c qua a2, its derivative qua 2, namely net —° -, is an wz- and 2 Ye -differen- 
tiant of type (o—b’—c, b, c) and, say, of rank b’—b qua xy, so that 
any” ard ~-d is a non-vanishing xyz-differentiant of type (o —b—c, b,c) 
for which, by theorems A and /’ of § 8, 0 = oe S¢ S0USe0—c—c,c=b=), 
and 6 = o — b' —¢; then, by (18), pun is ye id = 0, 





me 


ye" pyr te——e i a (b' a roe cs b ated cje- s acy 3 ene" Z d =e 0 ; 


by (14), while 
ye ef —c+1 py te— 0.6 = (0; 


therefore, aryj”+’—?-*. x is a non-vanishing form of type (o—b—c, b+c—c’, c’) 
and rank c’ — ¢ qua Yes so that, by theorem /’ of $ 8, 2c’ — a —¢S¢— cz that 
is, c = 0b: the types of ¢ and its successive Pttiee: qua x2 and qua xy are, 
then, so aera SceS¢Sb505a0—b-c. 

If, then, 0=Sce¢S¢e S>0'=3(c—C’), the xz and yz- differentiant y,_, of 
type (oc —b’—c, ee c) subordinate to (o — b’—c’, b’, c’) qua vz and of rank 





b’ — b qua avy is turned by the operator {z2; y}-2u"—° into a yz-differentiant of 
type (o — b' — cb’, c’) satisfying the condition (54) with a non-vanishing value 
of the constant S,_, if c =b = 0’: the condition (54) is equivalent to (81) if, 
in the latter, r is replaced by c’ —c, vy by az, wv. by x,_,. and o, by 
{z;y}- -z@—°: and the conditions c’ = b =0' are satisfied by every yz-differen- 
tiant of type(o — 6’ — c’, b, c’) whose derivative qua xz of type (o—b'—c, U’, c) 
is of rank b’—b qua wy. Therefore, by (36), if 0=¢ Sb’ =4(o—C), 





SED (ic bo me tom eo Bc) 


c=0 b=c! 
or, by (40), 
(55) > 2) N49 —6—¢,6,c)=N,,(o—b —C¢, Gait) = 


If1=c =0' =4(c—C’), (55) holds also when c’ is replaced by c’ — 1, and 
when we substract the result of the replacement from (55), member from mem- 


ber, we find 


oy {E™ a soe tee )-E Neel ae Gree til, G1, C) 
l =(1—2)-N,(o—b'—c, 0, c¢’). 
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If c’ = 0, (56) is identical with (55), because wz * N,.(¢ — 5, 6, 0) = 0 and the 
second sum in (56) vanishes by the general principles of summation ; therefore, 
(56) holds for 0 =c =O =3(c—- Cc’). 

If 0 Sc’ < b' = 4(o¢—’), (56) holds when 0’ is replaced by b’ — 1, the dif- 
ference of the formulz before and after replacement being 





(51) W.,,(0 —U —¢, b,c) =(1—ay) (1 —az)-N,,(o 8 —c, 8c). 


If0=c=0)' =1(—C), that is, if 0 =c' = to and b’ =<’, (55) gives 
x NV ys(F — ec—C,¢, c)= WV, (o — 2¢, Cates 


or, with the replacement of V.,.(¢—¢—c’, c’, c) by its expression from (57) 
for all values of c less than ¢’ [for which, evidently, (57) holds], 


cf—1 


Ny (o — 20; €, 6°) = Nog(o — 26, €5 e') — (1 —3y)- (1 — m2) 


« Ny. ig oars Ce cs ¢) =; Ne (o r 2c’, C, c’) ms LV AG, he. 2¢c'+1 9 C, CAs 
-{. ay: N(o— 2¢+1,¢,¢—-1)=(1 — xz + wy-w2):N (o—2c, c,c) 


= (1 — ay) (1 —m)-W,,(0 — 20, ¢5 0’), — 
because ay: N (o —2¢,¢,¢)=N(¢—24¢4+1,¢—1, ¢) =0, by theorem 
A of §8, — and this result is what (57) becomes for 6’ = c’.* Therefore, (57) 
holds for 0 = ¢ = b' =3(co— ©), that is, for all types of which there can be 
eyz-differentiants in accordance with theorem A of § 8. 
On replacing WV ,(¢ — b'— cc, 6, c’) in (57) by its expression from (87), we 
have, if0 =c =V'=h(c— Ce), 








N,,(¢—-0—¢, b,¢)=(1 —axy)(1—az)(1—yz)-N(o—b'—e, b,c’); 


after the restoration of w,, w,, w, for « — b'— ¢, b,c, respectively, we have, 
fw =wv=w., 
z y a 


(58) Nye( Mn) RE) w,) oe (1 = ay )(1 aa wz )(1 — yz) N(w,, Wy» w.)s 
which is identical with (50) and (51). In particular, if w, = w,, 
ay: NV (w,,w,, w,) = V(w, +1, w,—1, w,) 


=— Vw iy. — | ee wz: V(w,, WW), 
so that 


AV ya Was Wo w,) ae CL — wz + wy-az)(1 — yz) N(w,, wes w,)s 


as we have already seen in the special case of (57) for which 0’ = ¢’. 





* Tf c/ —0, the sum in the first expression for Nzyz(o— 2c’, c’, ec’) vanishes, but the result is 
valid, by (55) for b* =e’ —-0. 
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22. In combination with (40), (38), and (37), formula (57) gives 
(59) BE on Was yr We) = (1 — ay) (1 — wa) ay IV sie. 4.) 

= (1 —2ay)(1 —az)(1— yz)-2y’- V(w,, w,, w,) 
if w, =, =w,and0=r = 0, —w,, and 


eave (Pe Wy» w,) =: (1 — wz): Sat (1 = ay) cy" Nye (Wes Wys w,) 
r=0 


=(1— az) - es Gee W,,Wv,) — ay NV (w, + w, — w,, w,, W,)] 
=(1— az) NV, (w,, Ww, W,) + ay v2 N (wv, + w,—W,, W,, W,); 
that is, by (37), 
Sa bab os es Wy w. ) 
(60); = (1—2az)-WV,,(w,, w,, w,) + V,,(w, + w, —w, +2, w,—1, w,—1) 
: =(1—xz)(1—yz): M(w,, w,,0,)+(1—yz)- Mw, +w,—w,+2, w,—1,w,—1) 
if w,=wv,=w,. If w,=0, the last term in each of the expressions for 


NV, 


ve, yz(Wrs Wy, W,) Vanishes and we have 


Te Me: 5-0) = 2, (0,3 ,; 0) = Vw, @,, 0), 
as it should be, because every form of weight 0 in z is an az- and yz-differen- 
tiant, by the footnote to § 5. 

Because the sequence of variables is unessential, (59) gives, if w, =w, =w 


y 
and 0 Sr=w,—vw,, 

NY ,,( Wy, We» w, ) =z @ eae ay )(1 av wz) (1 le ye) ‘-NV(w, =F r,W,—T, W,) 

= NY" (We Wy Ww.) as Fc aia a (283; Wy» Ww, ) ’ 

by (19), from which follows, when r is replaced by r + w, — Ww, 

N= (We, W,, W,) = (1 —ay)(1 —az)(1—yz):-V(w, +r, w, —7, v,) 
if w, = w, Sw, and w, — wv, =r Sw, — w,; but this formula is identical with 
(59); therefore, (59) holds if w,=w,, w,=w, and w,—w,Sr=w,—vw,, 


y 
without regard to the relative ieee of w, aad w, (of course 7 is not negative) ; 


that is, (59) holds for all types of which ieee aati be wz- and yz-differentiants 
in accordance with theorem A of § 8 and for all possible ranks of such w2- and 
yz-differentiants qua ey 5 by Bae Ff of § 8 and by § 17. 

Similarly, (60) gives, if w,=w, =w,, 

Nya, yz( ys Wns We) = (1 — az) (1 — yz) N( wy, Wy Wz ) 

+(1 —yz) x N(w,+ 0, —w,+ 2, w,—1, w,—-1)= Np, 9, ( We, Wy, W.) 
=(1—ye)(1—2z) x W(u,, w,, w,) 
+(1- yz) N(w, +w,—w,+2,w,—1,w,—1), 
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which is identical with (60); therefore (60) holds if w, = w, and w, = W,,s with- 
out regard to the relative values of w, and w,, that is, for all types of which 
there can be wz- and yz-differentiants in accordance with theorem A of § 8. 
Formulae (50) or (58), (58) and (60) express the denumerants of a// kinds of 
double differentiants whose defining pairs involve only three of the variables. 


23. The expression for the denumerant of double differentiants of a given 
type whose two defining pairs involve fowr different variables is found in the 
same manner in which that for simple differentiants was found in $16. We 
consider only forms of a given order in the variables, of given degrees in the 
coefficients of the several quantics, and of given weights in each of the variables 
excepting four, say 7, y, 2, and s; in representing the type of such a form, we 
shall write the weights in these four variables alone, following the sequence of the 
variables as just given, thus: (w,, w,, w,, w,), so that, by (2), w,+w,+w,+u, 
has the same value for all forms of our system. In determining the expression 
for the denumerant /,,, .,(w,, W,, W., w,), we shall confine our attention to 
the zs-differentiants that are of given weights w, and w, in z and s, respectively, 
—where, by theorem A of § 8, w, = w,, —and, in writing the type of such a 
zs-differentiant, shall express the weights in a and y alone, in this sequence, as 
(w,, w,). If four weights are written in the type, it is to be understood that 
they are the weights in x, y, z, and s, respectively: but if only two weights are 
written, they are the weights in w and y, respectively, and the weights in z and 
s are constant for all forms whose types are so written. In the latter represen- 
tation of the type, we shall replace w, by a(or a’) and w, by o — a (ora —a’), 
where a has the same value for al/ the forms considered. 

If ¢ is a zs-differentiant of given type (a,¢—a), 28+ = 0 and, by (17), 
28- xy b = ay" 28 -@ = 0, so that the differentiant character ry does not inter- 
Jere with the differentiant character zs. The types subordinate to (a, o — a) 
"qua zy are types (a’,o—a’) for which a =a’ =o (in the notation of § 10, 
the zs character is the only condition K andr=a'—a). IfwW,_, isan vy- and 
zs-differentiant of type (a’, ¢— a’) subordinate to (a, ¢—a) qua ay, where 
a=a' So and 30 =a’, by theorem A of § 8, then yx” -*-y,_, is a form of 
type (a, ¢ — a) for which 28 -yxl—*- Vi a= ya’ —* - 28 Wg = 9, by (17), and 


yea ye’ Wg = (a’ as a)! (2a’ salad 2) Sa Se are a 


by (18), that is, ya hy is a zs-differentiant that satisfies condition (81) 
[r=a'—a, 0, =yx"-*, and S.=(a@—a)!1(2¢—c)"™ ] if 0 SaSa So and 
o—a=a’'. Therefore, by (85), if to SaSo, 


Noy, a(s ¢— 0) = (1 —ay)-N,(a, 0 — a): 


that is, on restoring w, for a and w, for o — a, writing the weights in z and s, 
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and expressing the denumerant of zs-differentiants by (37), we have, if w, = w, 
and w, = w,, 


61 N,,,, 2;( Wz, Wy, W,, W,) = (1 —ay)(1—28)-N(w,, w,, w,, v,)- 
Y, 2 y Y y 8 


2? 


Formula (61) shows that, if ¢ is the most general form of any type of which 
there can be wy- and 2zs-differentiants in accordance with theorem A of § 8, the 
linear equations between the multipliers of the terms of ¢ that are implied in the 
identities vy ‘> = 0 and 28° ¢ = 0 are linearly independent in this sense that, 
when ¢ shall have been determined as the most general form of its type (-- -) 
that satisfies the identity zs-¢ = 0, so that the number of independent arbitrary 
multipliers of its terms is V.,(---), the number of linearly independent linear 
equations between these multipliers that are implied in the identity vy -> = Ois 
Ge. (> <=). 

It is evident that the method of this section can be employed to determine 
the denumerant of forms of a proper type, in accordance with theorem A of § 8, 
that have any multiple differentiant character that can be compounded of two 
or more simple or multiple characters of which no two have a common variable 
in their defining pairs when we know the general formule for the denumerants 
of forms having the several component characters. For example, if H and A 
represent two simple or multiple differentiant characters such that no variable 
in the pairs that define H occurs in the pairs that define A’, if we know that 
N,(---)=P-N(---) for every type (---) of which there can be //-differenti- 
ants and that V;,(---)= @-WV(.--) for every type (---) of which there can be 
K-differentiants, in accordance with theorem A of § 8, where P and Q are cer- 
tain type-operators, then, if (---) is any type of which there can be H/- and A- 
differentiants, we shall have NV, ,(---) = PQ:V(---). 


24. If vw, = w, = w, = w, we have, by (50) and (51), 
Niy:(W, w, w) = N(w,w, w) —2N(w+1,w,w—1) 


62 
ee +N(w+2,w—1, w—1)4+N(w+1, w+1,w—2) — V(w+2, w, w—2). 


This is the culminating formula for denumerants of double differentiants. It 
gives, if «, y, and z are the only variables, the number of linearly independent 
invariants or covariants (according as the order is or is not 0) of any .possible 
type (w, w, w) that belong to any system of ternary quantics ; namely, as we 
have stated in § 8, every homogeneous and isobaric wyz-differentiant of equal 
weights in # and z and (therefore) y is a complete differentiant in x, y and 
z and, therefore, an invariant or covariant if x, y, and z are the only variables , 
and, conversely, every invariant or covariant in w, ¥, and z is a homogeneous 
isobaric wyz-differentiant of equal weights in w, y, and z. What Cayley’s 
formula does for the invariants and covariants of a binary quantic and Sylves- 
Trans. Am. Math. Soc. 5 
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ter’s extension of it for the invariants and covariants of any system of binary 
quantics, this formula (62) does for the invariants and covariants of any system 
of ternary quantics. 


25. Just as (30) follows from (26) and (29) so from theorem D and the 
equation preceding (45), together with (52) and (53), follows, if w, = w, = w, 
and 0=r=vw,, 


Wa— Ww y 


N 2" (wz, Wy, Wz) = dX Nt, (w, +7, W,,W,—71) 


w g— Wy 


=(1l—2 ie Da (1 — yz): ye -NV,,(w, +7, W,, w, —7) 


—(1—2xz)- [WV,.,we+7, wy, w.—r)—LN,,(w, +7, vw, +1, w,+u,—w,—r—1)] 
(638) =WN,,, ,(W, +7 Wy w.—1)—N,, Av, +7, 0, +1, w, +0,—w,—r—1). 


But the condition }(¢ — a’) =)’ for the formula preceding (45) might have 
been replaced by c—a—b=J, as was previously stated, so that the first 
mae given above for J, #7" (Ww, w,, w,) holds also if w, = w, = w, and 
Q0=rs Ti renee that, 

if vw, =w, =w, and 0=r=w, — w,, the lower limit of & is w,—w,—r 
and he first term of the developed pepreasion is (1 — xz)-WV,,(w, +7, w,— 1, Wy), 
which, by (87), is the same as (1 — a2) - N, p(s iH r, W,, Ww, — 7), as before, and 

if w, =w,, vw, =w,, and w,+w, —w, =r =w,, the upper limit of & is 
w, —7r and the second term of the developed expression vanishes, together with 
the second term of (63). Therefore, (63) holds if w,=w,, w, =w,, and 
0=r=vw,, that is, for every type of which there can be wy- and «z-differentiants 
in accor bene with theorem A and for every possible rank qua az of such differ- 
entiants. | 

Formula (63) shows that the number of linearly independent xy- and «x2- 
differentiants of any type (w, +7, w,, w,—1) subordinate to (0,033 oy 
qua vz that must be annexed to those derivable qua az from 21 y-differentiants of 
type (w,, w,, w,) in order to produce a complete system is 


Nyy, rz(W, $7, W, +1, 0,+ w,—w,—7r—1) if w,=w, and w, = wv,. 


If w, + w, —w,=r=w,, every xy- and wz-differentiant of type (w,+7, w,, w.—T) 
is derivable qua xz from the wy-differentiants of type (w,, w,, w.), provided 
w, =w, and w,=w,. In particular, we find (on putting r = 1 and replacing 
w, by w, — 1) that the number of linearly independent «y- and «z-differentiants 
that must be annexed to those derivable qua 22 from the zy-differentiants of 
type (w, — 1, w,, w, +1), where w, = w, —1 and w, = w, —1, in order to 
produce a complete system of wy- and «wz-differentiants of type (w,, w,, w.) is 


a 
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Nyy, xz(Wrr Wey Wy + W, —W,), Which is evidently V,,,,(w,, W,, W, + Ww, —W,); 
because, by theorems B and C of § 8, every xy- and w«z-differentiant of equal 
weights in # and y is also a yx- and yz-differentiant and, therefore, an xyz- 
differentiant ; but no such differentiants have to be annexed if w, + w, < w,. 

It is evident that the result of applying 22 to any wy-differentiant of type 
(w,—1, w,, w. +1), where w,=w,—1, is an sy-differentiant of type 
(w,, w,, w,), if not identically 0, and the number of «wy-differentiants in a 
complete system of type (w,—1, w,,w, +1) reduced qua vz that are annihi- 
lated by zz is Nyy, 2:(W, — 1, w,, w, + 1), so that the number of linearly inde- 
pendent wxy-differentiants of type (w,, w,, w.) that can be obtained by applying 
the operator az to xy-differentiants of type (w, —1, w,, w. +1) is 


DN yO = 1 ’ Wy Ww, ae 1) =< ay i as a 1 ’ Wy 4 oe AF 1) 


_ DV (Pas Wy w, ) $"% Vy (Was Wr» Wy + Ww, — Wz) 


(64) 


by (53), if w, = w, —1 and w, = w,— 2; that is, the number of linearly inde- 
pendent «wy-differentiants of type (w,, w,, w,) that must be annexed to 
those obtained by applying the operator xz to vy-differentiants of type 
(w, —1, w,, w, + 1) in order to produce a complete system of xy-differentiants 
of type (w,, w,, Ww.) 18 Vy (Wz, W.. Wy + Ww, —w,); but this number is 0 if 
w, +w, <w,, and then no such differentiants have to be annexed in order to 
complete the system. If w,—1=w,, there are no 2z-differentiants of type 
(w,—1,w,,w. +1), and the forms obtained by applying wz toa complete 
system of wy-differentiants of that type are linearly independent «xy-differen- 
tiants of type (w,, w,, w,), which, however, do not generally constitute a 
complete system. 

Similarly, from the equation preceding (55), together with (59) and (60), 


follows, if w, = w,, wv, =w,,and 0 =r=vw,, 


Wy—Wz 


N®" (w,, Ww, 0,) = > Nx (w, +7, wW,, Ww, —7) 


UZ, Ye 
k=0 


Wy—Wz 


= (1—=2z)- 2. as —ay)-xy"-N.(w, +7, w,,w,—71) 


=(1—zz)- [V,(w. +7, W,, w,.—7)—N,.(w,+u,—w.+r+1, w,—1, w,—r)] 


(65) = NV,.. y2(W. +7, Wy, W.—1)—Noz, y(Wit W,— w+ 7 +1, w,—1, w.—7); 


zy 
so that the number of linearly independent «z- and yz-differentiants of type 
(w, +7, w,,w,—r) that must be annexed to those derivable qua az from Y2- 
differentiants of type (w,, w,, w,) in order to produce a complete system is 
Nye, y2(W, + vw, —w,+7+4+1, w,—1, w,—r). In particular, we find (on 
putting ry =1 and replacing w, by w, +1) that the number of linearly inde- 
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pendent «z- and yz-differentiants of type (w,, w,, w,) that must be annexed to 
those derivable qua az from yz-differentiants of type (w,—1, w,, w.+1), 
where w, + 1 = w, and w, + 1 = w,, in order to produce a complete system of 
az- and yz-differentiants of type (w,, w,, w,) is V,. ,.(W, + W,— Ws, We We) 
which is also JV... (w, + W, — W., Wz, Wz)- 


From (60) follows, if w, + 2 = w, and w,+1=w 


y? 
66) N,.(w, —1, w,, vw, +1) — M2. y.(w, —1, w,, vw. +1) 
( = NV,.(W2, W,, w.) — N,, (vw, + w, — W,, W,, We)s 


which shows that the number of linearly independent yz-differentiants of type 
(w,, w,, w,) that must be annexed to those obtained by applying the operator 
az to yz-differentiants of type (w, —1,w,, w, +1) in order to produce a com- 
plete system of yz-differentiants of type (w,, w,, w,) 1s V,.( wv, + w, — Wz We, We)- 
If w,=w,+1, there are no xz-differentiants of type (w,—1,w,,w,+1) 
and the forms obtained by applying az toa complete system of yz-differentiants 
of that type are linearly independent yz-differentiants of type (w,, w,, W.)s 
which, however, do not generally constitute a complete system. 

26. Because we have always excluded denumerants of such types that their 
values as given by our formule might come out negative, these formule may 
serve to determine the relative values of some denumerants involved in the 
expressions of others, just as (387) determined the relative numbers of terms in 
the general forms of certain types. 

It follows from (45) that, if w, = w,= w,, 

Ny (Wz, Wy +1, w, —1) = N,, (ez, Wy, Wz )3 
that is, of two types of which there can be wyz-differentiants in accordance with 
theorem A of § 8 and of which the one is subordinate to the other qua yz, that 
one has the more linearly independent xy-differentiants for which the weights 


in y and z are the more nearly equal, unless they have the same number. 
It follows from (55) that, if w, = w,= w,, 


NV yg (We + 1, wy ey) Vs, ea ee) 
or, because the sequence of variables is immaterial, if w, = w, = w,, 
Ni, (w, —1, wy, w, +1) S N,,(w,, wy, w2)3 


that is, of two types of which there can be zxy-differentiants in accordance with 
theorem A and of which the one is subordinate to the other qua zee (or az), that 
one has the more linearly independent wy-differentiants for which the weights 
in « and z are the more nearly equal, unless they have the same number. 

It follows from (61) and (3T) that, if w, =w,and w, = w,, 


INE aaah glia Ue Wa Lome ee 28): LV (e358 


XY, z <4" Ww, 9 Ws ) 


1907] OF DOUBLE DIFFERENTIANTS 69 


and, therefore, 
) = 
Vy (W,2 Wy, W, $1, w, —1) S M ( us Wy» W,s ¥,)- 


xy 


Similarly, if w, = w, and w, = w,, 
vo <— Pa 
NV, (Wz wo, O, — Lye ly ate W,, W,, W,)3 


that is, of two types of which there can be xy-differentiants in accordance with 
theorem A and of which the one is subordinate to the other relatively to some 
pair of other variables than w and x, that one has the more linearly independent 
ay-differentiants for which the weights in the two other variables are the more 
nearly equal, unless they have the same number. 

It follows from (39) that, if w, = w, = w,, 


etal we — Ly) SV (Wan he Dy) 
and, 1f 20, = w, = W,, 
Wet, — 41, + lw, ) LV, (We, Ws We)’ 


that is, of two types of which there can be wxz- and yz-differentiants and of which 
the one is subordinate to the other qua wy, that one has the more linearly inde- 
pendent «z- and yz-differentiants for which the weights in a and y are the more 
nearly equal, unless they have the same number. 

It follows from (42) that if w, =w,=w,, 


= 
Nd ee, Ly — LV (80,9 Wy ey ) 
and, if.20, = w, = wW,, 


ny; ACh W, a 7 ile Ww, aie 1) = NG Rly Wy Wey 5 


ay, & 


that is, of two types of which there can be wy- and wz-differentiants and of which 
the one is subordinate to the other qua Yrs that one has the more linearly inde- 
pendent wy- and wz-differentiants for which the weights in y and z are the more 
nearly equal, unless they have the same number. 

‘For the actual numerical calculation of the denumerants considered in this 
paper nothing is wanting but a formula for the number of terms in the general 
Jorm of any given type, that is, a formula for the denumerant V(w,, w,,w,,---) 
for any type (w,, w,, W,,°*-)- 

In conclusion, I wish to call attention to the fact that the real basis of this 
whole investigation is SYLVESTER’s method, described in his Proof of the 
hitherto undemonstrated Fundamental Theorem of Invariants in the Philo- 
sophical Magazine for March, 1878, by which we pass from (29) through 
(26) to (80). 


To facilitate reference I append here a brief table of contents. 
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THE GROUP OF CLASSES OF CONGRUENT MATRICES WITH 
APPLICATION TO THE GROUP OF ISOMORPHISMS 
OF ANY ABELIAN GROUP* 


BY 
ARTHUR RANUM 


Introduction. 


AN ordinary linear congruence group, or JORDAN} group, may be considered 
as a group of matrices whose elements (coefficients) are all residues of the same 
modulus m, or in other words as a group of classes of congruent matrices, 
mod m. Among the writers on these groups, besides JORDAN, are CAUCHY, 
Maruiev, Moore, Dickson (for the case where m is prime) and GIERSTER (for 
the case where m is composite). 

The subject of the first part of this paper-is a generalization of the JORDAN 
group, and is obtained by using different moduli for the different elements of 
the matrices, so that each element is a residue of its own particular modulus. 
In this way a more general “group of classes of congruent matrices” is obtained, 
which includes the JORDAN group as a special case. For the sake of brevity it 
_ will sometimes be designated by the shorter title “linear congruence group,” 
although its operators are matrices and not linear substitutions. 

The second part is devoted to the application of these more general linear 
congruence groups to the group of isomorphisms of any abelian group. For the 
purpose of this application it will be shown that there is no loss of generality in 
restricting the moduli to being powers of the same prime p. Therefore that 
case alone will be considered in the first part. 

Since every group of finite order can be represented as a group of matrices, 
the problem of finding the minimum degree of its representation is of consider- 
able interest. Ina large number of cases the degree can be made lower by 
means of these general groups than is possible by means of JORDAN groups 
alone. In other words, many of these groups cannot be represented as sub- 
groups of JORDAN groups of the same degree; they are new groups of that 
degree. 





* Received for publication August 6, 1906. Presented to the Society at the New Haven 
summer meeting September 3, 1906. 
T JORDAN, Traité des Substitutions, 1870, pp. 91-110. 
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PA lees 
THE GROUP OF CLASSES OF CONGRUENT MATRICES. 


Classes of congruent matrices. 


1. Let (/,,) represent an n-ary matrix, or square array, of n’ integers 
(tg =1,2,°°-, nm), ¢;, being the element in the ith row and jth column. 
We introduce once for all a fixed matrix 


(Ca) 


whose elements p‘’ are powers of the same prime p with exponents a,, = 0, and 
call two matrices (/;,), (m,,) congruent with respect to the matrix (p™) asa 
modulus, in notation 

(2,,) = (m,,). mod (p*), 
in case 


=m, mod pi (tog elas, sate 


The elements p“’ of the modular matrix (p“’) are referred to as the moduli. 

All matrices congruent to (/,,) will be said to belong to the class * ((J,,)). 
In this way all matrices are distributed among a finite number of mutually exclu- 
sive classes. 


Composition of classes. 


2. Taking the usual law of composition or multiplication of matrices, viz., 


(1) (25) (05) = (Us) lie = Bo lige (i, k=1,++-,n), 
j= 
we proceed to prove 
THeorEM 1. Jf (/;,) and (U;) are given matrices and if the matrices (m,,) 
and (m,;) range over the classes ((1,,)) and ((U;)) respectively, the product 


(m,,)(miy) = (mz) will always belong to the class ((1j;)), if, and only wf, the 
conditions 


(2) | die aS 0 ; L., po => 5 pel, => 0 5 mod pr (25.9, keel, Trace n), 


are satisfied. 
When the conditions (2) are satisfied, there is defined a unique law of com- 


position of the classes ((/,,)) and ((/;,)), in virtue of which their product, in 
this order, is ((/,)). 





* The explicit use of classes of matrices was suggested to me by Professor DICKSON. 
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3. Proof. The general values of the elements of (m,,) and (m/,) are 


Sl Ges ag , Ais 
m= 0, + hens m=, + hip ui 


vy 


where /,, and /;, are any integers. Therefore (m’,) will always belong to the 
class ((//,)), if and only if it is possible, whatever be the values of /,, and hi, 
to find values of the integers h;, (i, 7 =1, ---, n) to satisfy the equations 


Ui, + Bip = (ly + hy P™) (Ug + Bap) (i R=1, yn). 
J 


All summations, unless otherwise specified, have the range 1, ---, n. 
By expansion and the subtraction of (1), these become 


»S: holy p * + De AU, pe + Dale Pie te emanate +8, 9h), 
J J J 


which are to be identities in the indeterminates h,, and h, and are therefore 
equivalent to the series of congruences (2). 


4. Corollary. The modular matrix (p*) admits the possibility of the com- 
position of certain classes, if, and only if, 


(3) es = O,, (i,j, B=1, -+-, 2). 


Sets of classes. 


5. Conditions (2) show that unless all the moduli are alike, the composition 
of classes cannot apply to every * pair of classes. But it will be seen that if the 
moduli satisfy (3), a certain limited set of classes can be found, to which com- 
position applies. 

Suppose that ((/))) (s = 1, 2,---, V) are the classes of any such set S, 
not necessarily the largest set and not necessarily forming a group. Let 
pris (B,, = 0) be the highest power of p dividing . ee (eas and put 


(4) US) = peor?) (ijl, 2 n5 sa 1, H), 


where the factors A‘") (s = 1, ---, WV) cannot all be divisible by p. Since 7? 
is a residue of p*, X) is obviously a residue of p-*¥. Call p®v a p-factor, 
e, a p-exponent, r'*) a d-factor, and p*P% a A-modulus, of the set S. 

6. THeoreM 2. Jf the moduli p’ satisfy (8), the classes of a set S are 
subject to the law of composition, if, and only if, its p-factors p®* satisfy the 
conditions 


ay, _ Wins 
(5) jer (i579) Wed, =)» 





* EB. g., if aizx > ajx, lij must be a multiple of pou—&., 
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The conditions (5) for 7, j fixed will be designated as (5),,. 
Proof. By means of (4) we see that conditions (2), applied to every two equal 
or distinct classes in S, take the form of the congruences 


prvrur = 0 


A 0 5 mod p%* (io eee 


> Ss i | ’ oie ’ N 
(8) ytyt Bye = 
Ae pe SEY 
which are equivalent to the inequalities 

— 

a, + Ay, = dns 
— aes 

Bi i (i,j, k=1,+++, 0). 


—— 
a, oa eye = es 


If in the third inequality & is replaced by j, 7 by 7, and z by &, it becomes 
a, + B,, = Any which, with the second inequality, gives the required conditions. 


Sets closed under composition. 
7. Let S, be the set obtained by giving to A) in (4) all integral values, 
mod p**—8%, 
ToeorrM 8. The set Sz of classes, whose p-exponents B,, satisfy (5), os 
closed under composition, if, and only if, they also satisfy the conditions 


(6) Pee (i,j, k=l 


Proof. If S, is closed under composition, then the product 


(CA) C5) = C49) 


is in S,, when its factors are. If in the equations 
Mie = Daye Gr oss, 
H] Ve i oa 
the p-factors are introduced by means of (4), they become 


pre = LP exe (4, k=1,-+-,n; 8,t=1,°"°, NV), 


J 


which must be satisfied for integral values of X“). This can happen only if (6) 
is satisfied. Conversely, if (6) is satisfied, S, is closed. 


The largest set S, closed under composition. 


8. Denote by a, the smallest value of B., which satisfies (5), i. e. for 
hy 9 = Le a 
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(7),, %;= the greatest of the 2n+1 quantities 0, a,,—a,,, a 
Then the set S, of all classes ((/‘"))), in which 


1g Og (R=1, +--+, 0). 


(8) OST} <p%, U7) =0, mod pw Gite 8), 
is the totality of all the classes to which composition applies, for given moduli 


p’® satisfying (8). 
By comparing (7) and (8), we see that 


(9) =o, (Gh haa a ease a 


THEOREM 4. The set S, is closed under composition. 
Proof: From (7),, and (7),, we have for r=1, ---, n, 
¥) we 


— = 
t= 2 o., he =O. — Gi, 
so that 
— 
as; Sy Ga Cy. — Oy, 
Similarly 
> 
a, aie Any = a = ais 


and obviously 
ca a, = 0. 


Hence, by (7),,, 
(10) By Oy 


IIV 


mae ’ 


that is, the p-exponents of S, satisfy (6). 


The chief group. 


9. The classes of S, clearly do not form a group.* We shall prove however 

THEOREM 5. Jf the moduli satisfy (8) and the p-exponents are defined by 
(7) , the totality G, of classes of matrices ((U;))) (s =1,---, V,), of elements 
Is) satisfying (8) with determinants A = |1,,| prime to p, 


(11) (A,p)=1, 


form a groupt G, of order N,. 

As G, is the largest group satisfying (11), we shall call it the chief group 
of classes of congruent matrices modulo ( p*), or the chief linear congruence 
group modulo ( p*). 


*E.g., although ((lj;)), where y= 0 (i, j=1,---, 7), isaclass of S,, it cannot belong 
to a group of order >1. 
+ We might also select classes, for which A is divisible by p, to form a group. E. g., with 


moduli all 3, the classes L =((j | )) and L?=((5 })) J form a group of order 2. 
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10. Proof.* (a) G‘, is closed under composition. For, S, is closed, and if 
the determinants of two matrices are prime to p, the determinant of their 
product is prime to p. 

(b) The identity class J for all groups satisfying (11) is clearly ((6,,)), where 


1, if a=7, 
a if i+). 
This class occurs in G',, because by (7) we see that a,=0 (i=1,.---,n), 
i. e., every » factor in the axis is 1. 

(c) Finally if ((/,,)) is any class of G',, its inverse ((/;, )) exists and is in G,. 
For, let m,, be the cofactor of 7, in the expansion of A = |2;,| . Then, in view 
of (8), setting J. = p%r,,, we write the identities 

> J,,7%,; = 6;, (ii Pei n) 
j 


in the form 


(12) »~ rn PM, = Aé., (i, k=1, -+:, ae 
Jj 


Now, in view of (11), there exists precisely one class ((/;,)) satisfying the 
conditions 


(13) 0=U,<p™, Al,=m,, modp™  (7,4=1,-, x} 
From (18), in view of (7), we have 
Apt] = pm, mod p# (i,j, k=1,-+:,n), 


where the modulus is independent of 7. Therefore by substitution in (12) we 
have 


AD pr, U, = 8,5 mod p** CR Tides 85 Fe n). 
J 


wd 
Dividing this by A and restoring /;,, we have 
DD Ont mod p%* (i, k=1,-*:,n), 
; 
which shows that ((/;,)) 1s the inverse of ((/,,)) and that A’ = |/;,| is prime 
to p. 
Further ((/;,)) satisfies (8). For let (7,, ¢,, 4,,-++5 4 )(Ajs ** +9 d)9 789 (-* 2) 


be any substitution on the integers 1, 2, ---, 2 expressed in terms of its inde- 





* The main features of the argument used in leading up to this theorem and in proving it are 
derived from a set of group-postulates given in lectures by MOORE in 1897. Compare also 
Moorg, these Transactions, vol. 3 (1902), p. 485; vol. 6 (1905), p. 179; and Dickson, 
Ibid., vol. 6 (1905), p. 198. 
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pendent cycles, and such that 7, goes intoi,. Then by the definition of determi- 
nants 


ie py: + Lente’ , Agi? IL, 4 she ‘Us i) (fy eb tre) 


where the product sign extends over all the cycles after the first, and the sum- 
mation covers all the substitutions which replace i, by i,. Introducing p-fac- 
tors, we have 


oe Oho tot Ao, igh see Taq, 4 Sasi a ee 
Mig = > SE pia, te Ms, ts ims 1 Nin ig Mia, tg Ni, 41 I. Lesh 
(4; ,=1,°"°, n). 


But by the repeated application of (10) we see that 


> 
Bio, tg a0 Bis, t4 sek Soy Oy ty Fee 9 

and therefore that 
mM 


U1, te 


= 0, mod p%% 41 (ide aed ym) 
From this, by means of (13) and (9), we see that 


.=0, mod p% (i,j=1,---,n), 


and consequently that ((/;,)) satisfies (8). Hence ((/;,)) is in S, and, since 
CAS p == 1; it is also.in “G,. 


Change of nomenclature. 


11. Hereafter the only classes of matrices considered will be those of S,; and 
it will be convenient to regard all congruent matrices as identical, so that each 
class reduces to a single matrix, which is usually chosen so that each element is 
the least positive residue of its corresponding modulus. We have then in S, a 
finite number of distinct matrices, one from each class, forming a closed set 
under composition. The law of composition will read 


(1,)(4,) =(4,). C. = Flin: mod p** (4 Ree Lory 
J 


Subgroups G', of the chief group G,. 


12. Every linear congruence group, whose matrices satisfy the condition 
(A, p) =1, is obviously a subgroup of the chief group. This condition also 
shows that its p-factors p®* (8,,=a,,) cannot all be > 1; in particular, since 
it contains the matrix (6,,) , its axial] p-factors are l,i.e.,8,,=0 (i=1,---,n). 

Of particular interest are the subgroups whose A-factors ),, include all inte- 
gral values, mod p*—8, that satisfy (11). In regard to them, by reference to 
theorems 3 and 5, we immediately derive 

THeorEM 6. Jf the moduli satisfy (38) and the p-factors satisfy (5), the 
totality G', of the matrices whose elements, of the form (4), satisfy (11), form 
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a group G,,a subgroup of the chief group G,, if, and only if, the p-factors 
also satisfy (6). 
Lquimodular properties. 


13. If two or more rows are equimodular, i. e., have identically the same 
moduli, and if the corresponding columns are also equimodular, the process of 
interchanging rows and their corresponding columns may be employed, if neces- 
sary, to juxtapose these rows and these columns. Hereafter it will be assumed, 
therefore, that equimodular rows and their corresponding equimodular columns 
are adjacent. 


14. Under this arrangement every matrix will be divided into equimodular 
rectangles, of which those in the axis are squares. If no two rows and the cor- 
responding columns are equimodular, each rectangle reduces to a single element. 
Throughout any rectangle the p-factors of the chief group are clearly equal to 
one another by (7). Moreover it will be convenient hereafter to restrict the 
application of the notation G, to those subgroups which not only satisfy the 
conditions of theorem 6, but also have their p-factors p*¥ equal to ane another 
throughout every equimodular rectangle. Therefore (§ 12) the p-factors of G, 
are 1 throughout every axial square. 


15. THeorem 7. The determinant A of any matrix of the set S, is con- 
gruent, modulo p, to the product of the separate determinants of its axial 
squares. In particular, if no two rows and the corresponding columns are 
eguimodular, A is congruent, modulo p, to the product of its axial elements. 


16. Proof. It will be sufficient to prove that if any term 7 of the expan- 
sion of A is prime to p, it is the product of elements taken entirely from the 
axial squares. Let 7=+1, 1, ,,---l,,;,, where 7,, 4,,---,%, represent some 


permutation of the integers 1, 2, ---, 2. Denote any one of the cycles of this 
permutation by (j,, J, °-+5J,)- Then 


T=+U (hi dalgs ae Lan) 
where the product covers all the different cycles. Now if Z is prime to p, 
equation (8) shows that a,,,=---=a,, =90. From this and (7) we derive 


the rn relations 


0=a,.—4; wey VOEa, ,—a 


J2) jr “ji & (k=1,-:::, n). 


But these are all equations (and not inequalities), because of the identities 
(j,,% PE B.,%) +: Bo) ap (4,2 aa G;,,x) = 0 (kK=1,---,m). 


Therefore the (j, )th, (j,)th, .-- and (j,)th rows are equimodular. Similarly 
the corresponding columns are also equimodular. Consequently the elements 


ee eee ee ee eee Es eee 


a 
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eee, 


‘Oe he ;,,7, are all contained in the same axial square; and all the factors 
of 7’ are contained in axial squares. 


17. Corollary. In the matrices of the chief group every axial square deter- 
minant must be prime to p, and in particular, if no two rows and the corre- 
sponding columns are equimodular, every axial element must be prime to p. 


Change of notation. 


18. In order to take account of equimodular properties, it will be best to use 
a more explicit notation. Let the number of sets of equimodular rows and 
corresponding columns be 7, and the number of rows in the first i sets be 
n(i=1,---, 7), so that the total number is n, =m and the number in the ith 
set is rn; — ,_,, provided we define m, to be 0. Let (/,,,,) be a matrix and 
Z,,,, an element in the (7 )th equimodular rectangle, taken mod p%’, where 


bi, V7 


IIA 
IIA 


ie aay 1=i=r, 
M1 <Y, =,» LlSj=r. 
For any group G’, (as defined in § 14) let 
(14) el vy = PPO, (4, M1, 0): 


Finally, let the equimodular sets be arranged so that 


Oe = O51, 1 (aaa Lies r— 1). 
Hereafter, unless otherwise stated, this notation will be used. 
19. THeorEM 8. The p-exponents of any group G', or G, expressed in the 
modified notation satisfy the conditions 


(15) B,+:8,,> 9 (i,j=1,-+-,n; i+), 


i. €., if two equimodular rectangles are symmetrically situated with respect to 
the axis, all the elements of at least one are divisible by p in every matrix of 
the group. 

Proof. From (5) we see that 


= 
B; ~ Ug Oy a taraa eg 

= (k=1, »r5%,j=1, er) 
B,, eS aa) Gs Ny 


Since for any given i and j (1 +7) at least one of the above 47 differences is 
+ 0, the theorem follows. 
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The order of a group Gz. 


20. THrorEM 9. The order N, of a linear congruence group Gi’, is given 
by the formula 


SS M1 ady—7AYay—By) 7 MMA 
(16) Ny =p*= ITI (1- =): 
Proof. The number of matrices in the set S, is obviously equal to the prod- 
uct of the A-moduli p%~8+. The order of G, is obtained from this by the 
insertion of the proper factors as given by JORDAN’s* formula, since each axial 
square forms a JORDAN matrix. 


Factors of composition. 


21. In G, consider the totality A, of matrices (/,,,,) which are = J, 
mod ( p**), 1. e., in which 


(17) 1 Pr mod p> (Hi, vj =1,--+,n). 


Mis V5 Mi v7? 


This means that in the matrices of A, the elements in the axis are =1, mod p, 
the other elements in the axial squares are = 0, mod p, and all the remaining 
elements are = 0, mod 1, i. e., are unrestricted. 

Now it is easy to see that A, is an invariant subgroup of G',. Moreover 
its order is a power of p, because the number of values of each element is a 
power of p and the different elements are independent of each other. It is 
therefore soluble. 

The quotient-group G‘,/A’, is evidently the direct product of r axial square 
Jordan groups, each taken mod p. Since the composition-factors of JORDAN 
groups are well known, those of G,, and therefore of G,, are thus determined. 

22. THEOREM 10. Ky is the largest invariant subgroup of G, whose order 
is a power of p. 

Proof. If there were a larger subgroup of that kind, A’’, and if A’ con- 
tained A’,, it would correspond to an invariant subgroup of G',/A’, of order a 
power of », which would contradict the known properties of JORDAN groups ; 
if A’ did not contain A’, , it would clearly lead to a similar contradiction. 


Soluble groups. 


23. THeorEM 11. The necessary and sufficient condition that a linear con- 
gruence group G', (or G,) be soluble is 

(a) if p> 8, that no two rows and the corresponding columns are equi- 
modular, 





* JORDAN, Traité des Substitutions, 1870, pp. 95-97. 
+ JORDAN, Traité, pp. 99-110. 
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(b) if p=2 or 8, that no three rows and the corresponding columns are 
equimodular. 

Proof. This follows from the fact that an n-ary JORDAN group, mod p, is 
soluble, if n = 1, and insoluble, if n > 1, except when n = 2 and p = 2 or 38. 


Invariant matrices. 


24, TuroreM 12. If p> 2, the invariant matrices (1, ,,) of any group Gz 
are characterized by the congruences 


(18) Vig ye 0 (H, ar v;) 
(19) 1 =} mod p*i—8% 


Miy Mi ‘Wy, Vz? 


(fi, v=1,°---, n), 


and therefore form an axial (abelian invariant) subgroup H of order p"(p —1), 
wherea=a,,—1. 

Proof. The proof will be simplified by using the original notation of § 1. 
Let (/,,) be an invariant matrix and (m,,) be any matrix whatever of G,, so 
that (/,,)(m,.) =(m,,)(U,,). Then the congruences 


” n 
Dalat; = Dams» mod p%* (i, k=1,---,n) 
pak I= 


must be satisfied by every matrix (m,,) of the group. These congruences may 
be written 


(20) (C,:—F,)M at (1 4—M,,) + Dm, —m<l,,) = 0, mod Hs ( t, k= 1, aE ) ? 
7 
where the ’ on the summation sign is to indicate that 7 + 7, 7 + k. 

(a) First put m,=0 (t+ 9; 7, g=1, ---, m); then (m,,) is axial, 
m,(t=1, ---, nm) is prime to p, and (20) becomes /,,(m,,—m,,)=90, 
mod p™*(i, K=1, ---,n). Moreover, since p> 2, it is possible to make 
m,,,— m,, prime to p, if 7 + k, and therefore to derive the congruences /,, = 0, 
mod p**(i +h; 1,k=1,---,n), which are equivalent to the equations 
(21) (a= (iseks ¢, Roo], “+-; 2). 


a 


By means of these equations, (20) reduces to the form (/;,—1,,)m,,=0, mod p**, 
which may be written (/;, — l,,,)p®*u,, = 0, mod p (1, k=1,---,n). 

(6) Now choose (m,,) so that 4, is prime to p; thus we derive the congruences 
(22) l.=l 


ii kk? 


mod p%#*—8i (4 h=1,25:, 7): 


Moreover (21) and (22) are evidently sufficient as well as necessary conditions. 
By change of notation they become (18) and (19). 


Trans. Am. Math. Soc. 6 
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Corollary. Since (by § 14) 8,, = 0 (c=1, ---, 7), therefore in the invariant 
matrices the axial elements of any axial square are equal. Moreover, those 
of the ith axial square are congruent to the others, mod p%—%# and mod 
pe 's(g=1,---, 2). If we denote the greatest of the integers pe Biss 
a,—B,(g=1,---,”) by a,, then by (5) a,=a,,. is the direct product 
of a cyclic group of order p — 1 and an abelian group of order p* and type 
(a,,—1, a,—a,,---,a@,—a,). If a4,=a,(1=2,---,n), all the axial 
elements are equal and H is cyclic of order p™(p—1). 


Examples. 
25. Example 1. Let the modular matrix be (*?*). Then the p-factors 


v \ 
of S, and of G, are (}”), the matrices of S, are of the form (‘7 2), and 
they belong to G',, if X,, and A,, are prime to p. The composition of matrices 

gives 
(3 ae) & ae) Hi (i Min Pan Mie ar mas) 

0 ro» 0 Noo 0 Nop Noo 
For the p-factors ( p**) = ({ #”), the matrices of S, and of G‘, are of the form 
‘y+ Lhe A-moduli of G, are (7%) and its order is p(p—1)’. A, is of 
order p and its matrices are of the form (}?\"). If € is a primitive root of p, 
G, is generated by the matrices S=(§ °) of order p—1, T7=(} °) of order 


p—1, and U=(}%) of order p, where 7-'UT= U* and S is invariant. 
Therefore, if p > 2, G', is the direct product of the cyclic group { S} and the 
metacyclic group { 7, U}. 


Example 2. Let the modular exponents a,, be 


The last two rows and the last two columns are equimodular. The matrices of 
G, are of the form 


roy roo Nog ’ 
Asp Age gg 
: ; ae : , 
where the axial square determinants 2,, and |} | are prime to p. It is of 








order p'"'(p —1)’(p? — 1) and is insoluble if p> 38. Its invariant matrices 
are of the form 
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r 0 0 
0 A+ py 0 - 
0 0 A+ pp 


if p > 2, and form a group generated by matrices of orders p*(p—1) and p. 
Example 8. Let the modular exponents be 


65.926 

3 5 

0 2 
Then the p-exponents are 

0 6 

0 3 

0 3 0 
and G’, is of order p"(p—1)’. 

PART LU: 


APPLICATION TO THE GROUP OF ISOMORPHISMS OF ANY 
ABELIAN GROUP. 


26. The great importance of the isomorphisms of a given group is largely due to 
the fact that they enable us to construct new groups of which the given group is 
an invariant sub-group. However, very little is known about isomorphisms in 
general, and even when the given group belongs to the simplest and most funda- 
mental class, viz. of abelian (commutative) groups, the group of isomorphisms 
has not been thoroughly studied except in a few extremely special cases. 

For instance, the i-growp (group of isomorphisms) of the cyclic group has 
been discussed by BuRNsIDE* and MILLER}. It isitself abelian. The i-group 
of the abelian group of order p” and type (1,1,1,---) was considered by 
Moore}, and was shown by him to be abstractly identical with the JorDAN 
linear congruence group, mod p. 


The type (4,1) was studied by MititEr.§ The type (2, 2) was treated 





* BURNSIDE, Theory of Groups of a Finite Order (1897), pp. 239-242. 

+ MILLER, these Transactions, vol. 4 (1903), pp. 153-160. 

t Moore, Bulletin of the American Mathematical Society, ser. 2, vol. 2 (1895), 
pp. 33-43. 

?@ MILLER, these Transactions, vol. 2 (1901), pp. 259-264. 


84 A. RANUM: GROUP OF CLASSES OF CONGRUENT MATRICES [January 


erroneously by O. E. GLenN.* The general type has been barely touched upon. 
Some general theorems have been proved by MILLER. + 

In the present paper the general case of any abelian group of order p” is 
considered. There is no loss of generality in this restriction on the order, 
because the i-group of an abelian group of any other order is the direct product 
of the i-groups of its SyLOW subgroups, whose orders are powers of primes. 

The method used is a generalization of that used by Moore for the type 
(1,1,1,.---). The 7-group is represented as a chief group of classes of con- 
gruent matrices (linear congruence group), whose moduli are the invariants of 
the abelian group. By means of this concrete representation of the group, some 
of its properties are easily found. 


The abelian group A. 


27. Let A be any abelian group of order p” and of type 


(23) ( Qi sir +5: Gy 5 dew rts Gee tie 5 0, oe 
—_e_-_-— —_—_—_—_——_— —_—__———” 
ny Ny2—Ny Nyp—Nyp_} 


Its invariants, n =n, in number, are divided into 7 sets of equal invariants, 


those of the ith set, n,—,, in number, being p*(i=1,---,7; n,=0). 


Suppose them arranged in decreasing order of magnitude, so that 
(24) ee (i=1,-::,r—1). 


The order of A is equal to the product of its invariants, 1. e., 


! > (j—14j_-1 ye 
(25) p= 
Let A,,---, A, bea system of independent generators of A, those of order 
pene wan sy ety A AC See 


Mi? 


The group G of isomorphisms of A. 


28. Let G be the i-group of A and let Z be any isomorphism of A into itself. 
Then Z must effect a correspondence between the above system of independent 
generators and another system A/,---, 4’, each of which is a product of powers 
of the original generators. In symbols, we have 


EvA,~ 4, 4.= TT ty) 


SPR: 
j=1 vj=nj-14+1 ' 2 ae 





*GLENN, American Mathematical Monthly, vol. 12, no. 11 (1905), pp. 205-207; 
GLENN’s condition 4 = 0, mod p’, is too broad, and his result for the order of the i-group is too 
large. 

+ MILLER, Annals of Mathematics, ser. 2, vol. 3 (1902), pp. 183-184. 
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or, more briefly, 
(26) 1h Ay. ait Ais Ay a [I (4,,)’« " (mi=1,---, nm). 


yj=l 


Representation as a linear congruence group. 
29. The exponents J, (Mes ¥, = 1,---, 2) in (26) may be considered as 
forming a matrix (/,,,,), taken modd p* (j=1,---,7).* Moreover if L’ is 
another isomorphism defined as follows : 


Heth Po 


oR? 


n 


At, = TL (Au ew os ees. 


Mi=1 


then the product L’Z becomes 


nm ; 
1 
Sony milmi, Vs 


FED OATS OS 2 WA Arie Lea ice (ops 1,>->, mY), 
vj=l \ 


That is, the composition of the isomorphisms Z and Z’ takes place under exactly 
the same law as the composition of the matrices (//,,,,) and (/,,,,). Therefore 
since the isomorphisms form a group G’, the matrices representing them form a 
linear congruence group, modd p”, which is abstractly identical with G. We 
shall call it G. 

30. Since in this case a,,= a,, the moduli satisfy (3). By (7) we see that a,, 
is the greater of the quantities 0 and a, — a,, 1. e., by (24), 


(27) 


Cae hi Sits oa 
Sf Crp als 2 2 0 Jia 


0,if iS; 


Therefore the elements of the matrices of G are of the form 


(28) 


(Hiy W=1,-++, 0). 


rycen ; ‘ A 
{?" eas ps3 if (7, 
Mis Vp . sms 
August =e 


Mis 


This is also easily verified by means of the fact that in the isomorphism (26), 
A’, is of order at most p%: 

31. THeorEM13. Jfan abelian group A has ninvariants p® (j=1,---,7), 
as defined in § 21, its i-group G is abstractly identical with the chief n-ary 
linear congruence group G,, modulis p%.+ That is, in (28) the A-factors can 
have any integral values satisfying (11). 

32. Proof. (a) If (26) is an isomorphism, (11) is satisfied. For, since the 
identical isomorphism J makes every generator A,, correspond to itself, it is 
represented by the matrix (6,,,,), whose determinant is = 1, mod p. If the 





* This makes the moduli the same throughout every column. 
+ This is not the only representation of G as a chief linear congruence group, but it is the most 
convenient one. 
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inverse isomorphism L~' is represented by the matrix (/,,,.), it follows from 
LI =I that |/,,,,|-|l,,,,| = 1, mod p, and therefore that |/,, ,,| is prime 
to p. 

(6) If (26) is not an isomorphism, (11) is not satisfied, i. e., A is divisible by 
p. For, in that case, either the generators A) (,=1, ---, 2) are not indepen- 
dent, or for some value of u,, A’, 
relation of the form 


(29) I] (4,,)7*4,,=1, 


Biel 


_is of order <p%. In either case there is a 


where h,, = 0, mod p (u,=1,---, m), and 
(30) a. <a, for some value of 7. 


From (26), by substitution in (29), we derive 


x 3 o huilus vy 
II eRe — is 
vjz=1 
and therefore also 
De Phy lus v = 95 mod p” (%=1,-°:,), 


i=l 


which may be expanded, by (28), into the form 


Ny-A , n; 7 Ny. ; 
a; a a,—(a;—4,;) = a; 
(31) SD P h,, Nui tl a P ha, Mus Boe >a P 2 h,., rw vy 0 ? mod P 7 
w= Bj=MHAt1 win tl 
Among the differences a,— a, (1 =1,---, 7) there is just one, a, , which 
is greater than every succeeding and less than no preceding difference. That 
is, 
((>@,—-4@,, fi=zj+,---,r, 

(32) Go ee Jae : 

=a,—a,, if i=1,---,7. 


Then by (80), 


(33) a,—a,>0, 
and by (24) and (82), 
(84) a,—a@a,>0, £i=1,---,7—-1. 


Therefore in (31) every term, as well as the modulus, is divisible by p%. Divid- 
ing out this factor, we obtain 


m1, , my ie : ; 
a.—a. (a;—a,)—(a;—a’) = a;—a’ 
> Pty hua Dy as hun tf D, Pe oh», 220, mod p9, 


mel Kj=N414+1 pi=njt1 
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where, by (32), (38), and (34), the modulus and all the terms except those of 
the middle summation are divisible by p. Therefore, by reducing the modulus 
to p, we obtain 
Sa Muy = 0, mod p (wy=m1-+1, >-<, 2), 
Mg=Nj tl 

which shows that the jth axial square determinant |X, | 
by theorem 7, that the entire determinant is = 0, mod p. 

33. Evidently the following converse of theorem 13 holds: 

THeorEM 14. Every chief linear congruence group, whose moduli are the 
same throughout every column represents the i-group of some abelian group of 
order a power of p. 


is = 0, mod p, and, 


Symmetry. 

34. From (28) it follows that X,,,, is taken mod p“, where & is @ or j, the 
greater ifi +7. Hence if two equimodular rectangles are symmetrically sit- 
uated with respect to the axis, the A-factors 2, 
residues of the same modulus, viz., p“. 


and A, ,, of their elements are 


Vj 


The order of the i-qroup. 


35. THEOREM 15. The order N of the i-group G of an abelian group A 
defined as in § 27 is given by the formula 


never Tr y—N1 1 
(35) Wap TTT (1-3): 


ES) ET ye 


Proof. This is easily derived from (16) by means of theorem 13 and § 34. 
Take the square common to the first 7 sets of rows and the first 7 sets of columns 
and subtract from it the square common to the first 7 — 1 sets of rows and col- 
umns ; the region remaining will contain precisely those elements, n} — n?_, in 
number, whose \-factors are taken mod p%. 


Extreme cases. 


36. The two opposite extremes among abelian groups A having n invariants 
are, (a) that in which the invariants are all distinct, (6) that in which they are 
all equal (= p*). 

(a) In this case the i-group G is soluble, because no two columns of its 
matrices are equimodular (although the rows are all equimodular). Its order 
takes the form 


S (24-1)a; 1\" 
(36) N=p= (1 —*) , 
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(>) In this case the matrices of G reduce to a single axial square, G' becomes 
a JORDAN group, and its order takes the form 


: 1 
(37) N =p II (1 — =) . 
k=1 P 
Since the order of A is p”, it follows that, if » is large, the order of G is 
approximately equal to the nth power of the order of A. 


I-growps as related to Jordan groups of the same degree. 


37. As stated in the introduction to Part I, most linear congruence groups 
are abstractly distinct from JORDAN groups of the same degree. This will now 
be shown to be true of all i-groups. 

THEOREM 16. An i-group G of an abelian group of order p” having n in- 
variants, 2. e., a chief n-ary linear congruence group modulis p% (j =1,---,7), 
is abstractly distinct from any chief n-ary Jordan group G" modulo p*,* or 
subgroup thereof, ifp>n+1. 

Proof. <A glance at the formulas for the orders of the groups shows that G 
cannot be abstractly identical with G’ itself. If it were possible for G to be 
abstractly identical with a subgroup of G’, its order would have to be a divisor 
of the order of G’; and this clearly could not happen, unless a were at least 
a,+1. In G consider the two matrices 








Bah iie) 66 1} 
ie Age as? are 
= | ee 0 oe period p”, 
Some 13, 
and 
(4 0 0 oe 0} 
0° 1 <0 eee 
ea 0 1 an g | of period p. 
| pt 0 0 pts 1 
Then we have 
(1—p 0 0 0 
| 0 i 0 0 
= = 
RA8R = | 0 0 1 0 |’ 





* The trivial case r—1, a, =a, G= GQ’, is left out of account. 
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which is different from S; hence R and S are non-commutative matrices, the 
product of whose periods is p**t!. But in G’ it has been shown* that for 
p>n-+1 every matrix of period p’ is commutative with every matrix of 
period p,ifb+c=a. That is, if the product of the periods of two matrices 
in G’ is p®*', they must be commutative. Therefore G’ does not contain two 
non-commutative matrices of the same periods as # and S in G’, and does not 
contain a sub-group abstractly identical with G. 

If G is itself a JORDAN group, similar reasoning leads to the 

Corollary. A chief n-ary JORDAN group, mod p*, does not contain a sub- 
group abstractly identical with any other chief n-ary JORDAN group, mod p”, 
if p>n+1. 


38. Since the prime factors of the order of an 7-group, besides p, are factors 
of p—1, p’ —1, ete., there results immediately 

THEOREM 17. (a) Every abelian group has isomorphisms of even order. 
(0) If the invariants of an abelian group of order 2" are all distinct, all its 
isomorphisms are of order a power of 2. (c) If an abelian group of order 
p" has at least two equal invariants, it has isomorphisms whose order is 
divisible by 8. 


The largest invariant subgroup of order a power of p. 

39. The results of Part I, §§ 21-24 can be applied immediately to 7-groups 
and translated into the language of isomorphisms. Thus from §§ 21, 22 we 
derive 

THEOREM 18. Jn the i-group of an abelian group A the largest invariant 
subgroup K of order a power of p consists of the isomorphisms which trans- 
form every independent generator of A into itself multiplied by the product 
of any operator of lower order and any operator of the same order which is 
the p-th power of an operator of higher order ; or, more generally, K consists 
of the isomorphisms which transform every operator into itself multiplied by 
the product of any operator of lower order and any operator of the same order 
which could not be used as an independent generator. Its order is equal to 


(3 8) = [(n2—n? ,)aj—(m—Nj-4)?] 
; Viges : 


Soluble i-groups. 


40. From § 238 we derive 
THEOREM 19. The necessary and sufficient condition that the i-group of A 
be soluble is 


(a) if p> 8, that all the invariants of A are distinct, 
(6) if p = 2 or 8, that no three of the invariants of A are equal. 


* RANuM, Bulletin of the American Mathematical Society, vol. 13 (1906-7). 
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Invariant isomorphisms. 


41. Finally, from § 24, by identifying the a,(i1 = 2,---, 7) of that article 
with the a, of this section, we derive 

THEOREM 20. In the i-group of A the invariant isomorphisms are those 
which transform every operator of A into the same power of itself.* They 
form a cyclic invariant subgroup of order p™"(p—1). 


Hxamples. 


42. Example 1. Let A be an abelian group of order p’® and type (2,1). 
Then any isomorphism Z of A into itself may be written 


te / 
4,~4,, A; = A A®, 
7 , , ; 
AAG. A= AeA. 


and thus the 7-group of A may be represented as a chief group G', mod (%; ?), 
whose matrices are of the form (*", \2), where A,, and X,, are prime to p. Its 
order is p*(p—1)’. 4 is of order p* and its matrices are of the form (7,2 7). 
If p> 2 and e is a primitive root of p’, we may take as generators 2 = (j 1), 
of order p, S=(}?), of order p, 7=(§ °), of order p(p—1), and U=({°), 


of order p—1. If € is chosen so that e?-'= 1+, mod p’, and if e~' isa 
root of the congruence ex = 1, mod p’, then the additional generational rela- 


tions are STRS= HT? ", UtRVU= Rk, OSU] 8", and fee 


invariant. 

Since # and S are non-commutative matrices of order p, G' is not abstractly 
identical with a subgroup of any binary JORDAN group, but, as might be 
expected, it is abstractly identical with the subgroup of the ternary JORDAN 
group modulo p, whose matrices are of the form 


iy Td 
0 8° 
0 0 «2 


Example 2. Let A be of order p* and of type (9,9,6,4). Then the 
modular exponents of G are 


9°49 9 64a 
voed 
Coke b 
ee eae YR 





* This theorem was proved abstractly by MILLER, these Transactions, vol. 2 (1901), p. 260. 
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the p exponents are 





tO 
fo 000 
eat 
L5 5 2 0) 


and the exponents of p in the A-moduli are 


ieee 
loo 4 
feo 6 4) 
Leora veer 


which are clearly symmetrically situated with respect to the axis. The order 
of G is p*(p —1)*(p* —1) and the order of X is p®. 


A THEOREM OF ABEL AND ITS APPLICATION TO THE 
DEVELOPMENT OF A FUNCTION IN TERMS 
OF BESSEL’S FUNCTIONS* 
ae 
CLARA E. SMITH 


§ 1. Introduction. 


THE object of this paper is twofold: first to deduce directly from the prop- 
erties of double integrals, the formula first given by ABEL, 


Qu (Aut) rAdr 
(1) a fae [ SS 1) -1); 


t?- Vil 








and second to apply this formula to obtain sufficient conditions under which a 
function is developable in a series of BrsseL’s functions of multiple values of 
the argument. 

Parr J. A THEOREM OF ABEL. 


§ 2. Historical remarks. 


In a note on a mechanical problem, published in 1826, ABEL gave the 
inversion formula 


Ee roe sinni (” $(a)dx 
ape where vy) = oT } (faye 





ba aan (i <i 


which under cee strong conditions is equivalent to 


2x sin nT y™" b (xyz) dz 
P(e) — P00 ) = aa a [a vf eee Ge eee 


Relation (1) results from setting n = 4 in this formula. The case n = } is the 
one to which the problem of mechanics considered by ABEL leads, and many 
authors refer this case alone to him. ABEL’s proof which was founded on prop- 
erties of the Gamma function is incomplete. 





* Presented to the Society December 29, 1905 and February 24, 1906. Received for publica- 
tion June &, 1906. 
+Crelle’s Journal, vol. 1 (1826), p. 153, and Oeuvres Compleétes, vol. 1, p. 97. 
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In 1857 ScHLomitcu* made use of relation (1) in determining the form of a 
development in terms of BessEv’s functions of multiple values of the argument. 
Remarking that ABEL’s demonstration is not rigorous, he proceeds to give a proof 
founded on double integrals, but as he says nothing of any conditions, and as the 
reader is left to suppose that the theorem is universally true, his proof must be 
placed in the same category with that of ABEL. Soniney+ has given a proof 
resting on properties of BEssEL’s functions, but the work is not rigorous, and 
he says nothing of the conditions under which it will hold. Bretrrami¢ dis- 
cusses various forms of relation (1), and their application to SCHLOMILCH’s 
development, but without stating any conditions for its validity. Levi-Crvira § 
investigates a very general inversion formula which contains ABEL’s as a special 
case. He finds that the latter is valid for a function which is representable by 
FourtrEr’s double integral, and has an integrable derivative. VOLTERRA || 
reviews the literature of the subject, and studies more general formulas of inver- 
sion. ‘The most recent proof of ABEL’s relation seems to be that of NIELSEN. 
His demonstration, based on properties of the Gamma function, is valid for a 





function /(«) whose derivative f’(«) can be developed in a series of functions 
of the form 


f'(@) 7 a, p,(@) 7 a, p(x) + As P,(@) =f Sie a 9 


where the series is uniformly convergent and each p,() is analytic in the 
neighborhood of the origin. 

The present proof is based on properties of multiple improper integrals as 
developed by Professor Prerpont **; and aims to make rigorous the demonstra- 
tion of SCHLOMILCH already referred to. It is applicable to a more general 
class of functions than the proof of NIELSEN, and is much simpler than that of 
Levi-Civira; though these latter proofs apply to ABEL’s general theorem, and 
not merely to the case n =, given in relation (1). 


§ 3. Preliminary theorem. 

THEOREM 1. Let f(a) be continuous in (a, 6) except at the points of an 
aggregate Aof the first species.t} In any subinterval of (a,b) in which f(x) 
is not continuous, let it have limited variation. Let f' (x) be integrable in 
(a,b), and continuous except at the points of an aggregate of the first species, 





* Zeitschrift fir Mathematik und Physik, vol. 2 (1857), pp. 156, 157. 

+ Mathematische Annalen, vol. 16 (1880), p. 48. 

t{Rendiconti del reale Istituto Lombardo, ser. 2, vol. 13 (1880), pp. 327, 402. 

§ Atti della reale Accademia delle Scienze di Torino, vol. 3 (1895), p. 25. 

|| Annali di Matematica, ser. 2, vol. 25 (1897), p. 139. 

{| Handbuch der Theorie der Cylinderfunktionen (1904), pp. 379-381. 

** Transactions of the American Mathematical Society, vol. 7 (1906), p. 155. 
This paper will be referred to as Improper Integrals. 

tt Prerpont, The Theory of Functions of Real Variables (1905), 2 501, 1. 
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where it may have finite or infinite discontinuities. Then if f(x) is con- 
tinuous at the end points of the interval, 


ff ()de= f(b) — f(a) =D. 
If f(x) is discontinuous at the end points, then 
[7 (@)de =f(b—0) f(a 0)—D 


where D is the sum of the discontinuities of f(x) within the interval. 
Case 1°. Suppose A is of order zero, i. e., f(a) has only a finite number of 
points of discontinuity c,, c,, ---, ¢,. 


b c1—e€ cite C2—€ Co+ € b 
freien [4 fs foe eof 
a a ci—e cite Co—€ Cet € 


Cy—e b 8 K+ eu! Ck+1— € 
-{ ep spel Alp sb 02 
a Cate 


k=1 /¢,—€ k=1 Jeopte 

But * 

s—1 emi—e 81 

oe =) {f(a — ©) —S(e, + €)}5 

k=1 J ept+e A= 
and 

cj—e b 
fo +f =f@)-£@ 44-9 Se + 9: 

Hence me 


f P@)ae =f) MQ +LAMG—)-Mat td [- s@de. 


Since f’(«x) is integrable in (a, 6), 
s Crete 
lim >> Tne 
e=0 k=1 / cp, —e 


Hence by passing to the limit, 


ff (ode =F(b) — F(a) = im D (Fe, +) = F(a) 
But i ie 
a LS KC, ee Cpe 6) 





* DE LA VALLEE-POUSSIN, Journal de Mathématiques, ser. 4, vol. 8 (1892), p. 430. 
See PIERPONT, Theory of Functions, ¢¢ 538, 605. 
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is the discontinuity of f(a) at the point c,, and 
lim 2) {f(e, + €) —S(% — €)} 
e=0 k=1 


is the sum of the discontinuities of f(x) in (a, 6). Hence 


[roe = f(b)—f(a)—D. 


Case 2°. Suppose A is of order n. The case where A is of order zero hav- 
ing been already considered, we suppose the theorem is true for A of order 
nm — 1, and show that it must hold for A of order n. In this case A” consists 
of a finite number of points c,,c,,---,¢,. Then in the intervals (c,+e, ¢,,,—€) 
the aggregate of points of discontinuity is of order n — 1, and we have 


b C1—€ Cite C2— € Cyt € b 
| f@\e=[ _ “= fovee op - 


—€ Cite Cg—€ “este 
s s+1 8 Ce+e 
=f(b)— f(a) + V(fa-e)-fat)}—- Vat Vf f(#)de, 


where d, is the sum of the discontinuities of /(a) in the interval (c,_,+¢€, ¢,—é).* 


Since f’ (x) is integrable in (a, b), 


Cyt € 


lim >> fT (2 yd2=0. 


e=0 k=1 /¢,—e€ 


Since f(x) has limited variation in any interval when it is not continuous, 


s+1 
lim > d, 
2 ; e=0' k=1 
is finite, and we set 
s+1 s+1 


lim >> d,= > D,, 
e—0 c=1 R=1 


* That d; has a meaning when the number of discontinuities in the interval (ex—1-+¢, cz—e) 

infinite, is seen as follows: If the aggregate A of points of discontinuity is finite, or in other 
words if A is of order zero, d; is obviously a well defined quantity. Hence we suppose that d; is 
defined when A is of order n —1, and show that it is defined when A is of ordern. If A is of 
order n, A™ consists of a finite number of points pi, ps, -::, pr. Enclose these in little intervals 
(pi—7, pit”). In the remaining intervals A is of order n—1, hence d; is defined. Let 6; be 
the absolute value of the first discontinuity falling in the interval ( pi— 7, pi +7) ; let diz be the 
sum of the absolute values of the first and second, etc. Then Ji, J, 5i3, --+ is an infinite in- 
creasing sequence, which, as f has limited variation, must always remain less than some fixed 
quantity. Then from Theory of Functions, 22109, 101, 102 the sequence Ja, diz, dis +++ has a 
limit, which we define as the value of d; in the interval (pi—7, pi+7). Hence d, is defined 


throughout the interval (cx: + ©, e.—e). The same reasoning holds for D,=lim dy. 
0 
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where JD, is the sum of the discontinuities of f(a) in the interval (¢,_,, ¢,) 
excluding the end points. 
Also since f(a) has limited variation, 


lim D(A — SF )}= DFA) S(e +9) 
e=0 k=1 k= 
exists and is finite. * Set 
s+1 $ 


¥D,+D (F(4-9)—F (4 +0)} =D. 


Then D is the sum of the discontinuities of f(«#) in (a, 6), and 


[7'@) de =f) f(a) — D. 


Suppose now f(«) is discontinuous at x =a. Then obviously 


b 
[ f'(@)de=s(b) —f(a +0) =D. 
Similar reasoning holds if f(«) is discontinuous at « = b. 


$4. Proof of Abel’s relation. 


THEOREM 2.¢ 1°. Let f(w) be continuous in the interval (0, 7), except 
at the points of an aggregate A of the first species. In any subinterval of 
(0, 7) in which f(@) is not continuous let it have limited variation. 

2°. Let f'(x) be integrable in (0, 7), and continuous except at the points 
of an agyregate of the first species where it may have finite or infinite dis- 
continuities. 





* JORDAN, Cours d’ Analyse, vol. 1, p. 55. 

+ Added by the author, December, 1906. Ina paper presented to the American Mathematical 
Society in New York, December 28, 1906, Professor PIERPONT gave the following theorem : 
Let the infinities of | f(a )| be discrete in the measurable aggregate Jt and let 


iP fis 
St= Se St 


By virtue of this theorem, conditions 3°, 4° of theorem 2 may be replaced by the following: 3°. 


Let | 
1 1 we Aut ) 
J, lf arc paag wer RerET 


be convergent. Either set of these conditions is sufficient for the validity of theorems 3 to 10. 


be convergent. Then 
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3°. Let the function 
SJ (Aut) — 
Vil—?- V1l—™ 





(0Su57-), 

be integrable in the square S, bounded by the linesX =0,X=1,t=0,t=1. 
4°, Let the integral 

; ST (rut) 


. - dr 
1 ee AS 








be regular* and integrable in9 S=t=1. Then 


2u SJ (Aut) rAdt 2u SJ (Aut) rAdr 
@) Las (Ses eee TL af V1l-?-V1—-™ 
= f(u—0)—f(9+0)— D(u), 


where D(u) is the sum of the discontinuities of f(u) in the interval (0, uv). 
Using conditions 3°, 4° we have + 




















SJ (Aut) rdtdr =f at [ ST (Aut) rAdr 
wy bo hey lo fA wie er 


I FI (Aut) dt 

ue lee ey 

is symmetrical in 2 and ¢, it follows from condition 4° that the integral is 
regular and integrable in0 =XA=1. Hence 


(2) {4 f (Aut) Adtdr =fuf és (Aut) dr =[ a Sie f’ (Aut) rdt 
Pies l— us ieee ee V1—#-V1i—2?’ 


Let us apply to the integral on the left of (2) the transformation 


Since the integrand of 





























T: ‘= 7 eore A= Ver +7 
Ve +y? u 
whose determinant 
y° — wy 
2 2\3 2 2 \8 
ie (a + y’*) Sag eek, 
e y u(a? + y?)’ 
an) aa 
y UVe+ Y 








* PIERPONT, Improper Integrals, p. 167. 
+ PIERPONT, Improper Integrals, p. 168, theorem 27. 
Trans. Am, Math, Soc. 7 
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The image of the square S is the quadrant (), bounded by the lines r=0, y=0, 
o+y? =u. The transformation is regular* in S except at the points of a 
discrete aggregate D), which consists of the boundaries of S and a set of equi- 
lateral hyperbolas. The image of JD is also discrete, consisting of the bound- 
aries of @ and a set of lines parallel to the y axis. Hence} we have 

ST (Aut) rdt dr f'(«)dxdy 


3 ———— ———— - 
(3) V1 ee ae U Per aaeg = aa: yf 








By condition 2°, f’(x) is integrable in the interval (0, vw), 0 =u = 7, and is 
continuous except at the points of an aggregate of the first species. Hence 


Vu2—22 xe)da 
{ ie S y met A 


UU — 


since the integral 





it is regular and integrable in 0 =a2=wu. 'Thent we have 

_S (a) de dy = [a [Ss NE ae 
4 ae aon oe) dats 
4) oVv¥—xr—¥ Ve — oe Pig y 2 le 


From theorem 1, 
(5) [ F(@)de =f(u = 0) —F(0 + 0) — D(w). 


Then (2), (8), (4), (5) give (1). 
CoroLtutary 1. Jf f(x) is continuous in (0, 7), and conditions oo 3 
4° of the preceding theorem are satisfied, then 


2u ( tf (Aut)rxdd - _ 2u 1) ae 
al a | V1-?-V1—» = hee Vi= nit aC) 


CoroLtiary 2. Jf f(a) is continuous in (0, 7), and f' (a) is limited and 
becomes discontinuous only at the points of an aggregate of the first species, 
then 


fae f JS (Aut) Adr a mn Pate Seine — f(u)—f(0). 


Viol xe leon, 

















For, f’ («) is integrable § in (0, 7), and f’ (Aut) is integrable § in S. Then 





* PIERPONT, Theory of Functions, ? 742. 

+ PIERPONT, Improper Integrals, p. 174, theorem 32. 
{ PIERPONT, Improper Integrals, p. 168, theorem 27. 
§ PIERPONT, Theory of Functions, § 719, 2. 
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since 1/V1 —#-V1— 2’ is integrable in S, 7” (rut )/V1 F/T — 2? is 
also integrable * in S. Also the integral 

tcomey CAUL YAN 

0 Vli—#-VY1i—» 








is uniformly convergent | in 0 =¢=1. Hence it is limited ¢ in the same 
interval, and continuous § except at the points of a discrete aggregate. It is 
therefore integrable in 0 = ¢ = 1, and the conditions of theorem 2 are satisfied. 

It should be noted that in the general case of the theorem conditions 3°, 4° 
do not follow from 2°. For if f’ (a) has a single point of infinite discontinuity, 
J’ (Aut) becomes infinite at all the points of an hyperbola, and hence has 
points of infinite discontinuity in common with 1 {Ve Beet Then 
f' (Aut )/V1— 1 —# may not be integrable. 

The conditions of theorem 2 obviously include those of NIELSEN ||, since in his 
theorem f'(«), being representable by a uniformly convergent series of contin- 
uous functions, must be a continuous function in the vicinity of the origin. His 
theorem, however, covers a more general set of inversion formule. 


Part II. DEVELOPMENT OF AN ARBITRARY FUNCTION IN TERMS 
OF BESSEL’s FUNCTIONS. 
§ 5. Historical remarks. 


In 1857 ScuLomitcH4 in the paper already cited outlined a method for 
obtaining a development of the form 


(1) f(a) =a, + 4,5,(@) + a,J,( 2x) + a,J,(8a) +--+, 


where 
'f'(uv) dv 
el? dea 


9 T Ll fn ' 
a= =| u cos nudu [ eee (u+0), 
0 0 


VY1—wv’ 


a =f(0) +2 [ud 
(2) 


and where -/, is a Bessel’s function of order zero. By termwise differentiation 
of this series, and by use of the relation 


dd, (x 
oie = Fie) 





* PIERPONT, Improper Integrals, p. 159. 

+ PrERPONT, Theory of Functions, 3 615. 

{ Prerpont, Theory of Functions, 3611, 4. 
§ JORDAN, loc. cit., vol. 2, 3 156. 

|| Loc. cit., pp. 379-381. 

{| Loc. cit., pp. 155-158. 
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he obtained also a development in terms of J,(x), 


(3) f(w) = BS, (0) +b, SF, (2x) + By, (Bx) + ++, 
where 
T 1 
(4) Ome eet U COS mudu f er ae 
n Ti 0 F V1 ary 


He however specified no conditions sufficient for the proof of the validity of 
either development. BELTRAMI,* GEGENBAUER,} and VOLTERRA { study develop- 
ments of this and more general forms, considering the multipliers of the variable 
« in the respective terms as the roots of a transcendental equation. This 
throws the consideration of these developments back upon the very general 
problem studied by Drn1,§ which he solved by use of the complex variable. 
NIELSEN || gives as sufficient conditions for the development of f(a) in a 
SCHLOMILCH series, that /’(a) shall exist and be such that f(ax) + amnf"( am) 
may be developed in a Fourtrer series, which shall be uniformly convergent for 
—m<e<cm, —1Sa=1. It follows from this that f(ax) + axf’(am) is 
a continuous function in the interval, a condition which is not imposed in the 
following theorems. NIELSEN’s theorem applies, however, to a more general 
class of developments. 


§ 6. Developments in terms of J,\(x). 


THEOREM 38. Let f(a), f(a) be subject to the conditions of theorem 2. 
Set 


Xr 
(1) F(O +9) + ru fe 8 = Fw) (05451, 0SuSr), 
Then 

. x 
(2) fu 0)=5 f AOS + D(x), 


where D(u) is the sum of the discontinuities of f(w) in (0, w). 
Multiplication of (1) by 2/7V/1 — 2? gives 
2f(0 +0) 2ru ¢? eee 24 du) 
mV1—nr TP Jee eet teen we PRY 








By condition 4° in theorem 2 this is integrable in 0=2XA=1. Hence, inte- 
grating, we get 





* Loc. cit., pp. 327, 402. 

+Wiener Sitzungsberichte, vol. 88, II (1883), p. 975. 

t Loe. cit., p. 139. 

2 Serie di Fourier e altre rappresentazioni analitiche delle funzioni di una variabile reale, 1880. 
|| Loc. cit., p. 348. 
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rye we I f' (rut) rAdt 2 (°F (Au)dr 
Trent) pee nf : ime { Ba 
Sk +e] og a Gy se eg ak ee 








whence by theorem 2, 
2 ('F (ru) dr 


Fu 0) == | = + Dw). 





THroreM 4. 1°. Let f(x), f(x) be subject to the conditions of theorem 2. 


2°. Let the integral 
Wt fg 
i pail ey dt 
0 V1 ie 


represent a function having limited variation in 0=x=7. Then 
ScHLOMILCH’s development in terms of J,(«) is valid in the same interval. 
By condition 2° the function 


ee Aa) 
F(x)= f(0 +0 e | Bf ea 
3 J a ing 0 V1 a 








has limited variation in (0, 7), and hence can be developed in FOURIER’s series,* 


a 
LECD ye 3 + a, cos@ + a, cos 2x + a, cos 8x 4 --- CO asm), 
where 
4, 7 
(3) a = (| E(u) cos nudu. 
0 


Replacing « by x sin X, where 0 =a =7, 0=X= 7/2, we have 


2 
re sin \) = My 
7 T 


2a, : 2a, : 

-+ — cos (# sin 2) + 008 (2esindX)+---. 

By ARZELA’s condition ¢ this series is integrable termwise in the interval 
0=rA=7/2 if it is “in general uniformly convergent by segments” and is deter- 
minate for every value of 2 in the interval, if each term is integrable, and the 
sum of s terms is less than a finite number Z for all s and all>. Now / is 
continuous ¢ except, perhaps, for a set of points of the first species. These can 
be included in a finite number of intervals of total length e, where ¢ is arbi- 
trarily small. Since /’ is continuous in the remaining subintervals, the series 
converges uniformly § in each of these. Hence in the interval (0, 7) it is 
according to ARZELA || “in general uniformly convergent by segments.” Fur- 





* JORDAN, loc. cit. vol., 2, 2 231. 

+ Sulle serie di funzioni, Memorie dell’ Accademia delle Scienze dell’ Istituto di 
Bologna, (5), 8 (1900), p. 724-725. 

{ JORDAN, loc. cit., vol. 2, § 156. 

¢@ JORDAN, loc. cit., vol. 2, § 231. 

| Loc. cit., p. 712. 
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thermore each of the functions 
2a , 
—" cos (na sin r) 
T 


is integrable in 0 = A= 7/2; the sum 


ed : 

> —" cos (na sin 2) 

n=1 7 

is determinate for every value of » in the interval (0, 7/2); and by known 
properties * of FoURIER’s series 


Penlad ¢ | 
> = cos (na sin i) cael be 


n=l 


where JZ is a finite number independent of s and of X. Hence 


ee = || 


JQ n=l n=1 








Then 

9, rr /2 9 / rr |2 i) 1/2 

za i F'(xsin 2) rast cos (w sin A) dX+ of cos (2xsindX)drA+--- 
0 a 0 0 


Substitution from the formula 
: » ar /2 , 
Tyna) == cos (nx sin X.) dX 


gives 

§) 1/2 

=| F(«xsindX)dk =a,+a,J,(@%) + a,J,(2v) +a,J,(8e) +--+. 
Setting ) in place of sin A, and substituting from (2), we have 
(4) f(w—0)= Dw) + a, + a A(@) + a,5,( 20) + a, S( 8x) + --- 
From (1) and (8) we have 


1 yy) T oy og 
a,=f(9+0)+-— -{ udu fo aes Teal weos nu du ees 


(02 


In essentially the same manner as theorems 3 and 4 we may prove the fol- 
lowing theorems : 





* JORDAN, loc. cit., vol. 2, § 231. 


_ a 
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THEOREM 5. Let $(x) = xf(x) and $' (x) be subject to the conditions of 
theorem 2. Set 


(jee pen (Ae) 5 F(n). 





V1— 
Then 





pau Pra D(u) 


ue O=nJ cae 


THEOREM 6. Let d(@) =af(x) and $'(x) be subject to the conditions of 


theorem 2. Let the integral 
rN? f (Aw) dr 


0 Ses 


represent a function having limited variation in 0 Sa =7. Then f(x) may 
be developed in the form 


D(@#) 





(5) f(e0)=—* + F ta, J,(#)+0,S,(20)+a,7,(80)+.-. (VSeSr), 
where 
9) 7 2 
a --| cos nudu [i es aanliall Gals 
wu 7 ; f Weiss 2 


It will be noted that this development may be valid when /(«) has an isolated 
infinity of order less than one at the origin, a fact which we are unable to affirm 
concerning the corresponding development of SCHLOMILCH. 

The question of the identity of these two forms of development (4), (5) is an 
interesting one. It seems probable that for any function which is regular at 
the origin they are the same, as is the case in the following examples. 





Example 1. Fle asin Wea) 7 (0) —= cos a. 
: r r Vv — r 
a —a -=[ cos nudu [ ced cok a SateNa dr 
n n Tv a walk GE: 











(—1)bu%-! 7! (2k — 1)? — 2kr* 
--[ cos mu | 3 oe fe rat dr | du. 


nA r 2k—2 
Qk: ip HO =( 2-1) [ : Sy 
V 


Hence a, — a, = 0, and the two developments are identical. 


Heample 2. f(e)=2", f(a) = mer, 
y e 1 rAm-1 = 1 r+ 
Ef Sai ae ip wu” cos nu du if ee ose. ) dx 
0 n) 


Toles 


But 
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1 nm+1 1 rr-1 
(m + “Ey aya Maas = m arama 


Hence a, = a,, and the two developments are identical for any integral rational 
function of x. 


But 





§ 7. Development in terms of J,(x). 


In the same manner as theorem 3, we may prove the following theorems. 
THEOREM 7. Let f(x), f(«@) be subject to the conditions of theorem 2. 


Set 
et. 
{ ye eee 


ee Un aye) se pan + Dew). 





Then 





THEOREM 8. Let (x) = xf(x) and d(x) be subject to the conditions of 
theorem 2. Set 








[OPO re, 
0 V1 ate 
Then 





fe=s | Ft 


THEoREM 9. Let f(x), f(x) be subject to the conditions of theorem 2. 
Let the integral 


' f(t) og 


Fey aera 





represent a function having limited variation in 0 =x =a. Then f(x) may 


be developed in the form 


(6) f(x+0)=f(0—0)4+D(x)+a[bi J, (@)+b5J,(2x)+b5J,(8x)+ ---], 
(0<#Sr), 
where 
b= = { sin nu du pa 


Since 


FE) ee PS a 
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has limited variation in 0 = a = 7, it may be developed in Fourier’s series, 


F(x) =) sin x + 6, sin 2x + 5, sin 8x --- (0<rS7)s 
where 


9 7 
b} = [ F'(u) sin nu du. 
T Jo 


Proceeding as in theorem 4, and substituting from the formula 
Poy Oh ae hae 
dat Nae) = 255 { sin (na sin X.) sin Addr 
0 


we obtain the development (6). 

In a similar manner we prove the following theorem. 

THEOREM 10. Let $(x) = wf(ax) and $'(x) be subject to the conditions 
of theorem 2. Let the integral 


0 ae AG 


represent a function having limited variationinO =x =7. Then f(x) may 
be developed in the form 


(1) f(w—0) =P) 4 BF, (e) + BF.) + ByA(82) +--+ (0<2Sn), 
where 


2 us Xr nr rN 
8. =— i sin nu du TM) penal @ g) dx 
T Jo 0 eal eG 





As in the case of J)(«), if SCHLOMILCH’s development given in § 5, (8) is 
valid, it is identical with (7) in simple cases. We note the following examples: 


Example 1. J 0) = sine, FT (aay = cose. 
oa ts 


1)**!.2-4.6...(2k—2 2 
— FET 8 5 Ok=1y CTL wr sn muaetn [vt oe mud] 
k=1 awd . : 


But 





7 YA T 
{ u* cos nudu = — — u*—! sin nudu. 
u 
0 0 


Hence 8, — b, = 0, and the two developments are identical. 


Example 2. f(z) =a", f (w) = ma", 
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2 2-4-6.-.(m—1) Sars enn 
Ded tah Taare | m+ay fu sin nudun [u cos nu du 


(m odd), 
or 
B.—b. m= CE Joma f wu” sin nu dutn fe u"*! eos mud 
(m even). 
But eet 





7 m + il 7 : 
fj u”"*! cos nudu = — Hi u™ sin nu du. 
0 0 


n 


Hence 8 —b, =0, and the two developments are the same for any integral 
rational function of x. 


NORTHFORD, CONN., 
June, 1906. 





IRREDUCIBLE LINEAR HOMOGENEOUS GROUPS WHOSE ORDERS 
ARE POWERS OF A PRIME* 


BY 
WILLIAM BENJAMIN FITE 


The purpose of this article is to determine as far as possible the connection 
between the degree of an irreducible linear homogeneous group and its abstract 
group properties. The discussion will be limited for the most part to groups 
whose orders are powers of a prime. As a particular phase of the general sub- 
ject there arises the question as to the circumstances under which a group can 
be simply isomorphic with irreducible groups of different degrees. The simple 
group of order 168, for example, is simply isomorphic with irreducible groups 
of degrees 3, 6, T, and 8 respectively. On the other hand, I know of no 
group whose order is a power of a prime that is simply isomorphic with irredu- 
cible groups of different degrees. In fact, the following discussion shows that 
in certain irreducible groups the degree is uniquely fixed by certain abstract 
properties of the group; and if the degree is not thus uniquely fixed the order 
of the group must be greater than the seventh power of a prime. 

THeoreM I, A linear homogeneous group G, of class} k, all of whose 
invariant operations are similarity substitutions either is irreducible or is 
simply isomorphic with each of its irreducible components. 

If G is reducible, suppose that it has been put into its completely reduced 
form. The invariant operations will not be affected by this.change. If in any 
operation the identity of any irreducible component were associated with a non- 
identical operation in the other variables, this operation would be non-invariant 
in G, and would therefore give at least one non-identical commutator. This 
commutator would also be non-invariant, and none of its successive commutators, 
except identity, could be invariant. But this is impossible since G is of class 
k. Hence every irreducible component of G is simply isomorphic with G. 

THeoreEM II. A linear homogeneous group G', of order a power of a prime, 
that has a cyclic central either is irreducible or is simply isomorphic with at 
least one of its irreducible components. 





* Presented to the Society at the New Haven summer meeting September 3, 1906. Received 
for publication October 22, 1906. 
+ Cf. Transactions of the American Mathematical Society, vol. 3 (1902), p. 54%. 
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If G is reducible, suppose that it has been put into its completely reduced 
form. Then at least one of its irreducible components has at least as many 
invariant operations as G. If G, be such a component, it can easily be shown 
that G, and G are simply isomorphic. 

Let G be any group of finite order g that has a cyclic central (distinct from 
identity). It is simply isomorphic with a regular permutation group, which can 
be written as a linear homogeneous group. We can therefore think of G as a 
linear homogeneous group. ‘The coefficients in this group are either zero or 
unity. The central 7 of G is generated by an operation 4 of order a and of 
the form (when written as a permutation) 


m@ ™ : a a) oy esta 7 EE ‘ aD Mes eeag 
(2, Wyst710 coats vy, a ) ( Wy 12,9 vy a ) ( ®o/a, 1 ga, 2 vy a, a ihe 


The operation S, 


a 


pak 4-1) —1)im yee Ce : 
Y,;=) 0 ik ((==1) 2, -t- g/ag 71, 2, ee 
k=1 


where @ is a primitive ath root of unity, transforms G' into a semi-canonical 
form,* and in particular transforms / into its normal form. It is furthermore 
obvious that the roots of the characteristic equation of h are the ath roots of 
unity each occurring g/a times.| In the transformed form of G the variables 


was C2 79 bie atc] Uola, j (j= 1, 2, Gobi a) 


are transformed into linear combinations of themselves. Let G, be the group 
formed by the substitutions of G as far as they affect these g/a variables. If 


j —1is relatively prime to a, G, is simply isomorphic with @ and its invariant. 


operations are similarity substitutions. If we suppose that G' is of class /, it 
follows from theorem I that G, is simply isomorphic with each of its irreducible 
components. Any irreducible component of any G,(j=1, 2, ---, @) is an irre- 
ducible representation of G. Moreover the components of no two of these G’,’s 
are equivalent. This follows from the fact that in the simple isomorphisms 
between these components and G' the multipliers of the operations that corre- 
spond to / are different. We have then ¢(«) distinct irreducible representa- 
tions of G that are simply isomorphic with it. 


It follows directly from this discussion that a sufficient condition that a group: 


of class / be simply isomorphic with an irreducible group is that its central be 
cyclic. 





* BLICHFELDT, Transactions of the American Mathematical Society, vol. 5 (1904), 
p. 313. 
+ This conclusion is obviously independent of the fact that h is invariant in G. Hence if any 


regular permutation of order a is written as a linear homogeneous substitution the roots of its- 
characteristic equation are the ath roots of unity, each occurring g/a times, where g is the degree 


of the permutation. 
tCf. Transactions of the American Mathematical Society, vol. 7 (1906), p. 65. 
The proof given above is much the simpler one. 
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If now G is an irreducible linear homogeneous group of order p”(p a prime) 
and has p* invariant operations, there are at least p*~'(p —1) distinct irredu- 
cible representations of G that are simply isomorphic with it. 

Consider the formula * 

” 


2 Xi Xn! = Ah, : 
Tf we let & refer to the conjugate set formed by an invariant operation of order 
p, then h, =1, and we have 


> Doty =n", 

i=1 
where #, is the number of irreducible representations of G of degree p” with 
which G is simply isomorphic, and >°*_, «, is the total number of the irreducible 
representations with which G is simply isomorphic. If we denote by // the sub- 
group composed of the invariant operations of order », then, inasmuch as every 
invariant subgroup of G contains H, the terms following «,p?" in the left 
member of the last equation give >’ x/,x/, for the group G'/ H, where i: refers 
to the conjugate set composed of identity, and therefore the sum of these terms 
OE ite 

It follows from what we have seen that x, = p*"'(p—1)(i=1, 2,---,s). 
If one of the irreducible representations with which G’ is simply isomorphic is 
of degreet p”-*”, then s=1 and x, = p*"(p—1). Moreover, >°1_, 2, is 
the difference between the number of conjugate sets of G and of G/H. Now 
this difference is (p — 1) times the number of conjugate sets of G ie whose 
operations correspond to operations of G that give no invariant commuta- 
tors besides identity. Also if every non-invariant operation of G gives an 
invariant commutator besides identity the degree of G ist p(”-*”. Hence: 

THeorEM III. A necessary and sufficient condition that an irreducible 
group of order p” with p* invariant operations be of degree p"-®? is that 
every non-invariant operation give invariant commutators besides identity. 

If G contains a non-invariant operation that gives no invariant commutator 
besides identity, it must be of degree less than p~”?, and therefore it must 
contain a non-invariant operation the sum of whose multipliers is not ZeT0.§ 
Conversely, if G contains a non-invariant operation the sum of whose multi- 
pliers is not zero, its degree must be less than p™-®?, and therefore it must 





*FROBENIUS, Berliner Sitzungsberichte, 189%, II, p. 1363; BurNnsipE, Proceed- 
ings of the London Mathematical Society, vol. 33 (1900), p. 153; series 2, vol. 1 
(1903), p. 123. 

+ No one of them can be of greater degree. See Transactions of the American Mathe- 
matical Society, vol. 7 (1906), p. 67. 

t Loe. cit., p. 67. 

§ Loe. cit., p. 67. 
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contain a non-invariant operation that gives no invariant commutator besides 
identity. It should be remarked that this does not prove that in an irreducible 
group the sum of the multipliers of a non-invariant operation which gives no 
invariant commutator besides identity is necessarily different from zero. That 
is not yet settled. 

Suppose that G', of order p”, is an irreducible group with an abelian sub- 
group G’; of index p®. Then G contains a subgroup G',_, of index p*—! that 
contains G', invariantly. None of the irreducible components of G;_, can be 
of degree greater than p. If G',_, does not coincide with G it must be invariant 
ina G;_, of index p*-*. None of the irreducible components of G;_, can be 
of degree greater than* p’. By proceeding thus with a series of subgroups 
each of which is invariant in the next following one and of index p under it, we 
see that the degree of G cannot exceed p’. 

THeorEeM IV. Jf an irreducible linear homogeneous group G' of order p™ 
contains an abelian subgroup of order p"~*, the degree of G cannot exceed p*. 

It follows immediately that if G', of order p”, has a cyclic central of order 
p* and contains an abelian subgroup of order greater than p™*®” , it must con- 
tain non-invariant operations that give no invariant commutators besides 
identity. 

If G, of order p”, is an irreducible group of degree p, it contains an abelian 
subgroup of order} p”~'. It therefore cannot be simply isomorphic with an 
irreducible group of any other degree. It can now readily be verified that (as 
stated in the introduction) if G is of order p”, where m < 8, it cannot be sim- 
ply isomorphic with irreducible groups of different degrees. 

If G, is any subgroup of G of index p* and with p™ invariant operations, its 
degree must be equal to, or less than, p‘” ~*~” if it is irreducible, and in case 
it is reducible the same must be true of each of its irreducible components. If 
p=? is the degree of G, then m+ 6—a, = m—a—2X, or’ z= a,—a—6. 
If we know the degree of G, this inequality gives us an upper limit to the num- 
ber of invariant operations of any subgroup with a given index. On the other 
hand, if the abstract group properties of G' are known, it gives us an upper 
limit to the degree of G’. 

THEOREM V. Jf G is an irreducible group of order p” (p an odd prime) 
and class 3, the square of the absolute value of the sum of the multipliers of 
any operation of G is a power of p. 

The theorem is obvious for the invariant operations and for those non-invariant 
operations the sums of whose multipliers are zero. We need to consider, then, 
only those non-invariant operations the sums of whose multipliers are not zero. 





* This argument is based upon a selection of new variables such as is described by BLICH- 


FELDT, loc. cit., p. 311. 
+ Transactions of the American Mathematical Society, vol. 7 (i906), p. 68. 
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Let S be such an operation. Obviously it is not in /7,.* We suppose then 
that it corresponds to an operation of order p® of G'/H,. Since S can give no 
invariant commutator besides identity, there must be in G an operator A such 
that S-'4 S = At, where ¢ is commutative with S, but is not invariant in G. 
Now S-?® 4S? — At’, and therefore ¢° is invariant in G. Moreover 
SAPP S = AP? gph @F P12, where A-4A = th, Ah being invariant in G. 
Since ¢° is invariant, 4? = 1 and therefore ° = 1, since otherwise S would 
give an invariant commutator besides identity. If ¢ is of order p*1(8,= 8), 
wemputeipesge ) fete Get UA ond Ale AP, Then SA, S = A,t,. 
Now ¢, is of order p. (If it were identity, ¢’°*~* would be invariant and there- 
fore h?®** —1; but this would require that ee igi Ale sie a bea iti ad 
are commutative. 

Since S and ¢, are commutative, we can consider both of them written in the 
normal form: 

iy emamae ceos t: 2 =o@.2. (i= 1225 oN: 0h 


1 t eck 


Inasmuch as ¢, is not invariant, its multipliers break up into p sets. of equals, 
those of one of the sets being unity. If A, and ¢, are commutative, the sum of 
the multipliers of S that correspond to each of these sets, except that one whose 
terms are all unity, is zero. If 8, =1 and A is not commutative with ¢, we 
shall have: 


—1 = —1 ee a T —1 NPY | eed aes ; = 
co; Tj b Only; Fo p-14;,—@ ; ade 9 OO —1 p43 o,=@®@ ao | ( iS 1, 2, “tres E : ). 
From this it follows that 

pn pr-l 


t=s1 i=1 


If we define y as the first of the following sums, we have 


x= ate ort eeeeare 
OY = ee Oy -t- soe oe @™!, 
ory = on aL o~ a. a 4. w+ ery on3 
Oy = Ga + ae ae 1 ; 


where, for brevity, m denotes p(p —1)/2. 

The sum of the left members of all these equations is y y(x being the conju- 
gate imaginary of x). Therefore, yy = p +, where o is the sum of the ele- 
ments of all the columns on the right, except the middle column. Now the sum 
of the elements of the ith column to the right of the middle one is 








* BURNSIDE, Theory of groups of finite order, p. 62. 
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mitt)? ( fe wi(P—t ) wot? — @-* 


7) ° 


I Ss fae ~~ @—/2 __ @i/2 





Moreover, the sum of the elements of the ith column from the right end (count- 
ing the end one as the first one) is 


@ (P-t+1)(p-*)/2 ( (a oe ) ol? — @-"/2 





ey ute ae 

Therefore, the sum of the elements of these two columns is zero. Since there is 
an even number of columns to the right of the middle one, and since the sum of 
the elements of any column to the left of the middle one is the conjugate imag- 
inary of the sum of the elements of the corresponding column to the right, we 
have* yy =p. That is, the square of the absolute value of the sum of the 
multipliers of S is equal to » times the square of the absolute value of the sum 
of the first p"~' of them. 

Consider now the subgroup G,, of G' that is composed of the operations that 
are commutative with ¢,. G', is reducible and has p irreducible components. 
That part of ¢, that belongs to a certain one of these components has all its 
multipliers equal to unity. In this component either S is invariant or it is a 
non-invariant operation that gives no invariant commutator besides identity. 
In the former case the theorem results immediately; in the latter it is necessary 
to apply the same procedure again. By continuing in this way we must finally 
come to a component in which S is invariant. Hence the theorem. 

The square of the absolute value of the sum of the multipliers of S is at most 


2n—1 
. 


equal to p If we denote by # the number of non-invariant operations of G 
that give no invariant commutators besides identity, we have p*+?” + xp"! = p”; 
thatis; Spt" (p™ 9 a1), 

THeorEM VI. An irreducible group of order p”™ (p an odd prime), class 
3, and degree p"~*-"”* contains at least p**' (p* — 1) non-invariant operations 
that give no invariant commutators besides identity. 


CORNELL UNIVERSITY, 
October, 1906. 





* For this evaluation of 7 7 I am indebted to PRorFEssoR C. N. HASKINS. 


APPLICABLE SURFACES WITH ASYMPTOTIC LINES OF ONE 
SURFACE CORRESPONDING TO A CONJUGATE SYSTEM 
OF ANOTHER.* 


BY 


LUTHER PFAHLER EISENHART. 


Given a surface S and a surface S, applicable to it; the lines on S, cor- 
responding to the asymptotic lines on S are called the virtual asymptotic lines 
of S, in its application upon S. It is our problem to determine the surfaces 
S which admit of one or more applicable surfaces S, with the virtual asymptotic 
lines forming a conjugate system. We find that in every case the surface S is 
an associate surface of a spherical surface, that is, of a surface whose gaussian 
curvature is a positive constant. Moreover, every surface associate to a spher- 
ical surface is of the kind sought. 

In deriving the equations of condition to be satisfied by the fundamental 
quantities of a surface in order that it admit of the given deformation (we shall 
refer to such a surface as a surface S), we assume that the surface is referred 
to its asymptotic lines. Then the parametric lines on S, form a conjugate 
system. From the form of the equations of condition it is seen that, if there 
are more than two surfaces S, applicable to S with conjugate virtual asymptotic 
lines, there are an infinity. When there are only one or two surfaces S|, they 
ean be found by quadratures. But when there are an infinity of them, their 
determination requires the integration of a system of two linear partial dif- 
ferential equations of the first order in two unknowns. Certain of the equations 
of condition are satisfied identically when S is a quadric or a ruled surface, 
but all are satisfied only when S is a skew helicoid with plane director. In 
the latter case there are an infinity of surfaces S, — they are the catenoid 
and the surfaces of revolution applicable to it with lines of curvature in cor- 
respondence. 

In § 4 we show that S is an associate of a spherical surface, =, and that 
when S, is known, = can be found by quadratures. Conversely, when = is 





* Presented to the Society at the New Haven summer meeting, September 4, 1906. Received 
for publication November 19, 1906. 
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known, S, can be found by quadratures. The relation between S and S, being 
reciprocal, S, also is an associate of a spherical surface, =,, which can be found 
by quadratures. In §5 we discover that = and =, are the Hazzidakis trans- 
forms* of one another. Hence we have a means of finding by quadratures the 
Hazzidakis transform of a spherical surface when a conjugate system with equal 
point or tangential invariants is known. + 

It can be shown that when a spherical surface = has a conjugate system of 
lines with equal point and equal tangential invariants the corresponding con- 
jugate system on the Hazzidakis transform is of the same kind. In this case 
these are two surfaces, S and S’, associate to 2 which admit of applicable sur- 
faces, S, and S’, with conjugate virtual asymptotic lines. All four surfaces, 
S, S’, S,, S;, and the surface =, associate to the last two are found by quad- 
ratures. These results are obtained in §6 and applied to several particular 
cases in § 7. 

In § 8 we study the spherical representation of the surfaces S,. The equa- 
tions to be satisfied by this representation are of such a form that when S 
admits of an infinity of applicable surfaces of the kind S_, the representation 
of its asymptotic lines represents also the conjugate virtual asymptotic lines on 
another infinity of surfaces S. From this it follows that when a surface S' is 
known, all the surfaces S, and the spherical associate surfaces = and 2’ can be 
found by quadratures. 


$1. General formulae. 


Let a surface S be referred to its asymptotic lines. The Codazzi equations { 
of condition reduce to 


eked TOs - 12422 O fa: yh bra 
(1) — — = — o r 77 9 —— = = 9, Se 
Ou\ H PAA of Ov Lato: 


where for the sake of brevity we have put 
(2) H=VEG — F*. 


We seek the conditions which must be satisfied by the fundamental functions 
for S in order that upon one of the surfaces applicable to it the virtual asymp- 
totic lines form a conjugate system. We assume that there is a surface appli- 
eable to S in this manner and denote it by S,, indicating by a subscript 1 the 
functions pertaining to it. 





* BIANCHI, Lezioni, II, p. 437. Also EISENHART, Surfaces of constant curvature and their 
transformations, these Transactions, vol. 6 (1905), pp. 472-485. 

+L. c., where I have shown that the Hazzidakis transform can be found readily when one 
knows an isothermal-conjugate system. 

+ Brancul, Lezioni, I, p. 120. 
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Since the parametric lines on S are asymptotic, on S, they form a conjugate 
system ; so that the Codazzi equations* for S, are 


aad peep yard bb Riven 

so ()+{2;at{2|a7% 
@) ary Ly 22) D PIES 

S l ey l 1 
Aca, + 1 a+ | 1 eae 
In these equations and in equations (1) the Christoffel symbols {”’ } are formed 
with respect to the common linear element of the two surfaces 


(4) ds* = Hdw + 2Fdudv + Gdv’. 

Since the gaussian curvatures of the two surfaces are equal, we have the 
equation 

(4) op ee) De, 

which we replace by 

(5) Diag Ly, Di =—e"D, 


where ¢ is an auxiliary function. If these values of D, and D,’ be substituted 
in (3) and reduction be made in accordance with equations (1), we obtain the 
following equations for the determination of ¢: 


dt {22 Se) pi lpahie. | 
7a a ed a 


ét Jil 12) Reo 
oN hel a 


The condition of integrability of these equations is 
O (22 22) (22 22) (12 
lata}? ta} Ha 
6 fil 1G 4 Vy) (eae 
yl bs Fo 
m  +etatal*telal* tasted 


+[ae(@{a}-f2))+eo(| 2}-La atta tl =* 


This equation is quadratic in e%. From (5) it is seen that the two surfaces S, 
arising from a value of e* are symmetric with respect to the origin and conse- 
quently can be referred to as one surface. or convenience we write the above 
equation in the abbreviated form 


(8) Ae + Be +C= 0, 


" *Brancnt, Lezioni, I, p. 120. 


(6) 
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Hence unless 


(9) A EB et ee 


there are at most two surfaces S|. In order to find the conditions to be satis- 
fied, we solve equation (8) for e” and substitute the resulting value in equations 
(6). We shall find later that there are surfaces S for which the resulting equa- 
tions of condition are satisfied. 

When now equations (9) are satisfied, there are an infinity of surfaces appli- 
cable to S, with conjugate virtual asymptotic lines. It follows from (1) that 


10 e412 eae on 8 
cy mal date 2 f° 


so that in consequences of the identities 
O 11 12 oO 22, 12 
we have also 
12 onl 22 ital 
ae Gu.) 2 (2 oe Le 


Hence the equations of condition (9) can be written thus: 


Bb aetieeeodk sb. 
a) slet-eslatt{efia}—% 


BUSH -2e()-12 (0H 


When S and S, are referred to any parametric system whatever, the neces- 
sary and sufficient condition that to asymptotic lines on S correspond a conju- 
gate system on S, is 


DD + D'D,—2D'D,=9. 
The symmetrical form of this equation enables us to state that the asymptotic 
lines on S, also correspond to a conjugate system on S. Hence, when a sur- 
face is referred to a conjugate system of lines, the necessary and sufficient con- 
dition that it be capable of a deformation in which the virtual asymptotic lines 
are conjugate is 


a a 12 a aah 12 
(14) 5, V=K=—21%5 |. skev=K=—2{ 7, 


Za } 


where A denotes the total curvature of the surface and the Christoffel symbols 


ne EE EEE EO EE EOE OOOO ee 
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are formed with respect to the linear element. For equations (14) are the con- 
dition that one of the surfaces with the linear element (4) have its asymptotic 
lines parametric. 

§ 2. Quadrics and ruled surfaces. 


We consider the particular case 
11 22 


that is, S is a quadric surface. Now equations (13) reduce to 


Ocoee cannes 


Hence, if there is one surface S,, there is an infinite number. 
We consider first the case of central quadrics. The equations of such a sur- 
face can be put in the form 


1 + wv uUu—v 1 — uv 
f= f=, y= b——, ¢———. 
U+YV utv 


The constants a, b, ¢ are real for the hyperboloid of one sheet. One finds 


~ 
“= 


readily 


22| —2 

cy oa 

12)  @b*(w—1) (w+ 1) —2a0%c*(u—v) ut Be? (w+1)(w?—1) 
| ey: +0) [a°b? (ww — ih eee we (u =. v)? + be? (vu + 1)?] 


which do not satisfy equation (16). 
Again, the equations of the paraboloids are 





e=a(ut+v), y=b(u—v), 2 == ue. 
Now 
H= [40°0’? + (@ + 0’) (w+ 0) —2( a — Bb )uv |} 


23 i 4 O 
{27% (1 J males 


Hence equation (16) becomes 


and 


2 


Dado lop #7 = 0; 
which evidently is not satisfied by the above value of H. Therefore equations 
(15) do not furnish a solution of the problem. 


We consider next the case 
tT 
: A, 
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Now the lines v = const. are straight and consequently S is a ruled surface. 
The parameters of the asymptotic lines can be so chosen that the linear element 
takes the form * 


ds’ = du? + 2 cos Odu dv + (M*u? + 2Nu + 1) de’, 
where cos 0, Mand J are functions of v alone. Now 
eee { ab a coe Mu + N ; 
at : 1 Mv? + 2Nu + sin?é’ 
so that the first two of equations (13) are satisfied identically and the last 


reduces to 
om, eer at 0 
Ou \L ar Ou S28 ae es) ee 








But 
Oo tea cos 6 [ Mtu? + 2M? Nu + (2N? — M?’ sin @) | 
Sebel po 2 (Mu? + 2Nu + sin? 6) 7 
This can vanish only when cos 6 = 0, or 
aM pay dV eat) 


In the latter case the total curvature of the surface is zero, so that it may be 
excluded ; in the former case the ruled surface is the skew helicoid with plane 
director, which we know is applicable to an infinity of surfaces of revolution im 
such a way that the lines of curvature of the latter correspond to the asymptotie 
lines of the former. Hence: 

The helicoid with plane director is the only ruled surface which can be 


deformed in an infinity of ways so that the asymptotic lines become a conju- 
gate system. 
$3. Spherical representation of &. 


Between the Christoffel symbols {”’ }’ formed with respect to the linear ele- 
ment of the spherical representation of S and the symbols formed with respect 
to the linear element (4) the following relations obtain : + 


et [exh ee ean {eat {} (aM 
see een Wie fermen a apo bah Ih: ee 
eae jeer fe | aa ee fom: 2| aah 
BT BA Vee ee Ne se 
In consequence of these relations equations (6) can be given the form 
ot 22 |’ Lal ere 
atla}t{s form 


Ct (aa pele ; 
Ou ale ae Wale hacen 


* BIANCHI, Lezioni, I, p. 254. 
+ BIANCHI, Lezioni, I, p. 157. 


(18) 
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The condition of integrability takes the form 
lalettalit—letiis, 
dul2J Pali sf — 1 
0 ( 22)’ 22)" § 22)’ 
yay be ae oe 
=) +S t— li ilst | 
Col a Ghat Li Glia s 

idl (ee —2 syle 
perl eay | even : 
We have seen that, unless S is a skew helicoid with plane director, {'}} + 0, 


{7} +0. Hence, excluding this exceptional case, we find, for the Sean 


that there be an infinity of surfaces S,, 
Bs ti = 2 care i 
dul 25 ~ dvl1 2 
) Ao le 11 ) 22 ya 
tied o — a oe — 2 . 
seta t—211}> sbelasa2tas 


§ 4. Surfaces associate to S. 


(20) 


We have shown elsewhere* that the coordinates, x’, y’, 2’, of an associate 
surface of the surface S are given by the quadratures 


Ox On On Ox 
ou ay’ Gu” du? 





(22) 


where uw and o are a pair of solutions of the equations 


Op Ae 11 
wtelet—7ta}=% 


Oo er jartt 0 
pone SS ema beg bal jf tes 


On comparing these equations with (3) we remark that an associate surface, = , 
is determined by the pair of solutions 


D ris 
(24) = WT 3 o= — Wr . 
If the fundamental functions for = be denoted by #’, Ff’, G’; A, A’, A”, it 
follows from (5) and (22) that 


(28) 





yee Je Ty 
Eee otf es ples tel No 2 
EL’ =e Gop Bi” = Tee G cach Ep» 
(25) : : 
eee A= 0 ap ee 
ae me Btu: 





* Associate surfaces, Mathematische Annalen, vol. 68 (1906), p. 507. 
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From these values it follows that the total curvature of = is equal to unity. 
Hence & is a spherical surface. 

Since S is referred to its asymptotic lines, the spherical representation of the 
parametric lines satisfies the condition 


OMT 12 ee, ae 
° Bee, 
ou 1 ov | 2 
that is, the parametric system on > is a conjugate system with equal tangential 
invariants. 
Conversely, given a system of lines on the sphere satisfying the condition (26), 


we seek the other conditions to be satisfied in order that it may represent a con- 
jugate system on a spherical surface. Now 


NAG 1 
EG Fee 


where the linear element of the spherical representation of = is written 
do* = Edu? + 2Fdudv + Gdv’. 
We replace the above equation by the two 


A ING ¥6 
VEG — F? — 


e', ee ae Shes 
VEG —F 
If these values be substituted in the Codazzi equations * 
Co\ VEG — P 2) Veer 'l2) yae—r ’ 











=. ( A" yeta} A Pps A” . 
Ou \ / EG — F? 1 VC 1) EG oe a 


we get equations (18). Hence, if we have a spherical surface referred to a con- 
jugate system with equal tangential invariants, we have a solution of equations 
(18) and thus can get a surface S, applicable to the surface S associate to = 
and upon which the parametric lines are asymptotic. It is well known that the 
surface S is found by quadratures. Therefore the problem of finding surfaces 
capable of a deformation in which the asymptotic lines become conjugate on the 
new surface is equivalent to the problem of finding spherical surfaces referred 
to conjugate systems with equal tangential invariants. And we have the 
theorem : 

The surfaces associate to a spherical surface can be deformed in such a way 
that on one of the deforms the virtual asymptotic lines form a conjugate sys- 
tem; and they are the only surfaces possessing this property. 


* BIANCHI, Lezioni, I, p. 166. 
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It is evident from this theorem that when a surface can be deformed in the 
above manner in an infinity of ways it has an infinity of spherical surfaces 
associate to it. 

§ 5. Hazzidakis transformations. 


We proceed now to the consideration of the surface S,. Since the para- 
metric system is composed of virtual asymptotic lines, equation (10) is satisfied 
and consequently these lines form a conjugate system with equal point invari- 
ants. We have shown* that, when a surface is referred to such a family of 
lines, an associate surface is given by the quadratures 

oO Ox } Ox 
% a ey 
Ou Cu Ov Ov 
and similar quadratures for 7,, ¢,, where (&,, 7,, ¢,) are the coordinates of the 
associate =, and the function 2 is given by 


O log X 12 0 log X 12 
a4) 5 22-25( 1). 
Since S, is applicable to S, it follows from (1) that + 

r Hi 
= T° 


From these results it follows that the fundamental functions of the associate 
surface ,, denoted by #, |, G1; A,, A,, Aj, have the values 


D” | D” D” 
Ei =7pptk» B= — ar; Gi=7 Gy 

(29) : 2 
D”™ t , ut say pe 
A= 77% aoe AS aay ph ° 


Since S and S, are applicable, it follows that the expression for the total curva- 
ture of =, reduces to unity, that is =, is a spherical surface. 

Incidentally, we remark from (29) that if S admits of more than one appli- 
eable surface of the kind S, all of the corresponding associate surfaces =, will 
be applicable to one another with their parametric lines in correspondence. 

From the form of equations (27) it follows that the parametric system on =, 
is conjugate and that the point invariants are equal. Moreover, if the Chris- 
toffel symbols {”’ },, are formed with respect to the linear element of >,, it 
follows that we must have 





30 0 log ® mee 0 log X ae 
28. Ou ATONE Digaelel lS. 
LS Gay, te 531. 
{ Another surface is given by 7—=— D’/H, but it is symmetric to this one with respect to the 


origin. 
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Conversely, given a surface of unit total curvature referred to a conjugate 
system with equal point invariants, and let &, 7,, ¢ be its rectangular coordi- 
nates, then the surface of coordinates x,, y,, 2, determined by the quadratures 
(27) where X is given by (80) is an associate of 2. Between the gaussian 
curvatures of two surfaces associate to one another by means of equations of the 
form (27) the following relation exists: * 


: K, 
ie — — Etis 
For the present case it is 
a 1 
K,=— 7: 


This result and equations (28), which are the same as (30), show that the para- 
metric system on JS, is virtual asymptotic and from (27) it follows that it is 
conjugate. 

We gather together the foregoing results into the following theorems : 

When a surface admits of an applicable surface upon which the virtual 
asymptotic lines form a conjugate system, and either surface is referred to its 
asymptotic lines, an associate of each surface can be found by quadratures ; 
these associates are spherical surfaces and have the same second quadratic 
forms. 

When a spherical surface is referred to a conjugate system with equal point 
or tangential invariants, a surface associate to it can be found which admits 
of a deformation such that the virtual asymptotic lines are conjugate. 

The general equation of the lines of curvature of a surface is + 


(£D'— FD) dw +( ELD" — GD) du dv + (FD" — GD") dv’ =9. 
For > this reduces to 
(31) e' Fdw + (He — Ge‘) dudv — e' Fdv* = 0, 


where 1’, F’, G are the first coefficients of S referred to its asymptotic lines. 
From (29) it follows that the equation for the lines of curvature of =, is like- 
wise (31). Since = and =, have their lines of curvature in correspondence 
and the same second quadratic forms, they are the Hazzidakis transforms of 
one another.{ Since each spherical surface has a unique Hazzidakis transform, 
it follows that the surface =, is the same no matter which conjugate system with 
equal point or tangential invariants is taken for the parametric system. Hence 
we have the theorems: 





* Loc. cit., p. 506. 
T BIANCHI, Lezioni, I, p. 128. 
t Surfaces of constant curvature, etc., these Transactions, vol. 6 (1905), p. 478. 
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When a spherical surface is referred to a conjugate system with equal point 
or tangential invariants, its Hazzidakis transform can be found by quadratures. 

The surfaces S, into which the associates S of a spherical surface = are 
deformed so that virtual asymptotic lines are conjugate are the associate surfaces 
of the Hazzidakis transform of >. 

From the general expressions for the coefficients of the spherical representa- 
tion of a surface referred to a conjugate system * one deduces by means of (25) 
and (29) that the coefficients of the spherical representation of = and =, are 


ie me be 
aE ee may a a 
el) e oe ie 
E, = ea G, Fi= 7p!) 6, =e" ap F. 


Comparing these expressions with (25) and (29), we see that each of the sur- 
Jaces = and =, is applicable to the spherical representation of the other. 


§ 6. Conjugate systems with equal point and tangential invariants. 


In consequence of the foregoing result, if the conjugate system on = corre- 
sponding to the asymptotic lines on S has equal point invariants, the correspond- 
ing system on =, has equal tangential invariants. Hence: 

When there is known a spherical surface referred to a conjugate system with 
equal point and tangential invariants, another spherical surface can be found 
upon which the corresponding lines form a conjugate system of the same kind ; 
it is the Hazzidakis transform of the given surface. 

We inquire under what conditions a conjugate system is of this kind. The 
Codazzi equations for = can be written in the form 


Blog Aelita any ty A” dlogA” [12] (22) A 
oe) Se aia? a eet ee 


In terms of the functions of = equation (26) can be put in the form 


edly pea 1 O A {ie 
a(eiel. j= Nei a 


Hence it follows from (32) that the necessary and sufficient condition that the 


point invariants be equal is 
72 
C 


A 
Fa A ae 


By a suitable choice of parameters this can be replaced by 


A= A’. 





* BIANCHI, Lezioni, I, p. 150. 
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But the necessary and sufficient conditions that a conjugate system on a spher- 
ical surface be isothermal-conjugate are * 


Gh ik: 22018 22)’ iho 
Che fif+tis=% tet+te to 
which are equivalent to 
OE OG OF OE oG OF 
Sr orarcoe 


Eliminating E — G from these equations, we get 


f et F—0 
Cu? * Ov? ae 


F= @O(u+iv)+,(u—w), 
where ® is an arbitrary function and ©®, is its conjugate, as we are confining 
ourselves to the consideration of real surfaces, and 
E—G= —i[®(u+ iv) — ®)(u—iv)]. 


In order that the conditions of the problem be satisfied, the function ® must be 
such that these values of E, F, G satisfy the Gauss equation for the sphere and 
the equation (26). 

We assume that the representation of S is of this kind. Equation (19) 


reduces to 
; cobs, lis Weeags 
t a —_—— —_ 
(¢-1¥| 551 2 ee gel j=. 
This is satisfied by e’ = 1, which is a solution of equations (18). From this it 


is seen that if there are more than one surface of the kind there are an infinity 
of them and the condition of the latter case is 


oa aa re oe a 
Bu, 128) Fania tie) le) 
Since the conjugate virtual asymptotic lines on S, have equal tangential 


invariants, one finds the coordinates of an associate S| of S, by the quadratures 
of the form 


(34) =0, 


a ee a 
Ou Ou Ov 


so that 








Ow, Ou, On, BOLE 
Bu By? By Su? 
where 
/ yah Us Jae 
Mb ay ga vi meni eg 
(35) i ae am 
O log p, _ 2{ 7 Olog p, _ a 
aoa ee 2s i557 uae Lae 





* BIANCHI, Lezioni, I, p. 168. 
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Moreover, we have shown * that these functions ’ and o’ are solutions of 


Op’ cee | nea! Co ee LT) ea 
on 2 oPenad 2 ak £7) che Le i Jot 


where the Christoffel symbols {’)}, are formed with respect to the linear 
element of S, and consequently of S. Hence these equations are the same as 
equations (23), so that we can find a surface S’ associate to S by means of the 


quadratures of the form 


36 Ox Ox Ox’ Ox 
2?) Gu Ge? =e =? Gu? 


where »’ and o’ have the values (85). We see at once that the two surfaces S’ 
and jS' are applicable, for they have the same linear element 


uw Gdu2 + 2u'o' Fdudv + o” Edi’, 


and the parametric lines are conjugate on S’ and asymptotic on S). 
Taking e’ = 1, we get from (5), (25), and (29), 


(37) A= A’, UL) ene Ls Aw Saal 
Moreover, the linear elements of = and =, reduce to 
12 2 
VE (Gdw + 2Fdudv + Edv’), VE (Edw — 2Fdudv + Gdv’), 


showing that the surfaces are the Hazzidakis transforms of one another.* 
If we denote by (D), (D’), (D") the second fundamental functions of S‘, it 
follows from (36) that 


Cee) = 0 ee aD) 


But ph’ = — oa, hence 


CDV A (DUNE. 


Therefore S’ and Sj} are associate surfaces of = and =, respectively ; con- 
sequently S’ can be found from = by making use of the fact that the conjugate 
parametric system has equal point invariants, and S| from =, from the stand- 
point that the conjugate system has equal tangential invariants. In both cases 
the determination requires only quadratures. Hence we have the theorem: 

When a spherical surface has an isothermal-conjugate system with equal 
tangential invariants and this system is parametric, one can find by quadra- 
tures two surfaces which can be deformed in such a way that the asymptotic 
lines become conjugate ; and these new surfaces are associate surfaces of the 
Hazzidakis transform of the given spherical surface. 





* Surfaces of constant curvature, etc., Transactions, vol. 6 (1905), p. 478. 
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In this connection we have been considering the case where a surface S has 
only one surface S, applicable to it with its virtual asymptotic lines conjugate. 
In case there are more than one, for each surface S, there is a spherical surface 
> associate to S. 

From (37) it is seen that if we put 


UuU=U,— 5 V=U,+ 2%), 


the curves wu, = const. and v, = const. on S, are asymptotic and on S conjugate. 
And the equation of the asymptotic lines on S is of the form 


A(dui — dvi) =0. 


Recalling the preceding results, we see that the function ¢,, by means of which 
S is formed from S, when the latter is referred to its asymptotic lines, is zero 
also. Consequently when the asymptotic lines on S satisfy the conditions (33), 
a similar set of equations are satisfied by the spherical representation of the 
asymptotic lines of S,. And in all respects it can be shown that the relation 
between the surfaces S and S, and the surfaces adjoined to them is perfectly 
reciprocal. 

§ 7. Minimal surfaces. 

As an example of the foregoing results, we consider the case where S is a 

minimal surface. By a suitable choice of parameters we can put 
(38) neagee F= 0, aa ely ig 

RP Pp 
where A denotes the Gaussian curvature. Equations (34) are evidently satisfied, 
as is also equation (26). The linear element of S is 


(39) ds’ = p( du’ + dv’) 
and D’=1. Hence for the value e’=1, 
iL) Nectar a teen |, 


so that S, is the minimal surface adjoint to S. From (25) and (29) it is seen 
that > and =, are each the unit sphere and corresponding points coincide. And 
from (85) and (86) it follows that S’ coincides with S, and S} with S. 

We inquire whether there are any other surfaces S, applicable in the desired 
way to a minimal surface. Now equations (18) reduce to 


ot 
Ov 


Ct 


cy ae 


é : ; a ne 
— 5,08 Vp(1—e™) = 90, + 5 log Vp(1 —e*) =0, 


and the equation (19) becomes 
2 


Op 
t —t\2 
\ Gee seres) Cuov au 
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Neglecting the solutions e’ = +1, which we considered above, we see that equa- 
tions (40) are integrable when 


p= $(u)+ v(v). 
But the functions ¢(w) and y(v) are not arbitrary, for there remains to be 
satisfied the Gauss equation of the sphere,* which is now 


on CP ; 2 
(sata) alee a. 


This is satisfied by the above value of p only in case ¢ or is equal to a con- 
stant.+ Hence all the surfaces S, are surfaces of revolution referred to their 
meridians and parallels, and the surface S, corresponding to the solution ¢ = 0 
is the catenoid. Hence S is the skew helicoid with plane director. 
By a suitable choice of parameters the linear element of the skew helicoid 
with plane director can be reduced to the form 
(e% + ave)? 


(41) ds’ ia Cane (du? + dv’). 


Now the general integral of equations (40) is 


2 
i V (e ue a re cael eae 





(42) ¢! 





where 0 is the constant of integration. When b= 0, S, is the catenoid and 
for the other values of 5 the surfaces S, are the surfaces of revolution into which 
the catenoid can be deformed with preservation of the lines of curvature. 

From equations (25), (41) and (42), we find the following expressions for the 
fundamental functions of the spherical surface = associate to S: 

















, 16 : : (e" + me") bs =f 4 

7) alas (e"a?e"b+44( e+ ae)?’ f'=0, G= (e+ Gey” 
8 D) / xu 2 —u \2 

(44) A= Ew Ae Wie oe yo-4 





Vv ( e+ e-" Yb a? 4 ( Cee, a e-")? ? (e ah a e7 ¥ 


From these values it is found that = is a sphere only in case b =0. We have 


seen that all the spherical surfaces =, associate to S, are applicable to one 
another and to the spherical representation of 2, that is, their linear element is 


4 2 
@) orange ap oe eae) 
and their second fundamental quantities are given by (44). 


* BIANCHI, Lezioni,‘I, p. 93. 
{ Ibid., II, p. 45. 
t Ibid., I, p. 232. 
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We apply now to this case the results of the preceding section for the deter- 
mination of the surfaces S’ and S;. Since the surface = is applicable to the 
spherical representation of S,, the last two of equations (35) can be replaced by 





0 log p, {Pet O log p, hae 
uaa Pl mest a he ii 
of which the solution, without loss of generality, is 
1 
pie Co ’ 


in consequence of (43). Hence 


8 ; 2 
ae ters im e+ ae yo + 4] 3? 


so that the linear element of the surface S’ and S‘ is 


/ 


Cie [(e + a@e"b +4]? 











ie we eee 16dw? ; 
ds" = (e" ri ae-")*d ey [Cer + ae")Pb ee 4]? + dv’ |, 


and the respective second fundamental quantities are 
Cm Enya (D") =o’, 
(D)=9,  (D)=V—H0,  (Di)=0. 


From these results it is seen that S’ is minimal only when 6 = 0, in which case 
it is the catenoid ; moreover, S{ is a minimal surface for all values of 6 and is 
applicable upon a surface of revolution. 
Another solution of equations (84) is E=G@; F=const. For the sake of 
convenience we put 
E=G = cosh@, F=1, EG — F? = sinh’ 0. 


Equation (26) becomes 


6 1,08 a) 1G 0 
Ou ( saz 0 Ou ) Ov ( 6 a) eae 


of which the general integral is 





DS 


tanh 0) — p(u a v) “Ur ( = my 


where ¢ and ¥ are arbitrary functions. The Gauss equation * for the sphere is 


20 86 
aor + aor + 2sinh d= 0. 


Ou 





* BIANCHI, Lezioni, I, p. 93. 
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When the above value of @ is substituted, this equation becomes 


gp” yr" dv’ + Wp? 
46 ae ents 
oe tyr 1g 
where the primes denote differentiation with respect to the argument. If we 


differentiate this equation consecutively with respect to w+ vand w—v, we 
get 











oye (8 4H Ee) 
ay NOR Le 
Hence either ¢’ or y must be zero. Let it be the latter and take y= 1; then 
the integral of (46) is given by the quadrature 
d 
9 us ji 5 7 = U +— v 9 
Vettel aoe (b5— 1) 

where c is a constant of integration, the additive constant being taken equal to 
zero without loss of generality. 

In terms of this function ¢ the coefficients of the linear element of the 
spherical representation of S are given by 








1l+¢ 
AEP aaa F=1. 
From the equations 
atoge__g{12\' bog _ gf 121, 
Ou 2 ? Ov 1 ’ 
we find 
t= 1— p’, 


and consequently 
EF=G=pE=1-¢', F=—pF=(1—¢'), D =pVEG—F*=2¢. 


For the coefficients of the linear element of the spherical representation we 
have 





1l+¢ 
eee Tees at? F.=—l, 
and from (35) 
¢? — 1 ? wt 
ear | aor ei ot 


Therefore the linear element of the surfaces S’ andS ee 


(47) ds* = ‘i [(1 — $*) du’ + 2(1 — ¢’)’dudv + (1 — ¢') dv" ], 


Trans, Am, Math. Soc, 9 
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and the coefficients of the second quadratic forms of these surfaces are respec- 
tively 
2 2 2 


dp’ Pea vo 


The parameters of the lines of curvature on S are given by 


= Uh 


U+V=U, U—V=2,.- 
In terms of these parameters the two quadratic forms of S are 


ds’ = (1 — ¢’) [ ¢’dui + dvi], 
(dui — dv’). 


Hence S is a surface of revolution. Moreover, these are the parameters of the 
asymptotic lines on S,, hence S| is a minimal surface. In like manner (47) 
becomes 
2 
12 i a d 2 2 2 
ds = ae (du; + ¢’ dv’), 

and the curves w, = const., v, = const. are the asymptotic lines on S’. More- 
over, the curves v, = const. are geodesics ; consequently S’ is the skew helicoid 
with plane director. Hence the surfaces S which we have just been considering 


are the surfaces S’ corresponding to the case where S is the skew helicoid. 


§ 8. Spherical representation of the surfaces S\. 


We return to the consideration of the general problem and write the linear 
element of the spherical representation of S,, referred to its conjugate virtual 
asymptotic lines, in the form 


(48) do* = Edu’ + 2F, dudv + G,dv’. 


Between the Christoffel symbols {"' }’, formed with respect to (48) and those 
with respect to the linear element of S and S, the following relations obtain : * 


ajo a Mae lijm—pte ly (Ti=—sile ly 
eel Dig fa Dee {11} Be) 


i a ae.) Qo O4ilmeaaen 7) 2) TD” aus 


/ 
a a “a 
1 


From (3), (5) and (6) we get 





0 log D, ‘ 11 et aoe eat 
Ou =2{,}-38{¢ -{7}e 
On Olog D”’ 22 12 
felt Roa Bos Bean pe eae 
Ov Pred eel 2 


* BIANCHI, Lezioni, I, p. 167. 
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By means of (49), (50), and 
(51) - 


S 


~ 


I 

| 

fas} 
b 


S 


_ 


equations (6) can be put in the form 
pete tleaiee 22 \ 
<=, 6s. — ; 
Mena Ca 
=o {* 22 +f ee \ 


The condition of integrability of these equations reduces to the form 
(53) Ae + be” + CL= 0, 


where for the sake of brevity we have put 


Wy) -s{it —2{>} a 
(54) Bex{s}-2{7} ae 


oo2 (la ate t -«{3} rele 


In terms of the symbols { *’ }; equations (8) and (50) have the forms 


t 


2 2 og D, = age fe a Se ene {2 Ve, 
DRY se( BY sa( By a 


Clog D,” 1} me 
ee center Lt) 21 +315 eee 


The conditions of integrability of these expressions are reducible to 


ce fesWheta be (oe ean 
Bed o§* B +2(5, aslged (eae et 
: : Fala id CO oe eee ee 

22 92)" f 
= eA, +86" B, 425 ate p24 4 a of )=o 


which, when added together, give equation (53). 

It is evident that there is at most one value of e” which satisfies equations 
(53) and (57). Suppose that we have a common solution of them and that it 
satisfies equations (52). From (55) and (56) we find D,, D7 by quadratures 


(52) 


bo 


(56) 


(57) 
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and the corresponding surface S, is capable of a deformation in which the para- 
metric lines become asymptotic. For the total curvature of S, is given by 
Ka=_ 1 EG,-—F E.G, — Fi 


—s eee Oey merit. 
p DD. Dee 








which is such that 


Ologp _ 5,2 22s ae 12 | OBeP tee fio | a2 en 
Ou ikost : 2M: Ov 2 Le 
But this is the condition that there be a surface S with the same linear element 

as S| and with asymptotic lines parametric. 


By means of equations (49) and (56) the first two of equations (13) can be 
put in the form 


O (12) eee, an le ; a 

a ee ‘peta: Te Ee ne 
But these are the necessary and sufficient conditions that the curves upon the 
sphere represent the asymptotic lines upon a surface whose total curvature is of 
the form 


(58) igs = . 


Lb (u) + ¥ (oy 


Hence when a surface S is applicable upon an infinity of surfaces S, with the 
virtual asymptotic lines conjugate on the latter, each of the surfaces S, is asso- 
ciate to a surface whose total curvature is of the form (58), when the asymptotic 
lines of this surface are parametric. 

From (58) and (57) it is seen that in order that there be more than one sur- 
face S, with the given spherical representation, it is necessary and sufficient that 


a slty' 8 7227’ 
Ape =ii}=nia th 


But these are equations of the same form as equations (20). Hence when a 
system of lines on the sphere represents the asymptotic lines on a surface S 
applicable to an infinity of surfaces S, with conjugate virtual asymptotic lines, 
these lines represent the conjugate lines upon an infinity of surfaces S’ each of 
which is applicable to a surface S| upon which the asymptotic lines are 
parametric. 

We consider this case and fix our attention upon one of the surfaces S’. We 
know that there is a spherical surface >’ associate to it, which is referred to a 
conjugate system with equal point invariants. But the tangential invariants 
also are equal. Hence the conditions (83) must be satisfied; consequently 
equations (20) reduce to . 
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ape ello Gent, 22)". 3 yaa tome! pk 
mesons | mld ke se{ 4 f=—2{ 9 


From these equations we find 

Clog ¢ 11 Clog ¢ 22 {: 

Ou Ov ib i = eat irae 
Live : 2D: ; 

{’, }=a7, i fee 


where ) is an auxiliary function, Y and V are functions of uw and v alone and 


the primes indicate differentiation. Substituting in (59) and integrating, we get 


1 
CE: 





so that 


pe 





4 


Hence equations (20) can be replaced by 


gece ie eae a 
ie t=-let=- Neaaat 


Equations (18) reduce to 


(60) 


ot —2t U" 
— are V)’ 
t t 2t ve 
ay — Nara): 


(61) 


Neglecting for the moment the solution 

(62) a= 1, 

the integrals of these respective equations are 

(8) 9 e*—1=(U4V)¥(v), 1 = (UF) 4(u), 


where y(v) and ¢(w) are arbitrary functions of v and w. Since equations 
(61) are simultaneous, we get on dividing the above equations 


a oe) 
(0)! 
Substituting in (63), we have 


¢+p~=—(U+ V)dy. 
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Consequently 
1 1 


ame ee hia 9A 5" 
where c is an arbitrary constant. Hence the general integral of equations (61) is 


e+ V 
re hckyg 
From (5), (22), (24) and (25) we obtain the following theorem : 

When a surface S is applicable to an infinity of surfaces S, with the virtual 
asymptotic lines of the latter conjugate, the fundamental coefficients of the sur- 
faces S, are given without quadrature ; the surface S is associate to an infinity 
of spherical surfaces 2 whose rectangular coordinates are given by quadratures ; 


and the integration of the equations of the asymptotic lines on the surfaces > 
reduces to quadratures. 


(64) oe 


PRINCETON, 
June, 1906. 





DYNAMICAL TRAJECTORIES: THE MOTION OF A PARTICLE 
IN AN ARBITRARY FIELD OF FORCE* 


BY 
EDWARD KASNER 


The object of the present paper is to work out for space of three dimensions 
a geometric theory analogous to that given for the two-dimensional case in an 
earlier paper. + 

We consider a particle moving freely in space under the action of any posi- 
tional force, and write its equations of motion in the form 


(1) B= (L,Y, 2%), y= (ey, 2), Z= (BY, 2%), 

where the dots indicate derivatives with respect to the time. The functions 
o, v, x are assumed to have partial derivatives of first and second order in 
the region of space considered. ‘The case where the force vanishes everywhere 
is excluded. 

The motion of the particle is determined when its initial position and initial 
velocity are given. By taking all possible initial conditions we obtain a definite 
quintuply infinite system of trajectories. Our object is to study the properties 
of such systems of curves with a view to obtaining a complete geometric charac- 
terization. ‘The main result is stated in article 89 at the end of the paper. 

The first properties derived are consequences of-the elementary fact that the 
osculating plane at any point of a trajectory is determined by its initial direc- 
tion and by the direction of the force (articles 4-11). The next set relate to 
osculating spheres.t With each lineal element there are associated oo' osculat- 
ing spheres whose centers lie on a straight line (articles 12-15). The straight 
lines corresponding to all the elements at a point form a congruence of order 
one and class three determined by a twisted cubic curve (articles 16-23). The 
properties obtained at this stage belong to a more general class of curve systems 
than the dynamical class. The final characterization is attained by introducing 
certain related systems of plane curves, here termed S-systems, which have all the 





* Presented to the Society September 6, 1906. Received for publication December 12, 1906. 

t The Trajectories of Dynamics, Transactions of the American Mathematical So- 
ciety, vol. 7 (1906), pp. 401-424. We shall refer to this as Trajectories. 

t Properties I,, I,, and II of the present paper were given in a note published in the Bulletin 
of the American Mathematical Society, vol. 12 (1905), pp. 71-74. 
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properties of plane systems of trajectories (articles 29-39). The S-system in a 
given plane may be obtained dynamically by constructing, at each point of the 
plane, the component of the force (1) acting in that plane; the two-dimensional 
field thus derived generates the required system. 

It will be seen that the spatial properties are not direct extensions of those 
given in the plane theory; and that the present theory requires the previous 
discussion of the two-dimensional case. The earlier theory is thus not absorbed 
by the present paper. 

The logical relations of the various properties are settled by converting the 
main theorems, thus bringing to light general systems of curves of interest 
apart from their connections with dynamics. Of the incidental results we men- 
tion only the interpretation of the curl of the force given in article 21, and the 
special characterization of conservative forces in articles 22 and 40.* 


DIFFERENTIAL EQUATIONS OF THE TRAJECTORIES 


1. In order to derive the geometrical properties of the trajectories, it is 
necessary to eliminate the time. We distinguish the two types of derivatives . 
involved by means of dots and primes. Thus 


. de nudy , de 4 
(2) Sct Waamee dt capa 

,__ dy ,_ ae : 

~~ da’ sears BE a 


The geometric derivatives may be expressed in terms of the kinematic as follows: 


(3) Y 2 oe s phe xy ae “” LZ — 20 
’ on? op3 ’ on? kK 


Combining these equations with (1), we obtain two expressions for «’, namely 








(4) Fe Pa Mire ie) See 
2 
Thus one result free from the time is 
(5) v eve $ = x make $ . 
y z 


Differentiating equations (4) with respect to x, we find two other equations 





*The transformation theory given at the conclusion of Trajectories (articles 26-29) may be 
extended to space, but is not considered in the present paper. In the discussion of the APPELL 
transformation (article 30), the formulas should be expressed, not in terms of the times ¢ and ¢,, 
but, as in APPELL’s treatment, in terms of the differentials dt and dt,. The finite representation 
of page 423 yields merely the affine transformation. The appropriate converse question was 
solved by PAINLEVE, Journal de Mathématiques (1894). 
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free from the time, 


1 6,+y7¢,+2¢, 





| 

(6) (h—yb)y” =|, y" — 8¢y”, 
URN U eN | 

, ” 1 $, + ¥, + 2 4 ale 172 

(7) (x—2p)2" =|) 2” — Bz”, 
& Xe FY Xy eX, | 


where the subscripts denote partial derivatives. 
The quintuply infinite system of trajectories is completely represented by the 
equations (5) and (6). We write these in the form 


ny! — Ky’, 


(8) my My y2 
yo Lr Uy 





where 
px 2. tor 
aya) | eye 
(8’) i +90, +2, | 
meee 


All other equations between the geometric derivatives, including (7), are indeed 
consequences of (8). This may be seen from the fact that a trajectory is com- 
pletely determined by the assignment of the initial values of 7, y, 2, 7, 2, y’ 
for this is equivalent, according to (4), to the assignment of initial position and 
initial velocity. The corresponding values of 2”, y'” are given by (8), and those 
of 2”, y'", 2", ete., are obtained by successive differentiation of (8). 


2. It will be convenient, in part of the subsequent discussion, to define the 
force whose components are ¢, Y, x by the functions 


we x 

(9) mre Sen a ® = log ¢. 

The first two of these define the direction of the force; the equations of the 

lines of force are, in fact, 

(10) de: dy:dz =1:0,:0,. 

The third depends upon the intensity of the force, and Seca! defines it 

when the other two are known. 

The coefficients in the fundamental equations (8) may now be written. 

eo, Go 3 


, /, 
oF 45 Y%1y aS AO, 
y eae a 








(8") 





P=P,+ bsp + 27P, — 
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By differentiating the first equation (8) and combining with the second, we 
dd fy. a vr Je ‘7 @) 4? 
2 =Ky + Ky =(P+ aye eae” 
This may be written in the form 
(10) 2” = Pz! + Qz'”, 
where 


(10’) P= ® + gq ce +2°0,— 


obtain 


D> FY @y aE 2 Wo, ) 3 


9 Aye 7 ’ 
2—@, 








/ 
& —@, 


and is, of course, equivalent to (7). 

3. It may be shown, as in Trajectories, that if two fields ¢, Ww, x and 
$,5 Vi. X,> lead to the same trajectories, that is, the same equations (8), then 
they can differ only by a constant factor. The system of trajectories thus 


determines the field.* 
OSCULATING PLANES. 


4. Property I. The osculating plane of a trajectory at a given point is 
determined by its initial direction and by the direction of the force acting at the 
given point. This familiar fact is easily verified analytically by noting that the 
general equation of the osculating plane is 


Xero 
| 

(11) aes ae 
0 yy” 2!” | 





where the current coordinates X, VY’, Z refer to axes passing through the given 
point. This is satisfied, in virtue of (5), by X:V:Z=d:wW:y. 

Property I.— The osculating planes of all trajectories passing through 
a gwen point form a pencil. 

The axis of the pencil has the direction of the force acting at the given point. 

5. Converse of I. It is easy to determine all quintuply infinite systems of 
curves possessing property I. Let the direction, fixed for each point, be defined 
by the ratios 

Teer 

where , and o, are arbitrary functions of x, 7,2. By hypothesis, the osculat- 
ing plane (11) passes through this direction for all possible values y’, 2’, y”’, 2”. 
Hence 


| 
Bek bes reap 


Laue eases 0; 


aA 


Ory 2 





* A geometric construction of the field will appear in a later paper, The inverse problem of 
dynamics. 
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which gives 
ff} ’ 


ro 2—O, 
2 





y" ae y! nd 
Conversely, when this relation is fulfilled, the curves have the required prop- 
erty. Hence: 

All quintuply infinite systems of curves possessing property I are repre- 
sented by differential equations of the form 


2 al @, ” rg 
2=5 =a = Ky’, 
(12) TOE Card 


oe = f(a, Yee, 4,2 y). 


4” 





The result thus contains two arbitrary functions @,, w, of w, y, z and an arbi- 


12 
trary function f of the six arguments indicated. 

6. Property I,. Before proceeding to essentially new properties, we derive 
a few corollaries of interest. If the initial position and direction, fixed by the 
values of x, ¥, 2, y’, 2, be given, then y” is arbitrary and we thus have oo! tra- 
jectories. For these we may state the elementary result : 

The <' trajectories corresponding to a given lineal element have (at the given 
point) a common osculating plane. 

T. Property I,. The torsion of any curve is given by the general formula 
(13) 8 or ee 

Po veten ee aC hetiy iy) Cy it 24) 


For trajectories, we have 


4; * “th 
?, — 
y"% 








2 = Ky’. 
Hence 
ia hy i ys 
where 


/ 


ee Ble OP) oy Ye On) 
(y ha a @,)° 





Introducing these values in (18), we find 
1 bd GG 
OT ey EES GUE 





(14) 


This does not involve vy” or 2’. Hence the result : 

The «' trajectories determined by a given lineal element have (at the given 
point) the same torsion. 

8. Converse of I, and I,. These properties hold not only for dynamical 
systems, but for the more general systems (12).. They are thus consequences 
of I and might in fact have been derived synthetically from it. The converse, 
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however, does not hold. There are in fact systems possessing both I, and I, 
(for all lineal elements) but not possessing I. We omit the discussion and state 
the result : 

A system of space curves possesses property I, when the relation between 
z’ and y” is of the form 
(15) C(t ss ore Une 


where k is arbitrary. It also possesses property I, provided the function k 
satisfies the equation 


(16) k,, + kk, =0. 


The function A, appearing in (8) and (12), is seen to be a special solution 
of (16). 

8’. Related helices. At each point of a space curve it is possible to con- 
struct a unique helix having in common with the given curve its direction, its 
osculating plane, its curvature, and its torsion.* We term this the related 
helix. If the current coordinates XY, Y', Z refer to axes determined by the 
tangent, principal normal, and binormal at the given point, then the axis of 
the helix is given by the formulas 


is rp” x r 
(17) I, = pay Lae 5 UA => tg 

eu © 
where 7 and p are the radii of curvature and torsion respectively. 

Consider now the oo! trajectories passing through a given point in a given 
direction. These have a common osculating plane and a common torsion. The 
curvature varies from curve to curve. The elimination of r from (17) gives 


(18) V(X? 4 Z) + pXZ=0. 


This is recognized as PLicKER’s normal equation for a cylindroid.+ Hence: 

The «' trajectories determined by a given lineal element give rise to related 
helices whose axes generate a cylindroid. 

The discussion shows that this holds for the more general systems obtained in 
article 8. The result is thus a consequence of I, and I,. 

9. Distribution of torsion. In article 7 it was shown that for each lineal 
element there is a definite value of p. If we consider the oo” elements at a 
given point, they will subdivide into sets of oo' according to the values of the 
parameter p. If p has a given value, say c, the corresponding elements are 


* SCHEFFERS, Theorie der Curven, p. 197. The contact is not of the third order unless dr/ds 
vanishes. Only in this case does an osculating helix exist. 

+ A cylindroid presents itself in a different connection in SCHEFFER’s discussion (1.c., p. 196). 
There r is fixed, while p varies. The elimination of p from (17) leads to ¥(X?+ Z?)—rZ?=0. 


a 
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found, from (14), to be 
(20) (9,2 — oy’) a ci ,)° = (¢ — o,)'— ¢ 
The elements thus determine the cone 


(20’) (a, Z—0, VY) +(P—o, X)+(Z—0,X)’—c 


/ , , 
De Ore tO yO. ye 2 


, , , Mi 
PoPiGs Ova O, eas, | 








|\Y—o,X 0, X+0,F+o,,4) 
Z—0,X o, X+0, F+o,,Z) 
The trajectories which pass through a given point and have there the 
same torsion are arranged so that their initial directions form a quadric cone. 
10. When the given torsion is zero, (20) becomes 
TAO PAGED fe Ait Od Ea: Zi 
Z—o,X o,X+o,¥+0,Z| 
In this case the osculating plane has four, instead of three, consecutive points 
in common with the curve. 
Of the co* trajectories through a given point there are 9” with hyperoscu- 


lating planes. The lineal elements of these trajectories generate the quadric 
cone (21). 


(21) 


11. By varying ¢ in (20’) we obtain a pencil of cones. It may be shown that 
all pass through the element defined by the ratios 


(22) 1:0, :@,, 
and that along this element they have a common tangent plane 


al @ @ | 


l 2 
(23) 0 @,, + ak + @,@,, + or, + 0,0,,) = 0. 
AG ye Z 


The element (22) has the direction of the line of force and the plane (23) is the 
osculating plane of the line of force. 
OSCULATING SPHERES. 


12. The properties thus far obtained are consequences of property I. To 
obtain independent properties we now consider osculating spheres. If we take 
the given point as origin and let X, VY, Z denote the coordinates of the center 
of the sphere, the equation of the sphere is 


+ oy? + 2? —2Ne —2Xy —2Zz2=0. 
The conditions for osculation with a given curve are 
X+yY¥+7Z=0, 
(24) yf Pte Za1+y +2", 
y V+2"2=3(yy +22’). 
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From these we obtain the general formulas 


peed | , ” RF 


pec +y +2°)\(y'2 ea) ie B(y2" — zy yy" ae 2! 2 ) 











xX => "ou ” om 
ye — aly 
(25) a (1 ai yf ay zi ) zi" sake 32" ( 7 yf" 42 , Zt 
tse yf itt? ay 2 yf” 5 
zy Pin: (1 be yf at zy” Of 3y"(y/y" on 2’ 2” 


Usa meee ae. 


18. Property II. Consider the co' trajectories determined by a given lineal 
element. For these y” is arbitrary and 2”, y’”, 2” are determined as functions of 
y’ by the fundamental differential equations (8) and the derived equation (10). 
If we substitute these values in (25) or, as is more convenient, in (24), we may 
eliminate the parameter y” and obtain two relations between X, Y, Z. One of 
these is already given by the first equation (24); the other is found to be 


(26) PY + KPZ Oly 42) 8 Ae ee 


The coefficients in both these equations are constants since they depend only 
upon the given lineal element. Since the equations are linear in _X, VY, Z, we 
have 

Property II. The osculating spheres of the «' trajectories passing through 
a given point in a given direction have their centers on a straight line. 

The straight line is necessarily in the plane perpendicular to the given direc- 
tion at the given point, i. e., in the common normal plane of the oo’ trajectories. 
Since the spheres all pass through the given point, it follows from the above 
that they pass through a common circle. Hence property II may be restated in 
this form: 

The osculating spheres of the «' trajectories described above form a pencil. 


14. Converse of Il. It is clear that II is independent of I. In fact the 
proof of I depended upon only the first of the fundamental equations (8), while 
that of II involved also the second. 

We now find all systems of curves possessing I and II. By article 5 the dif- 
ferential equations are necessarily of the form (12). It remains to determine the 
form of the function f. The hypothesis is that for each lineal element the 
locus of the centers (X, VY, Z) of the osculating spheres shall be a straight 
line. Since the centers are necessarily in the plane normal to the element, the 
equations of the straight line may be taken in of the form 


A+y7 Y4+2Z2=90, 
A,X+4A,Y¥+4+4A,Z2+4+A,=0, 
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where the coefficients A involve x, y, 2, y’, 2 in any way. Substituting the 
general values (25) in the second of these equations, we find a relation of the 
form 


ey 3-2") (B2"— By )—3(B,2"— By”) (yy +e 2) + Bilye"—2"y"\ =), 


dA 


where the B’s involve only x, y, 2, y’,2. Introducing the values of 2”, y 
given in (12) and the value of 2” found by differentiation, we obtain 


f= Gy" + Hy”, 


where G and H are functions of x, 7, z, y’, 2. 

It is easy to verify that this condition is sufficient, that is, that property II 
holds for all values of G' and H. Hence: 

The most general quintuply infinite system of space curves possessing prop- 
erties I and II is defined by equations of the form 


, 
2 


(27) 7” = Ky’ = 7 — “2 Vag yf = Gy’ 25 Hy”; 
1 “ 





the result thus involves two arbitrary functions w 
arbitrary functions G, H of w%, y,2,Yy, 2. 


12% of ©, Y, %, and two 


15. Correspondence of centers. We now prove a property which holds not 
only for dynamical systems but for the general systems just obtained. 

For each of the oo! curves corresponding to a given lineal element we may 
construct a circle of curvature and an osculating sphere. Denote their centers by 
O’ and O” respectively. By property II the locus of O” isa straight line. The 
locus of O' is evidently alse a straight line, namely, the principal normal which, 
by property I,, is common to all the curves. We now prove that the ranges 
described by O' and O” are similar. 

Take the given point as origin and the given initial direction as that of the 
axis of abscissas. Then the distance from O’ to the given point, that is, the 
radius of curvature, is found to be 


1 
yV1l+ K? 
The ordinate of O” is 
G. a Hy" 
(29) Z = Ky” . 


Eliminating y”, we obtain a relation of the form 
Z=ar+, 


which proves the result stated. In the dynamical case the property may be 
expressed as follows : 
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If a particle is projected from a given point in a given direction, and if 
for each of the «' trajectories obtained by varying the initial velocity we con- 
struct the center O' of the circle of curvature and the center O” of the osculat- 
ing sphere, then the points O' and O” describe similar ranges. 

There is no difficulty in proving this synthetically as a consequence of I and II. 


THE CONGRUENCE ( AND THE cusic I‘. 


16. Hquations of ©. We have seen that to each lineal element there cor- 
responds a definite straight line, the locus of the centers of the osculating spheres. 
If the point is kept fixed and the direction of the element varied, then oo” of 
these straight. lines are obtained. What is the character of the congruence 0 
thus generated ? 

The equations of the straight line corresponding to a given element, found in 


article 18, may be written 
X+yYV+4+2Z=0, 
(30) |1 $,+y¢,+2¢,| - 1 ¢,+7¢, +29, 
Y Wty hte, POON, HUN oe Xs 


Here x, y, z have fixed values and 9, 2’ are arbitrary parameters leading to the 


Za=3(b+yb+ex). 





oo” straight lines of . The quadratic terms in 7’, 2’ may be eliminated by 
combining the equations, giving the result: 
The congruence is defined by the equations 


(31) A+yV¥+2Z=90, AX+ B¥+ CZ=3D, 
where 
31) A=y$,+%9,, B=v,+y(¥,—¢,) +2 


Om Xe EY Ky eae a ea ee a A dae 
17. The cubic curve T. If the values of XY, VY, Z are given, then, since the 
equations (31) are linear in the parameters, they will determine, in general, 
unique values of 7, 2’. Hence the congruence is of order one. 
The equations (31) may be written in the form 
(32) X + Vy’ + Zz =0, a+ By +2) =0, 
where 
Jams y+ xX, 2 SF 3d, 
B=$,X+(,—¢,)¥ +x,2—3y, 


Hence the element corresponding to a general point X, VY, Z is given by the 
formulas 


(33) dw: dy:dz=A,:A,:4,, 
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where 


A= Vy—ZB=$,X Y—$, XZ4+-y, V2 4(X,—, )PZ—8y P—y, 2484, 
A,=Za—Xy=—$,X?—p, XV 4+($,—x,)XZ48yX 4+, P74, 2°+342Z, 
A,=X8—Va=¢, X*+(v,—$,) XV +x, X73 X—, Y?—y, YZ43GY. 


The point XY, Y’, Z will be singular if the equations (383) do not determine 
the element. This will be the case when 


(34) Dest ee Ae; 
From the identity 
(35) XA, + VYA,+ ZA, =0, 


which is readily verified, it is seen that (84) represents a cubic curve. 

The singular points of the congruence 1 form a twisted cubic curve. 

It will be convenient to have the equations of this curve I’ in parametric 
form. These may be found by expressing the fact that for a singular point the 
equations (82) differ only by a factor X. Hence the required parametric equa- 
tions are 


(36) $,X+ (ty —b.4 OV +x,2= 8h, 


The explicit expressions for X, Y, Z as cubic functions of the parameter 2 will 
not be needed in the following discussion. 


18. Property III,. We now may prove that the congruence © is completely 
defined by the curve I’, by showing that every straight line of 0 has two singu- 
lar points, that is, is a secant of I’. 

Since any element may be made to take the direction of the axis of abscissas 
by revolving the axes, it will be sufficient to prove the statement for the single 
element 7 =0,2°=0. The corresponding straight line, by (81), is 


eM yh es 


It is easy to verify, by using either (34) or (36), that this line has two points 
in common with I’. 

Property III. The straight lines which correspond, according to prop- 
erty II, to the «” elements at a given point, form a congruence which is com- 
posed of the secants of a twisted cubic curve, 


19. Property III, The preceding article associates with any given point a 
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definite cubic [. From the equations (84) it is seen that the curve passes 
through the given point, which is there taken as the origin of the XY, Y, Z 
coordinates. In the parametric representation (36), the origin is given by the 
value X= oo. The direction of the curve at that point is found to be given 
by the ratios $6: ~: vy; it is therefore the same as the direction of the force act- 
ing at the given point. This direction is defined geometrically in connection 
with property I. We may, therefore, state the new property as follows : 

Property III,. Zhe cubic curve I’, associated by property IIL, with any 
point, passes through that point in the direction of the axis of the pencil of 
osculating planes described in property I. 


20. Quadrics through I. Consider the 0? trajectories passing through a 
given point and having initial directions in a given plane. The lineal elements 
thus satisfy a linear relation 


(37) adx +bdy+cdz=9. 


It follows, from (338), that the corresponding centres X, Y, Z satisfy the 
equation 
(38) aA, + bA,+ cA, = 0. 


The locus of the centers of the osculating spheres of the « trajectories 
touching a given plane at a given point is a quadric surface. 

The quadrics (38) are in fact the linear system of quadrics passing through 
the cubic curve [. The result is really a corollary of the previous properties 
and may be derived synthetically. The straight line corresponding to a given 
element is obtained by constructing the plane perpendicular to that element at 
the given point; this plane cuts I’ in two new points; the line connecting these 
is the required line. If then we take the pencil of elements determined by a 
plane through the given point, the corresponding normal planes form a pencil ; 
hence the corresponding straight lines form a regulus. This determines a 
quadric of the linear system (88). 


21. Interpretation of the curl. To each plane (87) through the given point 
there corresponds a definite quadric (88). For which planes will this quadric 
be a rectangular hyperboloid ? 


The condition for such a quadric is that the sum of the coefficients of 
X*, ¥?, Z shall vanish. This gives 


(39) a(n, —X;) + BO ale, — wh) — Ue 


This means that the plane (37) must contain the fixed direction defined by 
the ratios 


(40) We XyiXe — Pei Py — Vee 
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These three quantities are the components of the curl of the force ¢, W, x. 
Hence: 

The direction of the curl of the force at any given point is defined geomet- 
rically by the fact that the quadrics corresponding, according to article 20, to 
the planes containing this direction are rectangular hyperboloids. This is 
not the case for any other planes through the given point. 


22. Conservative force. The force is conservative when, and only when, 
the curl vanishes identically. In this case condition (89) holds for all values 
of a,b,c. Hence the quadric corresponding to any plane is a rectangular 
hyperboloid. ‘The cubic curve I is then of a particular species which may also 
be termed rectangular. Its definitive property may be expressed in simple form: 
the three asymptotic directions of the cubic are mutually orthogonal. 

Our result is thus a purely geometric characterization of the conservative case: 

When, and only when, the force is conservative are the cubic curves T, cor- 
responding to all points of space in accordance with property II,, of the rect- 
angular species. 


23. Converse of III. Our next problem is to determine all curve systems 
possessing properties IIT, and III, in addition to land II. It will be convenient 
to refer to the joint statement of III, and III, as property III. The discus- 
sion will show incidentally that III is independent of I and II. 

The most general system for which I and II hold was proved in article 14 to 
be represented by equations of the form (27), namely, 





(41) al” rd RK a yf” 2. Gy" ih Hy”. 
The straight line corresponding to a given element is here determined by the 
equations* 
(42) X+yV¥+4+2Z=0, MY+NZ+1=0, 
where 
ead IG, 
(42’) M,N Sides a" 


A+ y+ 2°) 8 (y+ Ke)’ 


The problem is to determine the form of the functions G and H, or, what is 
equivalent, of the functions Jf and JV, so that property III shall also hold, that 
is, so that the congruence (42) shall be of the particular type described in III, 
and III,. 

Let the equations of the cubic associated with the given point, which we take 





* In the dynamical case these reduce, of course, to equations (30). 


48 EDWARD KASNER: DYNAMICAL TRAJECTORIES ; THE MOTION [April 


as origin of the hemogeneous cartesian coordinates X, Y, Z, 7, be, in para- 

metric form, 

X=a,'+a,V+ar4+ 4,, 

(43) VY=b,N4+),V 46,4 8,, 
Z=¢,V+oNV+eorA4c,, 
T=dN+d,V+dr+4 d,. 

The curve is to pass through the origin by III,. We may take the parameter 

so that X = oo shall correspond to this point. Therefore 

(44) 1a pa 

The directional property involved in III, requires further that 

(45) C3 Ore Cie tLe O10), 

We may therefore take our cubic curve in the form 
X=aNV+arA4+4,, 

Y=bh’+b,r7+4 4,, 
(46) (dg 209 2 ty = 1kW, ROD): 
Z=oV+erA+e, 
T='N+d,V+d,r4 d,. 
The coefficients a, 6, c, d may involve x, y, z in any way. 
If we substitute these values in (42), we find 


(47) LvV+L,.+ L,= 9, 

where 

(47!) L=a+yb4+2c¢, L=at+yb,4+2¢, L=a+yb,4 2¢,; 
and 


(48) a2 + (Mb, + No, + d,)¥? + (Mb, + No, + d,)X+(Mb,+Ne,+d,)=0. 


The condition that the line (42) shall intersect the cubic (46) in two points is 
that the equations (47), (48) shall have two roots X in common. This gives two 
relations 


L, (6, L,)M + L,(¢,L,)N= Ed Dr L,(d,L,), 
L, (6, L,)M + L,(¢,L,)NV= L; a L,(d,L,); 


(49) 


where the parentheses represent determinants 
(49’) (6, 27,) = Opt = bn, s ete. 


in terms of their principal diagonals. 
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The solution of (49) gives, after some reduction, 








iif L,(¢,£,) ea L( 6; D,) ed L, (4, c, Ls) 
7 (abc) L, : 
(50) 
ie Li O5 Lis) 7a7 tO.) a L,(d,6,L,) 
ae (abe) L, ‘ 


Arranging these with respect to y’, 2’, we find that the functions MW and JW are 
necessarily of the form 
ve m, + m, +m,2 + y (Ly + 1,2’) 

38(l+o,y7 + ,2) - ; 
ve n+ ny +n 2 +2 (Ly + 1,2’) 
Stiles a gi-Ho,2 ) age 
where the coefficients 7, m, n involve only ~, y, z. 
Conversely, any functions of this form lead to a system (41) with the required 
properties. The congruence (42) may, in fact, for these values of J/ and J, be 
put into the form 





(51) 





A+yY+2#2Z2=0, 
(52) —(Ly +1,7)X+(m,+ my’ + m2) ¥ + (n, + ny +7,2%)Z 
=3(1+o,y' + 0,2’). 


A discussion entirely analogous to that given in articles 17 and 18 shows that 
the congruence is defined by the cubic curve 


m¥+nZ+4+8 _ mM, V+n2,Z—1X + 30, a m,¥ +n,Z —1,X + 380, 


ee) x e Vv q Z 











This passes through the origin in the direction 1: @,:@,, hence property III 
holds in its entirety. Our result may be stated as follows: 

The most general quintuply infinite system of curves with properties I, IL 
and III is represented by equations of the form 





(54) os” ait 6 i yr" oe Gy’ a8 Hy”, 
where 
2° —o 
54’ K=-; 2, 
( ) rh 


and G and H are defined by the relations . 
G:KG+K':H(1 ty" 4+2°)—38(y + Ke’) =m, + my +m,2 
+y (LY +lg) int ny + ne + 2 (hy +1,2):3(14+ 0,74 @,2). 


The system thus involves ten arbitrary functions of x, y, 2, namely, 


(54") 


(55) EO wis gi lina 10s 5a Monet Won ga Tey 9 hn 5.) The 
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RELATIONS BETWEEN THE TEN COEFFICIENTS. 


24. The dynamical systems, defined by equations of the form (8) in connec- 
tion with (8’) or (8”), involve only three arbitrary functions ¢, ~, X and thus 
constitute a special case of the systems obtained in the preceding article. The 
question then arises, what is the special nature of the ten functions (55), which 
appear as coefficients in the equations (54”), if the system (54) is to be of the 
dynamical type ? 

Comparing the equations (52) with the corresponding equations (31), (31’) of 
w,, P defined by (9), we 


the dynamical case, and introducing the functions @ 


1? 
find that 
L=©@®,, Lae, 
(56) m, = —o,®,—o,,, m,= P,—a, —o,®,, mM, = —o,,—o, ®., 
n= —0,P,—o,,, N,=—, —o, ®, nr, = P —o, —o,®.. 


In order that the ten functions (55) shall belong to a dynamical system it is 
necessary and sufficient that they shall be expressible in terms of three functions 
w,, P according to (56). 


@15 


25. The explicit conditions may be obtained by eliminating ® from (56). 
The algebraic elimination of ®,, ®,, ®, yields five relations, namely: 


m+, +0,/,=0, n, +, + 0,1,=90, 


(57) m, +o n, + @ 
ty Os ol, =n, + o,,+ 0,1, = — errr wen 5 Qa 
Furthermore, from (56) we obtain the equations 
m, +o n, + o, 
(58) yall le WARSI hla Ja CE Dee oy yh 
x o, @, y 1 z 2 


for which the conditions of integrability may be written 


oer 0: i, + (2) <0, 1, + (™E*e) <0. 
F Saal: “an ) 


2 1 


(59) 1 


26. We have thus obtained eight necessary relations (57), (59). We now 
prove that these are also sufficient. Suppose that any ten functions satisfying 
these relations are given. Then, on account of (59), the equations (58) will be 
consistent ; hence a function ® can be determined.* It is then easily verified 
that, on account of the relations (57), the equations (56) hold. 





*The integration constant involved enters additively in ©. Hence, from (9), the force 
¢, , x is determined except for a constant factor. This agrees with the result stated in article 3. 


— 


eee 
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In order that a system of curves with properties I, Il, and ILI, that is, a 
system defined by equations of the form (54), (54’), (54”), shall be of the 
dynamical type, it is necessary and sufficient that the ten functions (55) shall 
satisfy the relations (5T) and (59). 


27. Preliminary interpretation. It remains to interpret the relations (57), 
(59) geometrically. For any system of curves with properties I, II, III there 
is associated with each point x, ¥, 2 a definite cubic curve I’, whose equations 
are given by (53). The association of point and corresponding cubic is fixed 
by the functions (55). Any relation between the functions is thus equivalent 
to a restriction on this association. It would in this way be possible to derive 
a direct geometrical interpretation of the relations (57), (59) which express the 
character of the association in the dynamical case. However, the result thus 
obtained is quite complicated and we shall not state it. A simple geometric 
interpretation will be obtained indirectly in the subsequent discussion of asso- 
ciated S-systems. 

28. We derive first a property which is equivalent to two of the eight relations 
(57). According to article 13 there corresponds to any element (y’, 2’) at a 
given point a definite straight line. Consider now the particular element (@,, @, ) 
whose direction is that of the force acting at the point. By taking the axis of 
abscissas in this direction, we find that the corresponding line is represented by 


(60) BG Sie a ee 


The perpendicular distance from the given point, here taken as the origin of the 
AX, VY, Z system, to this line is 
3 
V Og t Ore 
On the other hand the radius of curvature of the line of force (10) passing 
through the given point is, under the assumed conditions, 


1 . 
Var, + 0, 
that is, just one third of the perpendicular distance. 


The direction of the straight line (60) is also simply related to the line of 
force. The osculating plane of the latter is 


o, F—o, Z=0. 


It is thus perpendicular to the line (60). The results may be stated as follows : 

The straight line which corresponds, in accordance with property II, to a 

lineal element belonging to a line of force is parallel to the binormal of the 
Trans. Am, Math. Soc. 11 
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line of force; and its perpendicular distance from the given point is three 
times the radius of curvature of the line of force. 

This may be stated in purely geometric form by replacing the direction of 
the force by that of the axis of the pencil considered in property I. It is 
found that the results hold for all systems in which the functions (55) satisfy 
the conditions 


{m, + m,o, + m,@, + o,(1,0, + 1,@,)}? + {n, + 1,0, + 2,0, + o,(1,0, -t 1,@,) \? 


9 


na (,, = beep need i @,@,,)” ae (@,, oy es, ot @, @,,)” 





(61) 
at | @, OO, + veh hort + @, O,, | 
Spioveae, 
1 2/@, @,, al @, O,, a OW, 
(62) ie + ®, Oy T+ @,@,, Mm, + M,@, + M,, + 0, (1, + 1,0, ) | 





@,, mr Op aa. +O, M+ N,@, + Nz @, + o, (0, @, + 1,®, ) 


These are, in fact, consequences of the relations (57), though of course the con- 
verse is not true. The property stated in this article thus holds not only for 
dynamical but for more general systems. Its addition to I, I, and III will 
therefore not yield a complete characterization of the dynamical type. 


THE ASSOCIATED PLANE SYSTEMS S. 


29. Definition. To reach the desired characterization we introduce certain 
plane systems of curves which may be associated with any quintuply infinite 
system of space curves. 

Consider any plane 7. Through each point of 7 there pass oo” curves of the 
given system which are tangent to 7. Project the differential elements of the 
third order belonging to these space curves orthogonally upon 7, thus obtaining 
oo” plane differential elements of the third order at the selected point. Apply- 
ing this process to all points of 7, we have a definite system of oo* differential 
elements of the third order. These elements define a certain differential equa- 
tion of the third order and thus determine oo* integral curves. These form 
what we shall term the associated S-system in the plane 7. 

The system S is easily determined analytically. Let the given plane 7 be 
taken as the xy plane, and let the equations of the arbitrary quintuply infinite 
system be 

B= 9(@,Y, 2, HY, 2%), 


ae = f( X,Y, 2%, URED Yi): 
Then for the lineal elements contained in 7 we have 


z=, z=. 


(63) 
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Hence the differential equation of S is 


(64) Y=fK(2,9 OY, 0 YHA yr WV): 


There will be in all oo* of these triply infinite systems S, namely, one for 
each plane of space. Any geometric property of these systems is at the same 
time a property of the original space system; for the former are determined 
geometrically by the latter. 


30. We apply this notion to the dynamical systems and obtain: 

Prorerty IV. The plane systems S associated with any quintuply infinite 
system of dynamical trajectories are of the (two-dimensional ) dynamical type. 

To prove this it will be sufficient to consider the S-system associated with the 
wy plane. Applying the. method given in the preceding article to the equa- 
tions (8), or, as is equivalent, to the equations (5) and (6), we find that the 
system is defined by 
(65) Neo a i : ks 2 — 3dy", 

Naty 

where d, Wy are functions of , y obtained from ¢, by substituting 0 for z 
This is precisely the equation of the trajectories generated by the plane field of 
force whose components are , .* The force acting in the plane is seen to be 
derivable by orthogonal projection from the given force (1). 


31. The geometrical properties of plane dynamical systems are given in the 
paper already cited. We shall number the properties as in that paper, but dis- 
tinguish them from the spatial properties already obtained by attaching a sub- 
script p. As the characteristic set we may take + 


(67) (TO OR BA fe 


Property LV, given in article 30, may thus be restated in purely geometric 
form as follows: 

Property IV. The systems S associated with any quintuply infinite sys- 
tem of dynamical trajectories possess the plane properties 1, IL, II1,, V,, VI,. 

It thus may be broken up into five distinct statements, of which the first, for 
example, would be: Every S-system is such that the osculating parabolas (con- 
structed at the common point) of the oo’ curves passing through a given point 
in a given direction have their foci located on a circle passing through the 


given point. 





*Cf. Trajectories, p. 403, formula (5). 
ft Loc. cit., p. 417. 
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32. Converse of I. The object of the remaining discussion is to show that 
the addition of property IV to properties I, II, III gives a set which completely 
characterizes the dynamical type in space. We must therefore examine the 
effect of adding successively the properties (67) to I, II, III. The first result 
is this: . 

Tf any quintuply infinite system of space curves possesses properties I, I, 
then the associated S-systems necessarily possess property I,. 

This is proved by noting that the condition for I, is that the differential 
equation of the plane system shall be of the form * 


(68) y= G(a,y,y)y + H(x,y,y',)y” 


That the S-system is of this type is seen from the equations (27), which repre- 
sent the most general system with properties I and II. 

It is thus shown that I, is redundant, in the sense that it is a consequence of 
preceding spatial properties. 

33. Converse of iI,, IIL,. In order that the system (68) shall have proper- 
ties IL, IL, it is necessary that the G and H shall have the special forms + 


(69) Pep Meath BI) 
— te 


y —o@ 


’ H = 





’ 


where A, “, v, involve w, y only. 

We now determine under what conditions a system with properties I, II, and 
III, that is, a system whose differential equations are of the type defined by 
(54), (54’), (54”), will have associated S-systems possessing properties PAO EE 
This is to be the case, of course, for the S-system in every plane. 

Consider first the planes parallel to the xy plane. The systems S are then 
found by substituting 0 for 2’ and an arbitrary constant for z. By making use 
of forms (69) in connection with (54”), we find 


m, + my + l, yf = dy” + py’ +, 
(70) _ (0G + wy +7) + (¥ =) ey + 0,0 


nitny = ; 
WY Mirae 





The elimination of X, «, v then gives 


Reus m, + O,,+(m,+ ,)y¥ +14 


2 
=o 
| ee Ny On (t,t @, 7) ae i 





* Trajectories, article 13. 
Tt Loe. cit., articles 14, 15. 
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This is to be satisfied identically ; hence 
ML tee 
(71) (m+ ©,,) — @,(m, + ©,,) = 0, 
n, + @,,— 0, (nm, + @,,) + @,(m, + ©,,) =. 
An analogous discussion for the systems S in the planes parallel to the xz 


plane yields the relations 
Ms + @,, + 1,0, = 0, 


(72) @, (2, + @,,) — @,(m, +o,,)=9, 
Mm, +, + @, (2, TU ,.) ae @,(m, oe @,.) = 0. 


No new relations are found by considering other planes. The relations (71), (72) 
are seen to reduce to five and to be equivalent to the relations (57). 

The only systems of curves with properties I, I, II, I, U,, II, are those 
systems of type (54), (54), (54") in which the functions (55) satisfy the rela- 
tions (57). 


34. It has been proved incidentally that when IL, IIL, hold for the systems 
S in two series of parallel planes, say the planes parallel to two of the coordi- 
nate planes, they then necessarily hold for all planes of space. Of course it is 
assumed here, as in the following, that I, II, III hold for the original space 
system. 


35. Converse of V,. It will now be shown that property V, imposes no 
additional restrictions. The condition that a plane system defined by the forms 
(69) shall have this property is * 


(73) Aw? + poO+v+o,+ a0 =0. 


- Applying this to the S-systems in the planes parallel to the xy plane, for which, 
according to (70), 


(74) Nel, [== MN, 4 =m, O=0,, 
we find 
(75) Loti +m,o,+m,+,,+ 0,0, = 9. 


This, however, is seen to be a consequence of the relations (57). 
Property V,, is a consequence of IL, IL, in connection with I, H, HI. 


36. Converse of VI,. It will now be shown that property VI, does impose 
additional restrictions and that these are precisely equivalent to the relations 
(59) obtained in article (25). 


* Trajectories, article 22. 
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The condition for Mish, is * 


(76) Ree (=*) mai. 
ne y 


We begin by applying this to the S-systems in the planes parallel to the xy 
plane. In this case we may use the values given in (74); hence 


fae (2) may 
o, y 


which is the third of the equations (59). The corresponding condition for the 
planes parallel to the xz plane is obtained by replacing y by z, o, by @,, 7, by /, 
and m, by n,. This gives the second of the equations (59). 

The discussion for the S-systems in planes parallel to the yz plane is not so 
simple ; for here we can no longer employ « as the independent variable. It 
is necessary to transform the second of the equations (54) so that say v shall be 
the independent variable. The result is 

















= dz\? dz 
a die dy a My +v a 3 Jee\? 
a dy de dp" de \ dy)” 
dy Erie dy aya 

where 

lx . 
/ u N.— mM, — ™M, se n, +n me 
(TT’) Ma : : dy 2 ‘dy w, 
; Na a es Tek} v= 5 o=—. 

@ @ o @ 


_ 


1 1 1 


For the S-systems considered, % is an arbitrary constant and dx/dy = 0. 
Thus the condition (76) gives 





my (2 
O mM, O| @, s ON 0 
dy\ a, Oz o, ie 


oe 


By using the relations (57), it may be shown that this takes the simple form 
L. a ly aad 0 3 


which is the first of the relations (59). 

We may avoid the calculations that would be introduced by the direct consider- 
ation of other planes as foHows. It has been shown that when the S-systems in 
planes parallel to the coordinate planes possess property VI, then relations (59) 
are necessarily fulfilled. The relations (57) are already fulfilled on account of 
properties IL, IIL. From the theorem of article 25 it then follows that the 


* Trajectories, p. 415. 
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original system of space curves is of dynamical type. Hence, by article 30, the 
systems S for all the planes of space are of dynamical type and hence possess VI. 
In order that a system with properties I, UW, UT, IL, HL, shall also possess 
property VI, it is necessary and sufficient that the relations (59) shall be 
fulfilled. 
37. It has been shown incidentally that when VI, holds for the S-systems 
constructed in a triply orthogonal series of planes, it then holds for all S-systems. 
38. Restatement of IV. It will be recalled that the plane systems S were 
obtained, not by the orthogonal projection of the space curves, but by the 
orthogonal projection of the differential elements of the third order belonging 
to these curves. If we consider the oo* space curves of the original quintuply 
infinite system which touch a given plane 7, their orthogonal projections upon 
that plane would give rise to a system of oo’ plane curves. The relation between 
these curves and those belonging to the system S in the same plane is as follows: 
the projections of the oo” space curves touching 7 at a common point O have, 
at that point, contact of the third order with the oo” S-curves passing through O. 
Properties I, IL, I1I, have reference to the curves passing through a given 
point; properties V,, VI, relate to certain variations produced by changing 
that point. Neither set involves differential elements of higher than the third 
order. Hence it is possible to replace property IV by the-following equivalent : 
If the «? trajectories touching a given plane m at a common point O are 
projected orthogonally upon 7, the plane curves thus obtained possess the prop- 
erties I, IL, Il, and hence also the derived property IV, as stated in the 
two-dimensional theory.* When the point O varies in the plane 7, the direc- 
tion associated with it by II, and the conic associated with it by IV, vary in 
accordance with the restrictions expressed in V, and VI,.* 


COMPLETE CHARACTERIZATION. 


39. The main result of our entire discussion may be stated as follows : 

In order that a system of 2° space curves, of which c' pass through each 
point in each direction, shall be identifiable with the system of trajectories due 
to a ( positional) field of force 


dx dy ae 
de = oe: Y,%), Ge VCE Ys %)s dg = X(%sY>%)s 


it is necessary and sufficient that it shall have the following purely geometric 
properties : 

I. The osculating planes of the oo” curves passing through a given point 
Sorm a pencil ; that is, all the planes pass through a fixed direction. 





* See Trajectories. 
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II. The osculating spheres of the c0' curves passing through a given point 
in a given direction form a pencil ; their centers thus lie on a straight line. 

Ill. Zhe straight lines which correspond, in accordance with II, to all the 
directions at a given point, form a congruence, of order one and class three, 
consisting of the secants of a twisted cubic curve ; which cubic passes through 
the given point in the direction fixed by property I. 

IV. The associated systems S, constructed as in article 29, have the charac- 
teristic properties of plane dynamical systems. 

These four properties are independent in the sense that no one can be derived 
from those which precede it.* The last one, [V, may be replaced by weaker 
requirements: of the component parts it is sufficient to retain IL, IIL, VL, 
and of all S-systems it is sufficient to consider those constructed in a triply 
orthogonal series of planes. 


40. From article 22 it is seen that a complete geometric characterization of 
the trajectories produced by a conservative force is obtained by adding to III 
in the preceding set the requirement that, for every point of space, the corre- 
sponding cubic curve shall be of the rectangular species. 


CoLUMBIA UNIVERSITY, NEW YORK. 





* The question of absolute independence is left open. It may be that the other properties are 
consequences of IV. 





A CLASS OF PERIODIC ORBITS OF AN INFINITESIMAL BODY 
SUBJECT TO THE ATTRACTION OF n FINITE BODIES* 


BY 


WILLIAM RAYMOND LONGLEY 


Introduction. 


The question of periodic solutions of a set of differential equations with appli- 
cation to the problem of three bodies has been treated by Porncars,} and the 
idea of analytic continuation which he developed will be employed in this paper 
to prove the existence of the solutions under consideration. 

Suppose that m finite bodies move in one plane and that their coordinates 

with reference to one of the bodies, J/, as origin are known functions of the 
time. At any epoch ¢, the bodies form a certain geometrical figure and have 
certain relative components of velocity. Suppose that at the epoch ¢, + 7 the 
bodies form again the same geometrical figure and have the same relative com- 
ponents of velocity ; it is said that the motion is periodic with the period 7’. 
_ A particle P is supposed to move in the plane of the motion of the finite 
bodies, subject to their newtonian attraction. In the differential equations of 
motion of the particle it is convenient to divide the terms into two classes: 
(1) those which are due to the attraction of J alone, and, (2) those which are 
due to the attraction of the other bodies. A parameter mw is introduced as a 
factor of all the terms of the second class, so that when p» = 0 the differential 
equations represent the motion of P when subject to the attraction of only one 
body, JZ. In this case the solution is known and the conic in which the particle 
moves is called the undisturbed orbit. 

If there exists a periodic solution of the differential equations when » + 0, 
the period 7’ of the solution must be a multiple of 7,, 7=qZ,. Suppose the 
period is assigned in advance. When «= 0 a periodic solution is known. The 
initial conditions may be determined so that the period 7, of this solution is a 
submultiple of the assigned period, that is, p 7, = q7, = 7’, where p and q are 

* Presented to the Society April 14, 1906. Received for publication June 15, 1906. 

+ Bulletin Astronomique, vol. 1 (1884), p. 65; Acta Mathematica, vol. 13 (1890), 
p. 5; Les méthodes nouvelles de la mécanique céleste, vol. 1, chap. 3 (1892). 

t The analysis employed in this paper is valid for sufficiently small values of the parameters 


involved. All statements concerning the properties of the solutions for / + 0 refer only to values 
of / so small that the solutions are known to be valid. 
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integers. There exists, therefore, a solution of the differential equations for 
# = 0, which has the assignéd period. Does this solution persist, in the sense 
of analytic continuation, for values of mw different from zero but sufficiently 
small? This question is here investigated by the method of Porncaré. Three 
cases present themselves for consideration : 

I. When the orbit of the particle is symmetrical with respect to a line. 

II. When there exists a uniform integral of the differential equations of 
motion. 

III. When no uniform integral exists. 

I. The first case may occur as a particular sub-case of either the second or 
the third; but, if the differential equations admit a symmetrical solution, the | 
proof of the existence of a symmetrical periodic orbit does not depend upon the 
consideration of the integral, and may be most conveniently treated as a distinct 
case. 

If a particle is subject to the attraction of two finite bodies, there are always 
initial conditions under which the orbit is symmetrical with respect to the line 
joining the finite bodies, and with respect to the time of crossing this line. If 
the body JZ, revolves about J in a circle, the condition for a symmetrical orbit 
of the particle P is that P shall cross the radius vector of MZ, orthogonally at 
any time. The orbits of Hi~i,* Darwin,t and Moutton¢ are of this type. 
If the orbit of JZ, is an ellipse, the condition is that P shall cross the radius 
vector orthogonally when JV, is at an apse.§ The property of the symmetry of 
the orbit of P with respect to a line rotating with an angular velocity which is 
a function of ¢°, holds for some cases in which the particle is subject to the 
attraction of more than two finite bodies. When the motion of n finite bodies 
is such that they form a geometrical figure having always the same shape, in 
which equal masses are symmetrically situated with respect to a line of the 
figure, the particle may be started so that its orbit will be symmetrical.|| An 
example of another type of the motion of the finite bodies, which is such that 
the orbit of the particle may be symmetrical, is given in the last section of this 
paper in the third numerical problem. 

II. The case where a uniform integral exists occurs when the finite bodies 
move in circles about JZ with the same angular velocity V. The bodies form 
a fixed geometrical configuration in a plane which rotates about the origin with 





*American Journal of Mathematics, vol. 1 (1878), p. 245. 

tActa Mathematica, vol. 21 (1897), p. 99. 

{Transactions of the American Mathematical Society, vol. 7 (1906), p. 537. 

§ This case has been treated in an unpublished paper by W. D. MACMILLAN presented to the 
Society, April 14, 1906. 

|| Examples are furnished by the equilateral triangular solution of Lagrange, when two of 
the bodies are equal, and by many particular solutions of the problem of n bodies. See W. R. 
LONGLEY, Some particular solutions in the problem of n bodies, Bulletin of the American 
Mathematical Society, vol. 13 (1907), p. 324. ; 
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the angular velocity VV. When the codrdinates of the particle are referred to 
axes in the rotating plane, the differential equations of motion do not contain 
the time explicitly, and the period of the solution may be chosen arbitrarily ex- 
cept for limitations which are necessary to assure the convergence of the series 
employed. 

Ill. The third case occurs when the finite bodies do not move in circular 
orbits about 17. The parameter yu is introduced into the differential equations 
in such a way that the proof of the existence of periodic orbits of the particle is 
made to depend upon the terms which are due to the attraction of only one of 
the perturbing bodies, 1/,. The motion of JZ, is subject to mild restrictions, 
namely, that the radius vector shall be given by an expression involving only 
cosines of multiples of the time, and that the expressions for the longitude shall 
involve only sines of multiples of the time. The only restriction upon the 
motion of the other bodies is that it shall be periodic. The treatment is 
sufficiently general to permit applications in the problems presented by the 
motions of the solar system. For example, suppose that P is a satellite of 
one of the planets J/, and that JZ, is the sun. The conditions upon the 
motion of JZ, are fulfilled if we neglect the perturbations of the other planets 
upon 17. If we neglect the inclinations of the orbits of the other planets, and 
suppose that their motion is periodic, it is possible by the methods given below 
to treat the periodic motion of the satellite in the plane of the planetary orbit 
when subject to the attraction of the sun and all the planets. 

It is shown that when the period of the motion of the particle is assigned, 
there exist two and only two real orbits of this analytic type having the pre- 
scribed period. In one of the orbits the motion is direct, and in the other it is 
retrograde. If symmetrical orbits exist, there are no unsymmetrical periodic 
orbits. It is shown that, in the analysis employed, the eccentricity of the undis- 
turbed orbit must be zero. A method is given for constructing the periodic 
solutions to any desired degree of accuracy by processes which involve only 
algebraic computation. 

For convenience and clearness the details of the analysis are carried out for a 
special example of the motion of the finite bodies, namely, for three finite bodies 
which move according to the equilateral triangular solution of Lagrange. This 
example illustrates the three cases which may occur, and only slight changes in 
the details are necessary in order to apply the treatment to the more general 
examples previously mentioned. 

Some numerical examples are given at the end of this paper with drawings 
of the orbits which have been computed. 
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Existence of Periodic Orbits. 
The differential equations of motion. Let M, M,, and MM, denote the 


masses of three finite bodies moving according to the lagrangian equilateral 
triangular solution. With reference to J/ as origin and an axis having a fixed 
direction in space, let the coordinates of JZ, M,, and the particle P be respec- 
tively (R,, V,), (#, V,), and (7,v). The coordinates of the bodies are 


expressed in terms of the time as follows: 


2 
By = Ry= AR = A{1—ccos Nt 5 (cos 2Nt—1) + - , 
(1) 


where 


V,—o,=V,—o0,=V= Ne + 2esin Mt + fe’ sin 2Nt+---, 


NA =? (M+ M+ M,). 


The finite bodies are at apses of their respective orbits at ¢= 0; Vis the mean 

angular motion, A the major semi-axis, e the eccentricity, k is a constant depend- 

ing upon the units employed; and w,, w, are constants such that w, — @, = 7/8. 
The differential equations of motion of P are 


d’r ; du\? ke M rehO) 
wea) to a 
av dr dv 1 00 
Sia obs cual cece sd 


(2) 








where 
DU aa et M, 
2 1 radian Rae 4 cee oh eee — a 
Q=k E =. 7 Fee 1) NG | 





(3) r1=Vr+ Ri — 2rR, cos(v—V,), 





r=Vr + R? — 2rR, cos (v — V,). 
Let us define m and a by the relations 
(4) mv = N, Va=k?M, 


where v is the mean angular velocity of P in the undisturbed orbit. 

The period of the motion of the particle in the undisturbed orbit is 27/v. 
The period of the motion of the finite bodies is 27/1. In order that the periods 
shall be commensurable, v is determined by the relation 2p7/v = 2q7/, 
where p and g are integers. This restriction is not necessary, however, when 
Gest 

The next step in obtaining the final form of the differential equations is 
to refer the motion to a plane rotating with the angular velocity of the finite 
bodies. If ¢=0, the coordinates of JZ, and M, become constants, and v may be 
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chosen arbitrarily. The motion is referred to an axis rotating with the angular 
velocity of the finite bodies by the substitution v=w+V. It is convenient 
to eliminate the factors depending upon the units employed by, the substitution 


r= ap, vt=T. 


Hence Nt becomes mt. We may expand © as a power series in ap/ AV as 
follows : 


2 


k?M a 
Sie a5 11 + 8c0s2(w— w,)} 





{ 
m) { 3 cos (w—w,) + 5 cos 8(w—w,)b + | 





ap 
AR 
AG + 3 cos 2 (w—,)} 


- 18 cos (w — @,) +5 cos 3 (w— mp beef. 
Let 2X, and 2, be defined by the relations 
(5) M, =>,(M,+ M,), M, =», (M, + M,). 


From equations (1) we have 








kh? (M+ My) _ a2 

We 1 M 

TU, + UM, 
On setting 
il . 
At emi 
roo 
M+ Hl, 


it follows that 


1 00 Km" p 
olen) R E 111+ 3 cos 2(w—w,)} 


3X, 
a (am) 3 cos (w—@,) +5 cos 3(w— ow) bp 





Rent + 8 cos 2(w—w,)} 


3X 
“8 (arte) {8 008 (9 — w,) + 5 0088 (0 —a,)} = |, 
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pe 


1 60 =e | 3 


sin 2(w—w,) 


a’ p Ow cetie R? 9 
Br, ( ap \¢ ; 
3'( age) {sin — =) + 5 sin 8(w—w,)} ee 


(6) 2 


3X 
+5 sin 2(w—@,) 


3: (a) {sin (w—w,) +5 sin 3(w—w,)} 2k |. 


The differential equations of motion become 


d* p Ae Sd VN ai Lea ee OY 
(+a) + = a O(ap)’ 


(2 7) 20 (S 7) in cod) 
pit ea | Ve age ae 


dr 


(7) 





det de) t* dr\ dr? dr )~ @p bw’ 
Case I. Symmetrical solutions. Suppose the masses JZ, and MV, are equal 


and that the w-axis passes through the center of gravity of the system. These 


conditions are expressed by the relations, 


TT “0 
— 6? O.=7 


(8) A, = Ao oo 6° 


1 

It follows that the first of equations (7) involves only cosines of multiples of w, 

and the second involves only sines of multiples of w. Since dV/dz and & are 

even functions of 7, it follows that the equations are unchanged if p is left 

unchanged while w and 7 are changed into — w and — 7 respectively.* When 

subject to the restrictions (8), let the differential equations be denoted by (7,).+ 
Suppose that 


(9) p=,(T), w=,(T), 
is a solution of (7,) such that 


dp 


(10) ce — w(pr)—pr=90. 


Tp 
The differential equations are periodic in w and 7, and JZ, and J, are at apses 
at T=p7. It follows from the form of the differential equations that wy, is an 
even function and yy, is an odd function of 7. Hence if the particle crosses the 
w-axis when the finite bodies are at apses of their respective orbits, the orbit of 
FP is symmetrical with respect to the axis and the time of crossing. If the 
orbit is symmetrical with respect to two epochs, for example, 7,=09 and 7,=p7, 
it is periodic with the period 2y7. If the solution (9) is symmetrical with 
* In the more general cases in which symmetrical solutions occur it may happen that the first 
equation contains also sines of multiples of w multiplied by odd functions of +, and that the 


second equation contains also cosines of multiples of w multiplied by odd functions of rT. 
t Throughout this paper the subscripts I, II, III refer to the case I, II, III, respectively. 
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respect to the epoch t= 0, the conditions (10) are necessary and sufficient for it 
to be periodic with the period 2p7r. 

We will now investigate the existence of symmetrical periodic orbits which 
have the period 2p7. The terms of equations (7,) are periodic in 7 and ana- 
lytic in m; but, when expanded in this parameter, the coefficients of the various 
powers of m contain non-periodic terms. It is convenient in this discussion of 
periodic solutions to avoid such terms in the differential equations, and this is 
accomplished by a generalization of the parameter m.* Consider the set of 
differential equations, 


he dw dU ii 
gee get eG) = fi, 


dt dt p” 
(11) 
dw d?U 9 p (dw dU ; 
p( Gar tga )+2 nae tH plate 
where 
Ure V= Beit + 2esin mt + Se? sin 2m7 + -- 
m m * 4 


and p*f, and w’g, are obtained from 1/a-00/0( ap) and 1/a’p-00/Ow respec- 
tively by writing »” for the factor m’, and by making the substitution a/A = np, 
where 7 is a numerical constant. 

Equations (11) do not represent any physical problem except for a special 
value of «, namely, «=m, and are to be studied from a mathematical point 
of view. They may be solved for p—1 and w as power series in p. 
For a preassigned arbitrary interval for 7 the series are convergent for all 
values of » numerically less than ,+ and satisfy the differential equations 
identically in w. Therefore, if in the solution mw is given a value numerically 
equal to m(m </), the solution satisfies the differential equations (7,) and 
represents the physical problem under consideration. It follows from the form 
in which m enters the differential equations that 7@ is independent of m. 

When » = 0 the equations are of the form occurring in the problem of two 
bodies, and a symmetrical solution having the required period is known, namely, 


= 1—écos #, ? 


(12) ( cos H — @ ) , (Sy) 7 
w= are cos | -——__———. ]} = are sin 2 : 





1—écos # 1—écos # 
where / is defined by the relation 
T= H—ésin L, 


*F, R. MouLtTon, On certain rigorous methods of treating problems in celestial mechanics. 
The Decennial Publications of The University of Chicago, vol. 3 (1902), p. 126. 

Tt POINCARE, Les méthodes nouvelles de la mécanique céleste, vol. 1 (1892), p. 58. 

{ The positive sign is to be taken with the radical. 
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and @ is an arbitrary constant less than unity. The initial conditions for tT = 0 
are 


: dp dw. VY1—é6? 
(13) p=1—é, _=0, w=O0, teal gmat 


Consider the solution for values of mw different from zero but sufficiently 
small, and let the initial conditions for tT = 0 be 





pai—s+8=(14a)[(l 7 e)) te oes 
(14) 

dw vee V1l—(é+e/) dU 

7 (Lay ne mlb Geene liner, 








T=0 


The solution is symmetrical with respect to the epoch 7=0, and may be 
expressed as power series in a, ¢, and mw, which are convergent for an interval 
in t including the interval 0 to p7r, if the parameters are sufficiently small. If 
a and e can be determined in terms of m, vanishing with », so that the condi- 
tions (10) are satisfied, then the solution will be periodic with the period 2p77. 
All terms of the solution which are independent of u’ may be obtained from the 
two body problem by making the substitution w= u — wU. 

These terms are given in finite form by the expressions 


p=(1l+a)[1—(¢+e) cos £], 


cos H — (é + e) . (Vi-(é+e)sn # 
ate 1—(é+e)cos# i) 





wu = arc COS ( 


where / is defined by the relation 
fy 
(1+ a)? 
Returning to the variable w, writing the terms in a and e as power series by 
Taylor’s expansion, and applying the conditions (10), we obtain the equations 


= H—(é+e)sin FL. 


0=—3pr BES) “heal a cae 
(15) 5 eo (1 — @) 


Vee 





0=— spr 


It follows from the known properties of the series that there are no terms in e 
alone, and there are no terms involving » to the first degree except the term 





* The introduction of the very convenient parameters a and e, instead of the additive incre- 
ments 9 and y, is due to Professor F. R. MouLTON, these Transactions, loc. cit., from whom 
I have received many suggestions and much valuable criticism. 


EEE. 
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—ptu. Hence the second of equations (15) may be solved for a as a power 
series in e and uw in which vp is contained as a factor: 


(16) amn{ aed 





When this value of a is substituted in the first equation, a factor » may be 
divided out, leaving 


(eae tipi et 


+e 
rhe Red, ya: 








This equation may be solved for eas a power series in w, which vanishes with mw, 
if and only if é=0, and the result may then be used to eliminate e from equation 
(16). Since only those solutions are under consideration which are the ana- 
lytic continuations with respect to u of those for ~ = 0, the condition ¢= 0 
must be imposed. Zhe condition é = 0 means that the undisturbed orbit must 
be circular. 

The initial conditions (14) have been determined uniquely as power series 
in “, convergent for sufficiently small values of «, so that the conditions of 
periodicity are satisfied. When the values of a and e thus found are sub- 
stituted in the solution, we have p —1 and w represented as power series in u 
alone, and the solution is periodic with the period 2p7-. 

Suppose « = m and consider the physical interpretation of the solution. The 
period of the motion of. the finite bodies is 27/m = 2p7/q, where p and q are 
integers which may be chosen arbitrarily except for the condition that g/p must 
be sufficiently small. The period of the solution is 277. Hence during this 
period the finite bodies make q revolutions, the angle w is increased by 2p7r, and 
therefore the particle makes g + p revolutions with reference to fixed axes. If p 
and q have the same signs, that is, if m is positive, the motion of the particle is 
direct. If m is negative, the motion is retrograde. For a given value of m 
there exists one and only one real symmetrical periodic solution of the differ- 
ential equations. Hence for a given period there exist two and only two real 
symmetrical orbits of the particle with the required period. In one the motion 
is direct, and in the other it is retrograde. All distinct orbits are obtained 
when p and q are prime to each other. 

The initial conditions were limited so that the solutions should be symmet- 
rical. When this condition is not imposed, and whether or not the differential 
equations admit symmetrical solutions, it will be shown in the next two sections 
that, for a preassigned period, there exist two and only two real periodic orbits, 
in one of which the motion is direct and in the other retrograde. Hence, if 
symmetrical periodic orbits exist, there are no unsymmetrical periodic orbits of 
this type. 


Trans. Am. Math. Soc. 12 
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The existence proof was made for a particular example, but did not depend 
upon the right hand members of the differential equations and consequently 
holds for any case in which the orbits of the perturbing bodies are such that the 
differential equations admit symmetrical solutions. The only variations which 
it is necessary to make in the details for the other cases, are in the particular 
manner in which the parameter yu is introduced, and in the choice of the rota- 
ting axis. It may happen in some cases that there exist several possible axes of 
symmetry. 

Case Il. When a uniform integral exists. Suppose that I, and I, are not 
in general equal and that they move in circles about JZ with the w-axis passing 
through M,. These conditions are expressed by the relations 
(17) e=0, Wi, D,= 5: 

When subject to the conditions (17) let the differential equations of motion be 
denoted by ca 


In this case it is convenient to introduce the parameter mu by the relations 


a 
(18) m= hf, A, = AM, Wire 


for all powers of a/A higher than the jirst. Here it is not necessary to gen- 
eralize the parameter m since & and dV/dzr are constants. By relating A, 
and m, the existence proof is made to depend only upon those terms of the dif- 
ferential equations which involve \,. The generalization of the parameter a/A 
is merely for convenience in having finite expressions in the equations which 
determine the coefficients at the various steps in the solution. 

The differential equations become 


a dw RAY 
ee an “) is amc 


iw 9 dP dw 
Pp ee ae Are tas =H On 


dt 


(19) 





where 


fa= Kp| {4 + 8 cos 2w) + 3-5 p(3 cos w + 5 cos 8.) | 
+---wfune(p, “, cosjw, sin ju) 
ju = — Kp| a, | § sin Qu + 3-5 p(sin w +5 sin 30) | 


+ ---pfune(p, “, sin jw, cos ju) | : 
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Equations (19) are periodic in w with period 27 and do not involve + 
explicitly. Suppose that 
p=%(T), w= ,(T), 
is a solution. The necessary and sufficient conditions that the solution shall be 
periodic with the period 2p7 are 





dy, dwy, | 
(20) 2p 0 
ap, | dnp, | 


Y,(2pr) — 2p7r = y, (0), ee at 
2p7 


10 
When pu = 0 a periodic solution is known,* namely, 


p= 1, ie 
The initial conditions for tT = 0 are 


dp dw 
Hoo meen 


For w different from zero, but sufficiently small, consider the solution of 
equations (19) subject to the initial conditions 


p=1+86,=(1+44)(1—ecos@), 


p=, Wy 


dp - esin 0 
ea ee = 5 
T V1+a(1—e cos 6) 











et onto 6) 
w = B, =are cos ee ae eee oy 
dw 1—¢ | 
By Near Vie x ‘ 


(1 + a)?(1—e cos dy 


The parameters, 8,, 8,, 8,, 8,, which are additive increments to the initial 
conditions of undisturbed motion, are inconvenient in the discussion which 
follows. In terms of the parameters a, e¢, 0, ¢, the properties of the solution 
are well known, and the conditions of periodicity can be easily discussed. The 
geometrical meaning of the angles @ and ¢ is shown in Fig. 1. 

We may now write, in finite form, those terms of the solution which do not con- 
tain w, namely, 


r=(1l+a)(1—ecos fF), 





cos # —e 
(22) UR Oe NS EE ae eR 
; vYiL—e' sin 2 
a a eo) 1—ecos Ez ’ 


* As in the case of symmetrical orbits, no greater generality is obtained by assuming that the 


undisturbed orbit has an eccentricity different from zero. Therefore we will assume here that 
é=0. 
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where /# is defined by the relation 


pay t —esin d= F—esin 2. 

The only term of the solution which involves » to the first degree is — Tp, 
which occurs in the expression for w. To find the terms in p’ and ud we may 
write 


p=1+p,4 + perpt ---, 
wW=T—THM+ H+ WM + WH P+---. 


Fig. 1. 





P, is the position of the particle at 7 =0. 
W, is the longitude of the particle at t—0. 
W, — W, is the longitude of perihelion. 


On substituting these expressions in the differential equations, there results for 
the determination of p, and w, the following set of equations, 


BP, Hn 


dr dt 


EX 3X 
3p, =—9 (1 + 8.cos 27) + =! 5 (8 cos 7 + 5 cos 37), 


3X 


n 27 3 


dr’ dr) 





dP ] 3X 
2 22 = — tsi 1S (sin t + 5 sin 87). 
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It follows that 


a a 
ma A, |-1-25+(2 +A S ) 0087 


a or 
+ ip 7 cos 7 + 444 sin 27 + 45% 13 sin |. 


By a similar computation it is shown that 


p=Ka,|— (4445) sin r+ $f 47 cos 7 + 2 sin pA 1a sin ar, 


T sin T+ 4 ph eos 2r + $5.5 cos 3+ |. 


The terms independent of wu are obtained from equations (22) by Taylor’s 
expansion, and the solution becomes 
p=1+4—ecost— ae(cos7T — $rsin 7) + e@ sin 

+ ae@(sin 7 — 87cosT) + p,m + pwrot---, 
8 w= 7 — gra + 2esint + f — TH — 8aert cos tT — ef (1 — 2 cos 7) 


+ eh + ae8(5 cost + 37 sinT) + ww? + wwd + --- 
Applying the conditions (20) that the solution shall be periodic, we have 


a 
0 = — 38p7ae8 + 1 ey! pred +--+, ’ (a) 
a le 
0 = 38p7ae + 15 — pry’? + ---, b 
(24) P ce Os , (0) 
0 = — 8pra — 2p — 6pTrae + ---, (c) 
0 = 6p7raed — 137 pre hp + - (d) 


The conditions (24) involve the four quantities a, e, 0, ¢, and, if indepen- 
dent, would determine them in terms of «. But the differential equations (19) 
do not involve 7 explicitly and hence admit the integral of Jacost. This fur- 
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nishes a relation of the type 
F'(a,e,@, $, «) = constant, 


and equations (24) are not independent.* It follows that if (a), (6), and (c) are 
solved for. the three quantities a, e and @ in terms of uw and @, and the results 
substituted in (d), the equation is satisfied identically in ¢. In this problem 
the dynamical interpretation is simple. Since the finite bodies move in circles 
the origin of time is arbitrary. The most convenient choice is t= 0 when 
w = 0, which is equivalent to choosing ¢ = 0. 

Consider the solution of equations (a), (b), and (c) for a,e, and 6. The equa- 
tions have the following properties : 

i. There are no terms independent of «and w. This follows from the fact 
that, in the two-body problem, the period does not depend upon e and @. 

ii. There are no terms involving mp to the first degree except the one term 
— 2prp which occurs in (c). 

iii. There are no terms in @ independent of e, since @ does not enter the 
initial conditions independently of e. 

It follows from these properties and the particular form of the first terms of 
the equations that a, ¢, and @ may be determined uniquely as power series in 
by the following steps: 

(1) From (c) we obtain 


a=p[—2Z+---+ fune(p, e, @)]. 


(2) This value of « when substituted in (6) permits a factor mw to be divided 
out. Then we may solve the result for e as a power series in « and @, in which 
is contained as a factor, 


a 
e=ulie gto + fune(s, 8)], 


(3) When the values of a and e are substituted in (a) a factor “’ may be 
divided out and @ obtained as a power series in yw alone, vanishing with pw. 

(4) By substitution of the value of 6 thus found in the expressions for e and 
a, we obtain finally 


a= pi (MH), e= pI (H), 6 = vB, (+). 


The preceding operations are known to be convergent for all values of a, e, 6, 
and w which are sufficiently small. Hence for a given value of mw sufficiently 
small it is possible to determine the initial conditions (21) as power series in 
such that the solution of the differential equations (19) shall be periodic in rt 
with the period 2pzr. 

Since uv = JV, uw is determined by choosing the period of the solution in ¢ 





* Cf. POINCARE, Les méthodes nouvelles de la mécanique céleste, vol. 1 (1892), p. 87. 


* 
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which is 2p7/v. All distinct orbits are obtained by taking p = 1, that is, 
every orbit is reéntrant after one revolution in the rotating plane. For an 
assigned period there is one and only one direct orbit, and one and only one 
retrograde orbit. 

The analysis and results apply to the case when any number of finite bodies 
revolve about JZ in circles with the same angular velocity. 

Case Ill. When no uniform integral exists. Suppose that JZ, and I, are 
not, in general, equal; also, that the eccentricity of the orbits of the finite bodies 
is not zero, and that the w-axis passes through J7,. These conditions are expressed 


by the relations 
T 


(25) e+ 0, w,=0, O,=3- 


When subject to the conditions (25), let the differential equations of motion 
be denoted by (7;;;). In this case it is convenient to consider the equations 
d? p aoe. (dU Na ms 
aD A hee (ate) + ame Sor 
dw FU 9 dp ( dw dU F 
P\ ae th ae) ar\ dr TY de) =f gu 
where U=yp/m- V and p*f, and wg, are obtained from 1/a-00/0(ap) 
and 1/a’?p-00/0w respectively, by writing «” for the factor m* and making the 


substitution 
r, = AM A 


Equations (20) express the conditions that a solution shall be periodic with 
the period 2p7r. Consider the solution of equations (26) subject to the initial 
conditions (21), except that the fourth condition contains the term —y-dU/dr 
(7=0) instead of — yw. The terms independent of m are given by equations 
(22). The only term involving yp to the first degree is — w/m-U, which occurs 
in the expression for w. 

For the determination of the terms in p” we have the equations 

2 
A et ie | e438 cos Qn)+8 ap (3 cos 7+5 cos 37)+-- 7 ; 
(27) 
ct 8 ula eae E sin 27 + % 7 (sin 7 + 5 sin 87) + |. 





fF is a power series in € whose coefficients involve only cosines of multiples of 
mt. It follows that the right hand member of the first and second equations 
respectively have the forms 


Ayo + >A, ,c0s(g + hm), > D,,, sin (g + hm), 
g,h g,h 
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where g and / are integers, g taking all positive values and zero, and A tak- 
ing positive and zero values such that hm <1. Since 7 enters the differential 
equations explicitly, we have m = q/p, by equation (4). A, , and D, , are con- 
stants depending upon e and a@/A; they are infinite series which, for small 
values of the arguments, converge rapidly. 

The second equation of the set (27) may be integrated. The result is * 


dw, itp 
28) T+ p= — De 
where c, is the constant of integration. 
On eliminating dw,/d7 between the first of equations (27) and equation (28), 
there results an equation of the form . 


cos (g + hm)r, 


C Ps 


dr 





+ p, = A, + A;) cos T+: -- + A, ,cos(g +hm)r + v8 § 
whence + 


2 = ¢, 008 T + ¢,8in T+.A, . +44, oT sin TH +--+ (ol thm” (g+hmy)r- - 


Aste 
RON 
where c, and c, are constants of integration. 

Substituting the value of p, in equation (28) we get 


— D, 5 — 2epsin t — 4) 7 sin r eee of D,, 00s (g + hm)t + saan 


whence w, is obtained by quadrature. The constants of integration are deter- 
mined by the initial conditions, 


aS ep Se LY = —* — (rT=0). 


It is important to observe that all the terms of the solution of equations (27) 
have the period 2p7r, except the terms 7 and + cost which occur in w,, and 
7 sin t which occurs in p,. Consequently when the conditions of periodicity 
(20) are applied, equations (a) and (d) will contain no term in #’ alone; (6) and 
(c) will each contain a term in yp? alone. 

For the determination of the terms in b> in the solution we have equations 
of the form 


Pp u 
ae ae 9 te —3p= >) G,,sin(g +hm)r, 
dt dt g,h a 
(29) 
dw dp 
aa 2 a te os 


* By the definition of g, h, and m the denominator g + hm cannot vanish. 
+ By the definition of g, h, and m the denominator 1 — ( g + hm )? cannot vanish. 
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The solution of the set (29) is of the form 


p= 2H, .t—4G, TcosT+:-- tik Ps ae aa 





w= — 8H, 7° +G, tTsin7 +... — cos (g + hm)t + -: 


gt+ pe 


The conditions that the solution of equations (26) under consideration shall 
be periodic with the period 2p7 are 


0 = — 8ptraeO + (4H, pt —G, pw) wo te Ore (a) 
0 = — 8prae + A, pry? +---, b) 
(30) i 
0 = — 38pra + 2prp ---, (c) 
0 = 6praed — (6H, , pr — 2G, pT) wot... (d) 


Equations (80) have the following properties : 

i. There are no terms independent of a and pw. 

ii. The first power of « does not occur in (a), (6), and (d). 

iii. There are no terms involving ¢ which are independent of pu’. 

iv. There are no terms involving 6 which are independent of e. 

v. Equations (a), (0), and (d) contain no term in « independent of e. 

vi. In equations (a) and (d) there are no terms of degree less than the third. 

The knowledge of the preceding properties leads to the conclusion that «, e, 0, 
and ¢ may be determined uniquely as power series in uw, vanishing with w and 
satisfying equations (380). This conclusion is reached by the following steps 
which are valid for sufficiently small values of a, e, 0, ¢, and wp. 

(1) Let equation (c) be solved for a as a power series in e, 0, ¢, and u 
(which contains p as a factor by i), giving 


(31) a=2u+ ut(e, 0,9, fb). 


Equation (31) may be used to eliminate « from equations (a), (0), and (d). 
Let the resulting equations be denoted by (a@’), ( 6’), and (d’) respectively. 
(2) Then (6’) contains a factor « which may be divided out, leaving 


0 = — 2prre + A, »ptme + a 


This equation contains no term independent of e and yp (by i, ii, and v), and 
contains a term of the first degree ine. Hence it may be solved fore as a 
power series in 6, ¢, and w, which vanishes with yp, 


(32) e=44, m+ 4¥,(9, >, H)- 
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Equation (82) may be used to eliminate e from equations (a’) and (d’). Let 

the resulting equations be denoted by (a”) and (d”’) respectively. , 
(3) Each of equations (a) and (d’’) contains p* as a factor (by i, ii, ili, | 

iv, v, vi), which may be divided out, leaving no term independent of 0, ¢, 

and p: 


0=—prA, 0+ (4H, pr—G,opt)o+--- (a’) ‘ 


33 
ee) 0 =2prA, ,0—(6H, pr—2G, .pr)d+:::. (b”) 


The jacobian with respect to @ and ¢ for 9 =d?=uw=0 is — 2p'r" A, , Ay, 
which does not vanish identically in e and a/A. Hence equations (83) may be 
solved uniquely for 6 and ¢ as power series in w, and the result used to elimi- 
nate 0 and ¢ from equations (81) and (32). This yields the final solution of 
of equations (80), 


(34) a=eBi(H), e=4B(4), P=HE(H), F=HE,(H)- 


When these values are substituted in the solution of equations (26), the ex- 
pressions for p and w become power series in yw alone, and the solution is periodic 
with the period 2p7r, since the conditions (30) are satisfied. The physical inter- 
pretation is the same as in the preceding cases. 

For the purpose of constructing the solutions in applications, it is convenient 
to have the existence proof in the form given. It leaves open, however, one 
question which should be answered. Thatis, are there any values of e different 
from zero for which the jacobian of equations (33) vanishes? The jacobian is 
a power series ine and a/A, vanishing with e, and it is not easy to discuss 
other values of ¢ for which the series might vanish. Such a discussion is made 
unnecessary by a slight variation in the details of the existence proof. The 
proof depends only upon the properties of the solution of the problem of two 
bodies and the non-periodic terms which enter in p,, w,, p, and w, and may be 
carried through without considering in equations (27) and (29) the infinite series 
in ¢ which represents 1// and the infinite series ina/A. This is accomplished 
by picking out from fj, in (26) a single term of the type 


ines 
«(4) cos pmt cos(qg —1)w 
and from g;;; a single term of the type 
e\tes 
(5) cos pmt sin(g —1)w. 


These terms are left unchanged, while in all other terms ¢ is replaced by cu and 
a/A by nu. The set of differential equations thus obtained may be treated by 
steps similar to those employed in the consideration of equations (26), and a set 
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of equations corresponding to (83) will be obtained. The jacobian of this set is 
€?(a/A)**-*, except for a constant factor, and can vanish only if «= 0. 


Construction of the Solutions. 


It has been demonstrated for each of the three sets of differential equations 
(11), (19), and (26) that, for a given value of wu sufficiently small, it is possible 
to determine the initial conditions uniquely as power series in » such that the 
solution as power series in mw shall be periodic in 7 with the period 2p7, A 
method will now be given by which the solution to any desired number of terms 
may be conveniently constructed. It is not necessary to determine the initial 
conditions explicitly in advance and the computation involves only algebraic 
processes. It will be convenient for brevity in the treatment to consider first 

Case III. When no uniform integral exists. Consider equations (26), and 
let the periodic solution, which is known to exist, be written 
(35) p—1=pet Pp + Pp te + pH tees 

W—-T=U, E+ wWwMW+uw+--- + w+. 
Since the solution .exists and is periodic for all values of yu sufficiently small, 
each coefficient is periodic with the required period. 

Let the solution (35) be substituted into the differential equations (26) and 
the result arranged as power series. in». The terms of the left-hand members 
have the following forms. (The accents indicate derivatives with respect to 7.) 


= aa 5 ; 
Us=r+ U=7+~— esinmt + qe sin 2mr + ---, 


4m 
dU aay PAGS 
dE ae oh eae 
d? p = ry ae 1 3 pes 
se ad ee ar (ihe am a PA ail 
dw dGNxe , es) 
p(Geteg, )=1+ lat 2m 4140) 


+ [p, + 2c, + 2p,(w, +140") + (wi 414+ 0) we 
(36) + [p, + 2005+ 2(r0; +1+ Ow, +2p,w,+ 2p,(w;, +14 0’) 
+ p(w, t1t OF] we+---+ [p+ 20, +200, +14 0 wi, 
+ 2p, (wi +1+ U’)+2pwi +e Jet, 
7 1 — 2p,u — (2p, — 3p; ) M* — (2p, — 6p, p, + 4p7) H 
+--+ (2p, — 6p, ppt oo-)Hi tee 
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(22.22) - i Oa Cada ONE 
+ [wy + wip, + p(w +0" )] w+ + 
+ [wy + wi ppt + p(w + UO") wi t--, 
z(t poe) = Pet Le, +p, (m, +1+ 0’) # 
+ [p+ p,(wi +14 0’) 4+ pio) jet --- 
+ [pi tpi (w +140’) +--+ pw Jet 


The equations hold identically in 4. Hence, equating the coefficients of the 
first power of «, we have for the determination of p, and w, the following set 
of equations : 

d’p, dw, dw, dp, . 


Ace — 27 * — 8p, = 2(14+0’), gp t+? gn =- 


It follows that 


(37) Gs 


~ (1) qd) Oy ai 
(38) p, = 2(1 + cf?) + c cos 7 + ce sin T, 
w, =eP —(44 8ce)7r— OU — 2c sin r + 2c cos 7, 

where ct”, c%, c?’, and c{) are constants of integration. Since p, and w, are 
periodic, the coefficient of 7 in w, must vanish. This condition determines the 
constant c\”, namely c? = —4. ‘The other constants of integration are so far 
arbitrary. 

On equating the coefficients of the second power of pw, the following set of 
equations is obtained : 


a dw ; wie , ae : 
2 qe — 8P2= (+140 + 2p,(w, +1 + U") — 8p; + fan, 0; 





(og 7? d | 
a W P uw rye , t rvs 
qa t 2 ge = Pete )—2p,(w, +14+ U0") + 9,05 





where firr,9 and gy) are obtained from f,;; and g,; respectively by writing 
@=0,w=7T,p=1. The right-hand members are known functions of 7 and 
the equations have the form 





P d 
<p —2 A 3p, = AM + (Ate? + AP, ) cos 7 + 4c? sin 7 
(40) Pw, od +--+ AD, 008 (9 + hm) r+ ++, 
“at + 2-72 = (Ate? + DP) sin + — 3,20 008 7 


+--+ 4+ DD, sin(g +hm)t+-:-- 
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It is to be noted that c{? does not occur in equations (40). Integrating the 
second equation we have 


dw, ' 
7, 7+ 2p, = ce — (4% + DP) cos rT — 42c% sin + 
YF - ’ 


(41) D®, 
gt fin 

On eliminating dw,/dr from the first of equations (40) by means of equation 

(41), there results 

d’ p, 

dr 











+ p,= AM + 2c? + [— 2c?+ AY — 2D” ] cos 7 — 2c? sin + 
(42) 





2D, 
tect (48, - ft hee \) 008 (g-+ im) bo 


In order that the solution of equation (42) shall contain no non-periodic term, 
the coefficients of cos 7 and sin 7 must vanish, whence c{? and c{) are determined 


by the conditions 
2c) = AP, — 2D); ei. 0N 


With these values of cf? and c{’, the solution becomes 
P, = A) + 2c? + cP cos7 + cP sin tT + --- + a, cos(g + hm)t+---, 


where 








2) 
of?) : A®, — 2D : 
Be 1 —(g + hmy? ang +hm 
Substituting this value of p, in equation (41) and integrating, we obtain for w, 
a solution of the form 
w= c)— (2AP, + 8e?)7r — 2c) sin rT + 2c? cost + ---+ 6, sin (g+hm)r+---, 


where 





1 IDs 
(2) gh 2 of?) 
as eee han * ,). 


Since w, is periodic, c” is determined by the condition 
2Ay) + 8c) = 0. 

Of the eight constants of integration, which have been introduced in the first 
two steps, four (c?, ¢, ci, ec?) have been determined uniquely and four 
(oe, cf, &, c®) are still arbitrary. 

By equating the coefficients of the third power of mw the following set of 
equations is obtained : 


“s 1 
af 2 — 3p, = 2(w, +1+ U' + p,)w, + 2p,(w, +14 VU) 


(43) + p,(w, + 1+ UP — 6p, p, + 4p} + Aira» 
a? Ww d A ay ey, , , ryt Ry 
iy eet nea pw, —(w, + U")p,— 2p,(w, +1 4+ 0) — 2p.) 4+ gui 





dr* 1" dt 
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where fi; and gy, denote the coefficients of w in fy, and gy respectively. 
Equations (43) do not contain c?. The right-hand members contain c{) 
linearly. The equations have the form 





2 
ails “ae 3p eae tes st (45 14 ce) 4. Ay 9) cos T+ (At oO 4 B®,) sint 
(44) + +--+ A®, cos(g + hm)r+ BY, sin(g +hm)t+---, 
ne a see ae + (2c? + D?,) sin 7 + (—42e? + CY, ) cos t 


-- D®, sin (g +hm)t + CO, cos(g + hm)t+---. 
Here C, involves c{ a ly. To avoid non-periodic terms in the solution, C’)?, 
must vanish, and this condition determines c{ uniquely, if the coefficient of i 
does not vanish. The coefficient is a power series in € and a/A which vanishes 
with e but not identically in «. The question concerning special values of 
e for which it might vanish is the same as the question concerning the vanish- 
ing of the jacobian of equations (383) and is answered in the same way. 

The treatment of equations (44) proceeds by steps similar to those employed 
in the solution of equations (40). Four new constants of integration are intro- 
duced, namely, c®, c®, cf, c®; while ee, 
by the Seniors : 

2c = AP, — 2D», 2c) = BY, + 2C, 3c) = — 2A. 
So far cD, cf, c&, and c are arbitrary. 
It may be established by complete induction that the above process can be 


carried as far as is desired. Suppose p,, w,; P,, W,3 «++ P;_1+ W,_, have been 
determined by this process. The expressions have the following form 


er = ay +--+ a), cos(gt+thm)7+ 8), sin(g+hm)t+---, 

W, = Yo +--+ +8, sin (g+hm)t+y), cos (g+hm)t+---, 
Pig = Mo? #-+ + a5? cos (g + hm)7 + B53” sin (g +hm)t+->-, 
Wg = CP Fe + OH sin (g + hm) 7 + 57 cos(g +hm)t+---. 


Pe = HO? + GY cost + cf sing + ---, 


ce), and c® are uniquely determined 


i 


w,_, = G-) — 2ch—” sin rT + 2cS—” cost + +>. 
The equations for the determination of p, and w, are 
d’ p, dw 
ae eg ae — 8p,=Alpot (Asef -Y+ A, ) cos 7 + (Ftc -P+ BY, ) sin 7 


(45) +-+-+ A”, cos(g + hm)t + Bi, sin(g +hm)t+---, 
dw. 


Te BS 7 = Of, + (se ee Dy, ) sin t + (—42-c%'—-? + C(, ) cos r 


+ +--+ DY, sin(g + hm)7 + C%, cos(g + hm) sint + ---. 
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Equations (45) do not contain c'-". The coefficient of c'—” in O(), is the same 
as the coefficient of c{? in C}?,. Equations (45) are solved by the steps employed 
for the solution of equations (40). During the process four constants of inte- 
gration are introduced, namely, c‘’), cS), cS, c{?, and four are uniquely determined 
by the following conditions, the first of which determines c{'—”); 
(46) CH 0 = 0, 7a Se Ai, — 2D ’ 
The solution of equations (45) is 
P, = a9 + SP cost + csint+--- 
(a1) + a), cos(g + hm)r + B®, sin(g +hm)r+---, 
w, = cf + &} sins + of} cost +--- | 
+ 6), sin(g + hm) + 9, cos(g +hm)r+---, 
where the coefficients are given by the formulas: 
8 y 
a9 ee zAG ’ 
i) 
ees = See | eA) ee 2D 
oP 1—(g+hmy\%* g+hm)}’ 


. Pail ; 20 
g, h 
BO = ( BO. + ; 


a 























1—(g+hmy gthm 
(48) By = — 2) — $A) + EDS, 
1 De 

‘.) Ae gh (i) 
oi 4 = aria (gata t 20), 
Ai = 2c + §BY, + 0%, 

; 1 OW a OS 
(shee Hh _ 94) 
9, 4 am (gots 28, ). 


This completes the proof of the statement that the solution may be con- 
structed to any desired degree of accuracy. Of the four constants of integra- 
tion which occur in the calculation of the coefficients of yu’, one, c{’’, is deter- 
mined in the step in which it enters; two more, cf? and c{), are determined in 
the next following step; while the fourth, cf’, is determined in the second 
following step. 

Case Il. When a uniform integral exists. The method of constructing the 
solution in this case differs from the preceding in one particular. The general 
steps are the same and formulas (48) are applicable. The difference occurs in 
the determination of the constant c{-”. In the proof of the existence of a 


€ 
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periodic solution of equations (19) it was shown that the origin of time is arbi- 
trary, which is equivalent to the statement that at 7 = 7, the value w = w, may 
be assumed arbitrarily. It follows that C{, = 0 and does not determine c{~”. 
This constant is determined by assuming an initial condition, for example, w = 0 
att =0. Then c‘'~° is determined in the step in which it enters by the con- 
>= 90 at7t=0. When the step for computing the coefficients of p* is 
completed, there remain two constants of integration, c{) and cf which have not 
been determined. ‘These constants are determined in the next following step. 


dition w,_ 


Case 1. Symmetrical solutions. In this ease there are two arbitrary initial 
conditions and the method of constructing the solution differs from that of case 
III in two particulars. The differential equations are (11). Consider the first 
step in the construction [equations (37) and (38)]. We determine c? and ¢P 
respectively by the conditions 

ae ty Wi== 0 (Tt==058 
Therefore c}) = cl) = 0. And ci is determined by the condition that w, shall 
be periodic while c is not determined until the next step. 

This process is applicable to all the following steps. The differential equa- 
tions (11) have a particular form which admits a symmetrical solution, and it 
may be established by complete induction that the equations for the determina- 
tion of p, and w, have the form 

To — 8 Bp ANE OF AN) C0874 + AN?,008(g-+Fom)r 
(49) 





Pw, dp; 7 : 
“gaa + 2a! = (AP + Dy) sine +--+ De, sin (g + hm)r + --. 








where c{— is determined by the condition 


2cG-D — ve — 2D‘. 
The solution of (49) is 


p; = H+ cP cost + +--+ 0%, cos(g +hm)t+---, 
w, = o'h)sint+---4+ 6, sin(g +hm)t+---, 








where 
(ayes 1 i 
ay a 4 AN; 
(2) 
of) — 1 Ae 2D 
o*""1l—(g+hmy mh gthm’ 
a), = — 2h? — §AM, + EDM, 





' 1 D® 
See pod : g,h (i) 
°h ingen 2k ). 
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Numerical Hxamples. 


As illustrations of the preceding analysis three numerical examples will be 
treated briefly. It has not been shown that the processes are valid for the 
numerical values which are employed and which have been selected for conven- 
ience in graphical representation. It is probable that the series are convergent, 
although it has not been found possible to determine the true radii of convergence. 

In each case the mass of J/ is taken as the unit of mass, and JZ, of mass 10, 
is supposed to move about / in a circle whose radius is taken as the unit of 
distance. The unit of time is chosen so that the angular velocity V of J, is 
unity. The orbits considered are those in which the particle revolves about J/. 
The period is chosen so that vy = 5, whence uw = 0.2. 

In the first example J/, of mass 5 is supposed to revolve about J/ in a circle 
so that the three finite masses remain always in a straight line in the order 
M,MM,. It follows from the solution of the quintic equation of LAGRANGE 
that the distance 17, 7 is 0.77172-.-. The orbit of the particle is symmetrical 
with respect to the line joining the bodies. 

In the second example J/, of mass 5 is supposed to revolve about JZ in a 
circle so that the three bodies remain always at the vertices of an equilateral 
triangle. The differential equations admit the integral of Jacosi, but there is 
no symmetry theorem. 

In the third case it is supposed that JZ, of unit mass revolves about Jf in a 
circle of radius A,. The orbit of the particle is symmetrical with respect to the 
radius vector of JZ and crosses this line when the finite bodies are in conjunction, 

The differential equations of motion. With reference to M as origin and 
an axis passing always through J/, let the coordinates of JZ, M,, and P be 
respectively (1,9), (#,, W,),and (7, w). The equations of motion, see equa- 
tions (7), of the particle are 

2 2 
a any (F + H) i ea PM ep LA148 cos 20} + $ap{8 cos w+5 cos 3w} 
+ 30° p’ {9 + 20 cos 2w + 35 cos dw} +--+ | 


kM, 
+e ppl H(1+3 cos 2(w— W,)} + pp (3 cos (w— W,)+5 cos 3(w — W,)} 


+s (gp) PPE 9 + 20 c05 2 (10 — T7,) + 85 005 4( —W7,)} ++ |, 
a + 
ad? Ip ( d : . 
Paz t (ge +#)= —PM yw’ p [3 sin 2w + gap {sinw + 5 sin 8w } 
+ Jap’ {2sin 2w +7 sin4w}+---] 


2M, 
— “eH e| 8 sin 2(w— W,) + et sin (w— W,)+5sin3(w — W,)} 


+ tis (gp, eP{2 sin 2(0 7.) +Tsin4(w—W,)} + |, 
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where a is given by the relation va? = k?. The numerical value of k? depends 
upon the masses and orbits of the finite bodies and must be determined sepa- 
rately for each of the three examples. 

Example 1. In this case 2, = 0.77172 and W,=7. Now hk’ is given by 
the relation 


N?2 





’ 


M,+ M+ M, Meese 
sa ee. (4+ he. ny )* 
whence 

k? = 0.28768. 
It follows that 


a 


i2M, = 2.37630, see = 2.58518, 
2 


Mera A) BY OVP yh: 


a =1.05914p, ; | 
/ 
| 


The equations of motion become 
[? 2 
ee = (3 a6 H) 48 e = (2.48074 + 7.44222 cos 2w) py? 
— (1.15938 cos w + 1.93280 cos 3w) p? yu? 
(50) + (4.23765 + 9.41700 cos 2w + 16.47975 cos 4w) p> wt +--+, 
Pw dp ( dw > P 
Pao + 2 a (Fz = H) = — (7.44222 sin 2w ) pp? 
+ (0.88646 sin w + 1.93230 sin 38w) p? p? 
— (4.70850 sin 2w + 16.47976 sin 4w) p> w*t+.---. 


dt 


The periodic solution of equations (50) is 


p=1— Zu — (0.27186 + 0.96615 cos 7 + 4.96148 cos 27) p? 
+(0.62584—19.13740 cos r—2.47963 cos 27+ 0.40256 cos 87)u3+ --., 
w= 7 + (1.93280 sin 7 + 6.82204 sin 27) wv? 
+ (41.10885 sin 7 + 10.74798 sin 27 — 0.48307 sin 387)u? +---. 


(51) 


Example 2. In this case R, = 1 and W,=7/38. Here k’ is given by the 
relation 
N? = (M+ If +M,), 
whence 
k? = 0.06250. 
It follows that 


k? M, = 0.62500, k? M, = 1.56250y, a= 0.67860yu. 
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The equations of motion become 


dt? dr 


da? di Zora, |. 

Soe p (Fz me ) an rhe (0.31250 + 0.98750 cos 2w) pu? 

+ (0.78125 — 1.17188 cos 2w + 2.02977 sin 2w) pu® 

+ (0.47714 cos w + 0.79528 cos dw) p> pw? 

+ (0.59643 cos w + 1.03308 sin w — 1.98808 cos 3w ) p” yu 


(52) + (0.16188 + 0.35974 cos 2 + 0.62954 cos 4w)p? ut + ---, 





re 42 (3 af ) = — (0.93750 sin 2w) pu? 
+ (1.17188 sin 2w + 2.02977 cos 2w ) py’ 
— (0.15905 sin w + 0.79528 sin 3w) p? p? 
+ (— 0.19881 sin w + 0.34436 cos w + 1.98808 sin 3w) p? u' 
— (0.17987 sin 2w + 0.62954 sin 4w)p? wit .---. 


The periodic solution of equations (52) is 

p=1— 24+ (0.451389 + 0.89762 cos 7 — 0.62500 cos 27) wu? 
+ (—0.47647+41.04542 cos 7 + 0.86090 sin 7+ 0.46875 cos 27 
— 1.85818 sin 27 — 0.16567 cos 87) uw? + ---, 

w=T + (— 0.79524 sin 7 + 0.85988 sin 27) yu? 
+ (0.18882 — 3.25720 sin tr + 1.72180 cos 7 + 0.27995 sin 27 
— 1.86062 cos 27 + 0.19881 sin 87) py? +---. 


(58) 


Example 3. In this case MW, revolves about JZ, in a circle of radius Ay with 
an angular velocity V,. Let 1, be determined by the relation 


av, corre N= 2p. 
A,, R,, and W, are determined by the relations 
Ny A, = (NM, + M,), 








ea Vy 1ee A} + 2A, cos 2vt = Vi+ Aj} + 2A, cos 27, 


, A, sin 27 
sin Wi ye 

fe ee iis 
Stl pears a 





oR, 
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Here k? is given by the relation 
N?=h (M+), 


whence 
k? = 0.09091. 
It follows that 
k? M, = 0.90909, k? M; = 0.09091, 
A, = 1.01200z, a = 0.76910y. 


The differential equations become 


d* p dw ad! 
sEyaie (F ci ) 8 airy (0.50000 + 1.50000 cos 2w ) pp? 


+ (0.86523 cos w + 1.44205 cos 38w) p* pn? 

+ (0.83273 + 0.73940 cos 2w + 1.29395 cos 4w) p? p+ 

+ (0.27600 sin 27 sin 2w — 0.18800 cos 27 — 0.41400 cos 27 cos 2w) py’ 

+ (0.10474 + 0.17456 cos 47 + 0.31422 cos 2w + 0.10471 cos 47 cos 2w 
— 0.55864 sin 47 sin 2w) put 

+ (0.07960 sin 27 sin w — 0.31840 cos 27 cos w — 0.53068 cos 27 cos 38w 


(54) + 0.39801 sin 27 sin 8w) put +++, 


dw dp (a : ; 
pee 7A( 3 mn ) = — (1.50000 sin 20) py? 


— (0.28841 sin w + 1.44205 sin 3w) p? pu? 
— (0.36970 sin 2w + 1.29395 sin 4w) p* ut 
+ (0.27600 sin 27 cos 2w + 0.41400 cos 27 sin 2w) py? 
— (0.81422 sin 2w + 0.10471 cos 47 sin 2w + 0.55864 sin 47 cos 2w ) put 
+ (0.02658 sin 27 cos w + 0.10618 cos 27 sin w + 0.89801 sin 27 cos 8w 
+ 0.53068 cos 27 sin 8w)p* w+ ---. 


The periodic solution of equations (54) is 
p=1— 34+ (0.88889 + 0.72102 cos t — cos 27) p? 


+ (— 0.02616 + 2.09168 cos 7 — 0.45400 cos 27 — 0.30048 cos 37 
+ 0.08450 cos 47) p> +---, 
w=T+ (— 1.44204 sin 7 + 1.87500 sin 27) p? 
+ (— 6.29838 sin r + 2.12066 sin 27 + 0.36051 sin 37 
— 0.03881 sin 47) uw? +---. 


(55) 
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The orbits represented by the solutions (51), (53), and (55) are illustrated by 
figures 2, 3, and 4 respectively. The comparison circles in the figures are not the 
circular orbits which have been called the wndisturbed orbits. The undisturbed 
orbits are referred to fixed axes while the drawings are made with reference to 





Fia. 4. 


rotating axes. The comparison circles represent orbits in which the particle 
would make a complete revolution with respect to the rotating axes during the 
period. In figure 2 the points which are numbered 1, 2, .-- represent the posi- 
tions of the particle in the periodic orbit at intervals in 7 of 7/12. The cor- 
responding positions in the comparison circle are indicated by the numbers 
1’, 2’,.--. In figures 3 and 4 the intervals are 7/4. 








A PROOF OF SOME THEOREMS ON POINTWISE 
DISCONTINUOUS FUNCTIONS* 


BY 
EDWARD B. VAN VLECK 


Barre in his important thesis + has given a number of interesting theorems con- 
cerning pointwise discontinuous functions. For their demonstration he employs 
the concept of semi- (i. e., upper or lower) continuity. However necessary the 
concept may be for subsequent portions of his investigation, its introduction is 
not needed for the particular theorems referred to. When the unnecessary 
element is removed, the principles of their demonstration, although very 
different in form, become equivalent to those used by Oscoop § in the deriva- 
tion of his theorem relating to the convergence of series of continuous functions. 
(Cf. § 5 below.) 

The object of the following paper is, in part, to establish the theorems with- 
out going so far as to introduce the notion of upper continuity, thus reducing 
the proof to somewhat lower terms. It is found that Barre has restricted 
J(«, y) more than is necessary in the following theorem: 

Lf f(x, y) is continuous in x and y separately and has a partial derivative 
Of [Ox at every point of 


ie a=r=), eSy=d, 


this derivative, regarded as a function of (x, y), is at most only pointwise 
discontinuous. 
In fact, it suffices here to add to the hypothesis of the existence of 0f/0x the 
condition that f(«, y) shall be continuous in y upon a set of parallels to the 
Y-axis which are everywhere dense in 7’ (see theorem II). Other extensions 
of Barre’s results will be noted further on (cf. theorems III and V). 

It is believed that in the analysis given here the necessary principles have 
been arranged and combined in so simple a form as to permit quick and easy 





* Presented to the Society October 29, 1904, with a supplementary note April 29, 1905. 


Received for publication January 16, 1907. 
f,Annali di Matematica, ser. 3, vol. 3 (1899). 


t Loe. cit., p. 6, or see SCHONFLIKS’ admirable Bericht iiber die Mengenlehre, Jahresbericht 
der deutschen Mathematiker-Vereinigung, vol. 8 (1900), p. 141. Reference to this 
report will be indicated hereafter by the word Bericht. 

2ZAmerican Journal of Mathematics, vol. 19 (1897), p. 155. 
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application to other problems of like character which may arise. As instances 
of such application I will cite the two following theorems, which I think are 
new and which constitute a second object of this paper : 

THEOREM VI.* Jf throughout the field 


4b a=r=b, c=y=d, 


the function f(x, y) is continuous in x when y is constant and in y when «x is 
constant, then 


F(«) = [re y)dy 


is at most a pointwise discontinuous function in the interval a= a= b. 

TueoreM VII. Jf at every point of T the integrand possesses a partial 
derivative f' (x, y) which is continuous in the variables x and y considered 
separately, the integral F(x) will have a derivative in some set of points 
which is everywhere dense in (a,b), and the value of the derivative at the 
points here found will be obtained by differentiating with respect to the param- 
eter under the integral sign ; 1. é., 


F'(w)= f fle yay. 


Furthermore, these points are points of continuity for 


ad 
{AG y) dy. 


Concerning the former of the two theorems it may be remarked that it has 
been known previously + that when | /(#, ¥)| has an upper limit in 7’ the inte- 
gral #’() is continuous in (ab). The cases of pointwise discontinuity there- 
fore arise only when there is no upper limit for | f(«, y)|. 


§1. The preliminary principles. 


We shall first demonstrate the following very simple 

Fundamental Principle: t If to every point p, of a continuum (or of a per- 
Sect set of points) § a positive number 6, is assigned in any manner, then there 
is some portion of the continuum (some perfect subset) where the points q, 





* The two theorems are numbered with reference to the place in which they are proved later on. 

Tt ARZELA, Atti della R. Accademia dei Lincei, ser. 4, vol. 1 (1884-5), p. 537. It 
also can be deduced immediately from OsGoop’s theorem 5, loc. cit., p. 182. 

t}A special case in which this principle is used incidentally will be found in the work of 
OsaooD, Mathematische Annalen, vol. 53 (1900), p. 463. Other instances of the use of 
the principle can doubtless be found. 

2 No restriction is here placed upon the perfect point-set. It may consist of a set of points 
nowhere dense in the space in which it is contained. The continuum may be either closed or 
open. 
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which have 6,> D are everywhere dense (dense with respect to the subset),* 
provided D is taken sufficiently small. 

Let us suppose, if possible, that this is not true. Denote by ¢,, ¢, &, -- 
any sequence of decreasing positive numbers having 0 as their limit. Further 
let @, denote the set of points g, for which 6,>¢,. Clearly Q, will be con- 
tained in Q.,,. If, now, the principle stated is false, then there is some por- 
tion of the continuum (some perfect subset) which contains no points of Q,. 
Within this portion (subset) there must be another part (perfect set) which is 
free from the points of @,,and so on. The limit of this series of sub-portions 
(sub-sets), contained each within the preceding, is either a point + to which 
belongs a non-negative number smaller than any ¢,, or a set of such points. 
But 0 is the only number having this property. This, however, contradicts the 
hypothesis that to every point there corresponds a positive number. The fun- 
damental principle is therefore established. 

By placing 6, = 1/6; and D=1/D’ the principle may be put also into the 
following form: If to every point of the continuum a positive number 46; is 
assigned in any way, the points g, for which 6; < D’ must be everywhere dense 
in some portion of the continuum, provided D” is sufficiently large. 

Consider next the set S of points s, for which the assigned numbers 6, fall 
between D and 1/D._ It will be seen at once that there must be some portion 
of the continuum (some perfect subset) in which the points s, are everywhere 
dense, provided, of course, that D is sufficiently small. Let the interval 
(D,1/D) be divided into any number of equal parts, 

1/D—D 

5 = n i 
and denote by S,, S,, ---, S, the subsets of S for which the values of 6, fall suc- 
cessively in the intervals (D, D+e),(D+e, D+2e),---,(1/D—e,1/D). 
Since the points of S are everywhere dense in the part of the continuum (per- 
fect set) now under consideration, there must be some subportion (some perfect 
subset) in which the points of some one of the sets S, are everywhere dense. 
_ As, moreover, the value of « may be made as small as desired, we obtain the fol- 
lowing simple 

EXTENSION OF THE FUNDAMENTAL PRINCIPLE: Jf to every point of a 
continuum (perfect set of points) a positive number 6, is assigned in any 
manner, then for a sufficiently small value of D there is some portion of the 
continuum (some perfect subset) containing q set of points everywhere dense, 
for which the values of 8, not only are greater than D but differ from one 
another by less than an arbitrarily assigned positive quantity e€. 





* The points q; are said to be dense with respect to the subset, if within a sphere of any radius, 
described about any point of the subset as center, there lies always a point qi. 
t Cf. Bericht, p. 58. 
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In the case of a continuum of two or more dimensions it will be desirable not 
merely to know the existence of some portion of the continuum in which the 
points g, are everywhere dense, but to ascertain also their distribution on a field 
of curves or surfaces which completely fill that portion. Inasmuch as every 
surface can be regarded as composed of curves, it will suffice here to consider 
the distribution of the g, with respect to a continuous curve-system. For sim- 
plicity we shall confine our attention to a system of parallel straight lines, the 
results obtained being easily capable of extension to other curve-systems. 

Let first a portion of space be selected from the continuum in the form of a 
right cylinder having its axis parallel to the given system of parallel straight 
lines. For the case of a two dimensional continuum the cylinder shall be 
understood to be a rectangle. Consider then the segment intercepted upon any 
one of the parallels by the cylinder. Since each segment is itself a continuum, 
there must be for a sufficiently small value of D some portion of the segment in 
which the points g, having 6, > D are everywhere dense. Denote for any seg- 
ment the length of such a portion by 7, and the corresponding value of D by D.. 
We will then assign to the segment (or, if we prefer, to its intersection with the 
base of the cylinder) the smaller of the two numbers /; and D,. Call it s,. 
Now the set of segments (intersections) is perfect, and therefore by our “funda- 
mental principle” the segments (intersections) for which s,> S must be every- 
where dense in some portion of the cylinder (base), provided that S is a suffi- 
ciently small number. Take any such portion and let this dense set of segments 
be denoted by G'. Divide any element of this new portion into equal parts not 
exceeding S/2 in length, and through the points of division pass planes parallel 
to the base of the cylinder, thereby dividing the portion under consideration into 
a finite number of component cylinders. Each segment of G' contains at least 
one interval of lengths, > S along which the points g, having 6, > s,> S are 
everywhere dense. Consequently some one of the component cylinders must 
intercept an interval of length S/2, upon which the points q, are everywhere 
dense. Since also the lines of G were everywhere dense before the subdivision 
into component cylinders took place, these intercepted intervals of length S/2 
must be everywhere dense in some portion of one or more of the component | 
cylinders. We obtain thus the following addendum to our fundamental principle: 

ADDENDUM. When the continuum is a portion of a plane or a space of 
higher dimensions, it is possible to select the region in which the points q, are 
everywhere dense so as to fulfill the following condition: For a sufficiently 
small but fixed value of D there is throughout the region a dense set of par- 
allels, upon each of which the q, ave everywhere dense ; and the direction of 
the parallels may be assigned arbitrarily before seeking the region. 





1907] ON POINTWISE DISCONTINUOUS FUNCTIONS 193 


§ 2. Application to derivatives. 


Let f(a) be a function of a real variable having a derivative at every point 
of an interval (a,b) of the X-axis. If ¢ be a small arbitrarily assigned positive 
quantity, any point p, in (a, 6) can be made the center of’an interval 26, within 
which 





(f(p;, +h) — Sfp; 
- ; ese elses 


| 
I shall assign to each point p, such a positive number 6,. Then, by $1, for a 
sufficiently small D the points g, for which 6,> D must be dense in some por- 
tion of (a,b). Let (a’, 6’) be such a portion, and denote by Q, the dense set of 
points g, within (a, 0’). Then for any two points q, and q, whose distance 
9; — q,| does not exceed D we have 


| F( 9) — (9) 
| 1 X 
and therefore 
ive: 


(1) ISG) San era 


Consequently the variation of f’(«), taken for the set Q, and for any subin- 
terval of (a, 6’) not greater than D in length, will not be greater than 4e. 








Ln) met Ge 


et 
foe, iy, (G2)| << 


=F") <6; 





The fundamental principle has been used thus to obtain a portion of the con- 
tinuum in which there is a dense set of points with a certain specified property. 
Our second step in this and subsequent demonstrations consists in the extension 
of the property to all points of the portion. In the special case before us now, 
every point p of (a, 0’), and in particular a point p which does not belong to 
@,, has a small neighborhood 2/ such that 


F(a) —f(p 
oo? 


where ¢ is an arbitrary small prescribed quantity. But also when |g, — p|=D, 





’_#"(p) <€ ge TEU 





we have 
t(9;) -F(P) / i 
q;— Pp reer CA te 
Consequently 
2 ip (2)\ = eatle: 


As € is arbitrarily small, we conclude from (1) and (2) that the variation of 
J’(#) in any portion of (a’, 6’) not exceeding D in length will not exceed 
cna be; 

This brings us to the third and final step of this and similar demonstrations ; 
namely, the establishment of the pointwise discontinuous character of the func- 
tion under consideration after it has been demonstrated that there is some por- 
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tion of the original field in which the variation of the function does not exceed 
an arbitrarily prescribed quantity ¢,. The reasoning is so familiar that I give it 
here once for all, remarking merely that it is applicable to fields of two or more 
dimensions as well as to intervals. Take any series of decreasing positive 
numbers ¢, ¢,, --- having 0 as their limit. Inside the part of the field in which 
the variation does not exceed ¢, there must be, by like reasoning, a part in 
which the variation does not exceed ¢,; in the interior of this another part in 
which the variation does not exceed ¢,, and soon. The limit of this series of 
intervals or regions, taken each entirely in the interior of the preceding, is a 
point (or set of points) at which the function is continuous. Furthermore, as 
the argument applies to any portion of the initial field, the points of continuity 
must be everywhere dense, and the function is at most only pointwise discon- 
tinuous. 

Applied to /’ (a) in the particular case before us, this reasoning gives at once 
the following theorem : 

THeoreM I. Jf a function of a real variable x has a derivative at every 
point of an interval (a, b), this derivative is at most only pointwise discon- 
tinuous in the interval (BartReE).* 

{t is well known that the points of continuity in the case of a pointwise dis- 
continuous function have the power of a continuum. ‘The same remark applies 
to all other sets of points obtained in this paper (ef. theorem VII) by the above 
method. In fact, to each value of ¢, there was found between a and 0, or 
between any two points of (a, 6), a certain interval with specified property. Con- 
sequently the totality of points which cannot be included in the interior of such 
- intervals is nowhere dense in (a,b). Call this set of points B,. Corresponding 
to ¢, 6, --- we have an enumerable set of such sets 6,, each nowhere dense 
‘in (a, 6), and these together constitute what Barre calls a point-set of the first 
category.t The complementary point-set, which consists of such points as we 
obtain by our method, has the power of a continuum. ¢ 

Theorem I may be extended to one-side derivatives. The extension is not 
without some interest, for it is known that the four derivatives of a function, 
when distinct throughout an interval, must be totally discontinuous.§ The 
possibilities in respect to continuity are accordingly settled for the various 
species of derivatives. For extension of the above theorem to one-side deriva- 
tives BAIRE’s proof requires no modification. The proof given here may be 
modified as follows. 

Suppose that only a right-hand derivative 7 («) exists in(a,6). Assign 





* BAIRE deduces the theorem as a corollary of the fundamental theorem which will be quoted 
at the beginning of 73; loc. cit., p. 64 or Bericht, p. 224. 

ft Loe. cit., p. 65. 

1 Cf. Bericht, p. 108. 

9 Cf. DINI’s Grundlagen fiir die Theorie der Functionen einer reellen Grosse, p. 249. 
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to each point p, of the interval a positive number 6, such that 


Ret) ee 
(3) Ae : 22 EEF ae pi eae (0<h<i). 





For a sufficiently small D there will be some subinterval (q@’, 6’) in which the 
points g, for which 6,> D are everywhere dense. Take within it two such 
points, g, and g,=g¢,+/h, for which 0<h=D/2. We have the three 
inequalities 











AL fi) Se € 
1 eae So es ae ie fe 
(5) “Ae es AST ) SF. (% h)i <a 
f(q, + 2h) —f | _e 
(6) ; (%, - © (4%) Pi(N)) <g> 


which combined together give 


l(a, + 2) +4. (a) — 27 (a) | <e 


(7) IF (2) Fi (n)I<e- 
Consequently for Q,—, i. e., the set of points g, within (a’, 6°)—the variation 
of f(a) will not exceed 2e in any segment not exceeding D/2 in length. 
Take next any point p of (a’, b’) not belonging to Q, and let 6<D bea 
number assigned to it in accordance with (8). Since p is the limit of a set 
of points q, which lie to the right of it, we may choose from @, some point 
q,;=pt+h for which 0<h<6/2. Then if we replace g, by p and q, by q,, 
the inequalities (4)-(7) will hold as before. Consequently 


IF. (Gi) Fi (Py <e- 
It follows therefore that the variation of f; (w) for any portion of (a’, b’) which 
does not exceed D/2 in length will not be greater than ¢ = 4e. The conclu- 
sion that f,(«) is at most only pointwise discontinuous then follows in the 
manner previously described. 
We shall consider next a function f(x, y) which has a partial derivative 
Of /Cx at every point of a field 7’ defined by 


a=xz=6, cSy=d. 


By virtue of this hypothesis f(a, y) must be continuous with respect to «. 
We suppose also that it is continuous with respect to ¥ upon a set of parallels 
«=a, to the Y-axis which are everywhere dense in 7’, and proceed then to 
examine the character of 0 f/0x in regard to continuity when both « and y are 
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varied. Any point p=(a, y) may be made the center of an interval parallel 
to the axis of w and having such a length* 26 that 


wv a. v8 é wie! | 
6 Pec S(@sy) Abe Ye (lal <4). 





By the “addendum” of § 1 it is possible for a sufticiently small value of D to 
find a part of 7’ 
Ls a =a), ¢ Syed 

where the points g, having 6, > D will be everywhere dense upon each line of 
some system of parallels, y= y,, which is itself everywhere dense throughout 7”. 
Let «=a, and «=a, +h be any two lines within Z” along which f(z, y) 
is continuous with respect to y. Then, h being fixed in value, the difference 
quotient 


eth,y)— ae 
(9) (10 eee a 


will be a continuous function of y on the linex=a,. Denote by LL’ any seg- 
ment of the line in which the variation of (9) is less than a prescribed e, and 
upon LZ’ as a side construct within 7” a rectangle LZ’ M’M having its second 
side UM’ < D. 

Consider the variation of Of(«, y)/Ox in this rectangle, and first of all upon 
the dense set of parallels y= y,. If the intersection (~,, y,) of «, with one of 
these parallels is not itself one of the points g,, it is the limit of a set of such 
points upon y= y,, and we may take a point g, = (&%, y,) so close to (2,, y,) 
that the difference of the values of the different quotient r(a, y) at these two 
points will be numerically less than an arbitrarily assigned quantity ¢. At the 
second point g, we have 


mete Fee ene (Ch S08 
al i 

Since, furthermore, on the one hand, the variation of r(x, y) upon LL’ is 
less than ¢€, and, on the other hand, the variation of 0//0x upon y = y, is less 
than €=6¢e by the proof of theorem I, it follows at once that the total variation of 
Of /Ox, taken for the set of parallels y= y,, will be less than ¢+2 (6¢)+2 (e+e). 
Since also € is arbitrary, it will not exceed 15e. 

Bring next into consideration the points of the rectangle which do not lie 
upon the dense set of parallels y = y,. For any such point (2, y’) we can find 
another point («”, 7’) so near to it that 





T(E sy) =F ae sy) 
(10) | ” ’ is Oe | ote 


ie Eb: 





*In this and other cases BAIRE considers the maximum interval 206 fulfilling the condition 
imposed and proves that / as a function of (2, y) is ‘‘ semi-continue supérieurement.’’? In the 
method which is here being followed, it is unnecessary to introduce the maximum 6. 
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Now if neither point lies upon a line of continuity for f(@, y) with respect to y, 
we can take a sa of such points, (%, y') and (%’, y’), so close to them that 
(11) ee pee es Be ee AG pel ee 


—/ €, 








while if either point lies upon such a line of phe alis we have merely to iden- 
tify it in (11) with the corresponding point of the second pair. Having now 
two points upon lines of y-continuity, by varying y we can find one of the dense 
set of parallels 7 = y, so near to y = 7’ that 


(12) FBS Y) —F(BSY,) SRY aimed: H)) ce 


on” iw an! nie 
But upon this parallel it is possible to select from the dense set of points g, such 
a point 9, = (#,, y,) that 


(18) S(% Ue es Y;) HA Ys) ICP» ¥,) | 


aw, — a Ca 

















<e (|m—%#|<D). 


Since, lastly, for q, 








Of (eI) _— LF (%ir Yj) — F(&s Y;) 
oe) | Ox. = 00 | a 
it follows immediately from (10)—(14) that 

OF (ir Y) OF (@ YD _ 

| Ow ba One Sor 


where e’ is arbitrarily small. As the variation of Of/0x upon the dense set of 
parallels 7 = y, does not exceed 15€, we conclude from the last inequality that 
the variation of of/0x in the rectangle LL’ M'N will not exceed 15¢ +2¢=1Te. 

This rectangle can now be substituted in place of the original field. By 
indefinitely decreasing ¢ = 1Te we obtain as the limit of a series of rectangles, 
lying each within the preceding, a point of continuity of Of/Ox considered as a 
function of (x, y). This proves the following theorem ; 

THeEorEM II. Jf f(x, y) at every point of T possesses a partial derivative 
Of (x, y)/Ox and if, furthermore, there is in T an everywhere dense set of 
parallels «=x, upon which f(x, y) is continuous in y, then Of (x, y)/Ox as 
a function of (x, y) is at most only pointwise discontinuous. 

For the sake of completeness I call attention to BArre’s important remark* 
that when the derivative 0 f/0y exists as well as 0f/0x, there must be at least 
a set of points everywhere dense throughout 7’ at which both derivatives are 
continuous, and at which, therefore, f(x, y) has a differential. The proof fol- 
lows immediately by making the values of ©, ¢, ©, --- refer alternately to 
the variation of the two derivatives. 





*Loe. cit., pp. 108-110. 
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$3. Theorems on the continuity of f(«, y)-. 


Barre in his thesis has given the following important theorem : 
If f(x, y) is continuous with respect to y at every point of a rectangle 


aes a=c2=b, c=y=d, 


and with respect to « on a set of parallels to the X-axis everywhere dense in 
T, then f(x, y) as a function of the two variables together is at most only 
point-wise discontinuous ; and the points of continuity in T will be every- 
where dense upon any curve having an equation of the form y = $(ax), wherein 
p(x) is a continuous function of x.* 

SCHONFLIES,t commenting on this theorem, has remarked that although 
Barre’s hypothesis of continuity with respect to « is stated for a dense set of 
parallel straight lines, this is clearly an unessential specialization, for in place of 
this set of parallels “eine tiberall dichte Curvenschar” could be substituted. 
There is, however, nothing in BarreE’s work to indicate the mode of distribution of 
the points of continuity along such a system of curves y = $,(#) as SCHONFLIES 
suggests. I shall complete the result by establishing the following theorem : 

THeoreM III. Jf f(x, y) is continuous with respect to y at every point 
of T and with respect to x upon a set of curves everywhere dense and having 
equations of the form y=,(x), in which $,(x) is continuous in x, then 
I («,y) as a function of (x, y) is continuous at all the intersections of these 
curves with some set of parallels to the Y-axis which are likewise everywhere 
dense in T. 

Proof. To every line « =~, in the field 7’ let a positive number 4, be so 
assigned that the variation of /(#, y) in any segment not exceeding 6, in length 
will not exceed a fixed but arbitrarily prescribed e. According to our funda- 
mental principle, for a sufficiently small value of D the set of lines « = &. for 
which 6, > D must be dense in some portion of 7. Suppose such a portion 
T’ to be included between w = & and w = &,, and denote the dense set of lines 
between these limits by &. We shall establish first that the characteristic 
property of the lines of & holds within Z” for every parallel to the Y-axis. 

Consider for this purpose any line # = aw which is not known to belong to 
E. It is cut by the curves y = ¢,(«) in a dense set of points (w’, y,). Take 
now any two points whatsoever of the line, (a, y') and (2#’, y”), for which 
ly —y'|=D. If these points are not themselves included in the dense set of 
intersections (a, y,), we can take two of the intersections (x’, y,), (2, y;) 
which lie so near to these two points that simultaneously 


ly, —y,| =D; , 
[LACe ¥) P(e WI] — LAC 9) —P (es yw) <& 


* W0c./clt., p- at. 


+ Bericht, p. 140. The specification as to their distribution upon y=¢(a) is omitted in 
SCHONFLIES’ summary of the theorem (p. 142). 
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in which ¢’ is arbitrarily small. Then since (2, y,), (a, y,) are points of con- 
tinuity of f(a, y) as a function of w, they may be made the centers of intervals 
parallel to the X-axis and so small that in either interval the variation of 
J(«, y) will be less than ¢’. Furthermore, since the lines of E are everywhere 
dense in 7’, the two intervals will be cut by certain lines of the set. Let 
(E', y;), (&, y,) be the intersections of the two intervals with some one of 
these lines. We now have the inequalities 


| [(S(#; Y;) St ¥;) | — ide Y;) — fe, Y,)] | = 2, 
ARES Yi)HINE y;)| aie. 


It follows then by combination of these with the inequality above that 


Lie sy) — fey) < e+ 8, 


and hence, since € is arbitrary, 


P(e ¥) Kes y")| =e. 
We have thus shown that the variation of f(a, y) in 7’ upon any parallel to 
the Y-axis will not exceed ¢ for any segment of the parallel not greater than D 
in length. 

Any point (#,.¥,) within 7” at which f(a, 7) is continuous with respect tox 
can now be made the center of a rectangle, with sides parallel to the axes of x 
and of y, in which the variation of f(x, y) does not exceed 3¢. For suppose 
it first to be made the center of an interval (x, — 6’, x, + 6’) parallel to the 
X-axis in which the variation does not exceed «. Then the rectangle bounded 
by 

w= x, — 0, w= x, + 0, y=y,—-D, y=y,+ D, 


or so much of it as lies in 7’, fulfills the conditions stated. 

Let the value of ¢ be now diminished. Corresponding to an indefinitely 
diminishing series ¢’, e”, e””, -- - we will have a series of rectangles 7”, 7”, 7””, - 
having the same altitude as Z’ and lying each within the preceding. The limit 
of this series of rectangles is a line y = 7 (or a continuous set of such lines) 
which has the following property: Every point of the line at which f(a, vy) is 
continuous with respect to x is also a point of continuity of f(x, y) with respect 
to (%, y), imasmuch as it can be enclosed in a series of rectangles in which the 
variation of f(«, y) is successively not greater than 8¢’, 3e”, de”, ---. In par- 
ticular, every point in which the line is cut by the curves y = ¢,(a) is a point 
of continuity of f(x, y). | 

If the original field 7 is divided into two parts by a parallel to the Y-axis, 
our reasoning applies to each part. The lines y = 7 are therefore everywhere 
dense in 7’. This proves the theorem. 

Trans. Am. Math. Soc. 14 
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One particular case of theorem III is worthy of special note, that in which 
J (a, y) is continuous in and y separately at every point of 7. Applied to 
this case the theorem becomes the following corollary : 

THrorEM IV. Jf f(x, y) is continuous in x and y separately, there exists 
in T an everywhere dense set of parallels to the Y-axis (also to the X-azis), 
at every point of which f(x, y) is continuous in (x, y). 

This is merely another statement of the following conclusion of Barre: * 

THEOREM IV’. Jf f(x, ¥) is continuous in x and y separately within T, 
the projections upon the axis of x of all points of discontinuity whose measure is 
greater than an arbitrarily prescribed positive quantity o will be nowhere dense. 

To establish the equivalence of the two statements, it suffices to note that, by 
the proof of IV, between any two parallels to the Y-axis containing points of 
discontinuity which have a measure greater than o, there may be inserted one 
of our strips Z” for which o, = 8e may be taken less than o. Because 3¢ is an 
upper limit for the measure of discontinuity at all interior points of 7”, it fol- 
lows that the projections of the discontinuities having a measure >o can be 
nowhere dense. Conversely, if IV’ be assumed, theorem IV at once results by 
application of familiar principles. 

In the method which I have given here, attention has been concentrated upon 
the parallels of continuity for f(x, y) rather than upon those containing points 
of discontinuity. This makes it easy to make the following advance beyond 
BatreE’s result : 

THEoREM V. Upon the hypothesis enunciated in theorem IV there ewists 
also a set of lines everywhere dense in T and parallel to the Y-axis, upon 
each of which f(x", y) as a function of (x, y) is uniformly continuous.t 

To prove this theorem consider again the strip Z’’. Divide any interior line 
x = « into segments equal to or less than D/2 in length by means of the points 


(x, %)s ( x’, Yo) ie (x, Yn) 
Each point (2’, y,) can be made the center of an interval 2c, parallel to the 
axis, in which the variation of f(a, y) does not exceed a prescribed e«. Let o 
be the smallest of the numbers co, and mark out a strip of Z” bounded by the 
parallels 


, 


x=2 —o, e=e+oa. 


Take now any two points (a, 7), («”, y”) in the interior of the strip such that 
ly —y’| = D/2, and make each point the center of an interval of length D 


* The proof given above is much simpler than that of BATRE (loc. cit., pp. 88-94), who does 
not make use of the theorem of which III was an extension. 

+ The term ‘‘ uniformly continuous’’ here signifies that if any « is arbitrarily prescribed, a 
value 6 can be found such that for the vicinity of all points (2’, y’) of the line considered the 
variation of f(a, y) will be less than e when |a—a’|=d, |y—y’|=6, provided, of course, 
(a, y) lies within the field 7. 


” 
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parallel to the axis of y. It has been seen that the variation of f(x, y) in 
either of these intervals does not exceed e. Since also they will cut in common 
some one of the n intervals o,, we have 


tm y) — f(a, y") | = Be. 


If now we confine ourselves to the strip S bounded by 


We de ee: 
c= te — 9? ce=e + 9? 

every point in S may be made the center of a square, the sides of which are 

parallel to the axes and have a length equal to the smaller of the two numbers 

oand ). Within the square (or such part of the square as is contained in 7’) 

the variation of f(x, y) will not exceed 6c. 

The strip S may now be substituted in place of 7, and the reasoning be 
repeated. To a sequence of indefinitely diminishing values ¢,, €,, €,, --- there 
corresponds a series of strips of decreasing breadth, contained each in the pre- 
ceding, and the limit is a line « = % on which f(x, y) is uniformly continuous. 
Obviously, also, such lines will be found between any two parallels to the axis 
of y, and they are accordingly everywhere dense in 7’. 


§ 4. Theorems concerning integrals. 
Suppose that 


(15) (x)= ffl» yay 


is the integral of any function f(x, y) which in the rectangle T is continuous 
in w and y separately. We have just found in 7’ a strip S for which the fol- 
lowing property holds: If |x’ — a”| does not exceed o, then 


Sa 9) —F (2, y) |S 8. 


Consequently we have for the difference of the values of (15) along the parallel 
patos —= 2, 2 = 2 


| F(a!) — F(a") 





= [re y )dy — [re yay = 8e(d—c). 


In other words, in the interval (a, 6) may be found a subinterval in which the 
variation of #’(«) does not exceed & = 6e(d—c). The conclusion concern- 
ing the pointwise discontinuous character of /’(a) which has been stated previ- 
ously in theorem VI of the introduction, follows at once in the manner explained 
nes. 

Consider next the difference quotient 


F(x + Av) — F(x) - (22 + Ae, y)—f(#, y) 
Aw ae Ax 





dy. 
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If f(x, y) has a derivative with respect to x, the application of the mean-value 
theorem gives for the value of the right-hand member 


d 
f f.(et Ode, y)dy, 


where 6 is a number between 0 and 1 which varies with y. If, now, f’(x, y) is 
continuous in # and y separately, there is a strip of Z’ between two appropri- 
ately chosen parallels « = «+ 6, within which the variation of f'(#, y) for 
constant y will not exceed 3e. Hence when w and w« + Az both lie between 
these limits for 2, we have 


ad d | 
[Pet ode, yy fP.le.y)dy = 8e(d—e). 


Consequently 
F(a + Av) — F(x) any 
Ax ( Se y)dy + &, 


|e,| = 38e(d—c). 





where 


The interval (w — 6, w + 6) and the corresponding strip of 7’ may now be sub- 
stituted in place of (a, 6) and the field 7’, and the argument may be repeated 
with a smaller value of e. Continuing in this way we obtain with diminishing 
€ a series of intervals contained each in the interior of the preceding and having 
for their limit a point w# at which 


Ee ra) ee eee 


As the argument applies to any portion of (a, 0), the first part of theorem VII 
is established. 

The second part of the theorem follows from the remark that in the succession 
of strips diminishing with e the variation of f’(«, y) for constant y does not 
exceed 3e, so that the variation of 





lim 
Az=0 


d 
Fy(x)= [fi(wsy)de 


does not exceed 8e(d —c). The limiting point_a is therefore a point of con- 
tinuity of F(a). 
§ 5. On series. 
Let 
S(v) =u,(v) + u,(v) + --- 


be a series, whose terms are continuous in (a, 6) and which converges at every 
point of this interval. Denote by S\(a) the sum of the first m terms of the 
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series. To each point «, of the interval a number n, can be so assigned that 


|S; (x,) — S(#,) 





utm << € ee at as en 


If € is fixed and a sufficiently large V is selected, the set of points x = q, for 
which », < VV will be everywhere dense in some subinterval, (a’, 6’). Let Q 
denote this set of points. Contract this interval so much as may be necessary 
to make the variation of the continuous function Sy(«) within (a’, 0’) less than 
e. Then for g, and g,, any two points of @, we have 


| Sy(a.) — S(a)|<e, 
|Sy(%) — S(a)|<e, 


and 


| Sv(%) — Sw()|<e- 
Hence 
oh |S(q,) — S(q,)| < 8¢3 


that is to say, the variation of S(«) in (a’, 6’) over the set @ does not exceed 6e. 
Consider next a point p in (a, 0’) which does not belong to Q. A fixed 
value V’ = XN can be found such that 


| Sw(p)— S(p)|<¢. 
As the points g, are everywhere dense in (a’b’), one of these points be found so 
near to p that 


| Sw (Pp) — Sw(9:)|<e. 
| Sw (9;) — S(G)| <6, 
it follows from the last three inequalities that 
(17) |S(p) — 8( a) | <e+ 2¢. 


But ¢’ is arbitrary. We conclude therefore from (16) and (17) that the varia- 
tion of S(x) within (a’, 6’) can not exceed ¢, = 8e. By § 2 this gives at once 
the following theorem : 


TueorEeM VIII. Jf the series 


Since also 


S(w) = u,(#) + 1 (@) + u(@) +o 


converges at every point of an interval (a, b) and each term of the series is a 
continuous function of «, the sum of the series can be at most only pointwise 
discontinuous in (a, 6) (BATRE).* 

This theorem was first proved by Oscoon + for the case in which the limit is a 


* Loc. cit., p. 62, or Bericht, p. 224. 
American Journal of Mathematics, vol. 19 (1897). 
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continuous function, and he showed, moreover, that the points of uniform con- 
vergence* are everywhere dense. Recently Hopson; has proved that the 
points of uniform convergence are also dense in the more comprehensive case 
considered in theorem VIII. This conclusion results also from the proof given 
above, for it can be shown at once that all the points of continuity for S(«) 
obtained through the demonstration are points of uniform convergence. ‘Take, 
in fact, any one of these points. It can be made first the center of an interval 
(a, 8) in which the variation of S() is less than e. But it also lies in an inter- 
val (a’, 6’) in which the points g, are everywhere dense. or any of these points 
we had 


(18) |S..¢¢,) — S(q)| <e (n=W). 


In the vicinity of any point p of (a’, b’) we can find a point g, so near that, 
for given 7 and e’, 


| S\(p) haa AN = e. 
But for two points q, and p interior to (a, 8), 
| S(9,) — S(p)| <e. 
Hence from the last three inequalities 


(19) |S.(~) — S(p)| = 2¢ (n>). 


The two inequalities (18), (19) hold simultaneously for the common portion of 
(a’,b’) and (a, #), and consequently the center of (a, #) is, as stated, a point 
of uniform convergence. 





* By a point of uniform convergence is to be understood one which, for any arbitrarily assigned 
€, can be enclosed in an interval in which 


|S(x)—Snr(a#)|<e (n> N) 


for all values of x and for a sufficiently large WV. 

t Proceedings of the London Mathematical Society, vol. 34 (1902), p. 245, or 
Acta Mathematica, vol. 27 (1903), p. 209. Anearlier proof was given in TOWNSEND’s dis- 
sertation (Géttingen, 1900), p. 68. 





INVARIANTS OF BINARY FORMS UNDER MODULAR 
TRANSFORMATIONS * 


BY 
LEONARD EUGENE DICKSON 


For a non-modular field #’ and a binary form f with coefficients in ’, the 
problem of the determination of functions of the coefficients and variables of /, 
invariant under all. binary linear transformations in /’, is formally identical 
with the corresponding problem of the ordinary algebraic invariant theory. 
But for a finite modular field the problem is essentially different; the terms of 
an invariant need not be of the same degree nor of constant weight; the anni- 
hilators are quite complicated, involving higher partial derivatives. Fortunately, 
the difficulty in the direct computation of the invariants is in marked contrast 
with the regularity observed in the actual form of the invariants and with the 
simplicity of the relations between the invariants, common to the algebraic and 
modular theories, and the additional invariants peculiar to the modular theory. 

In the study of the invariants of a given quantic in the Galois field of order 
p”, we have a doubly infinite system of problems, corresponding to a single 
problem in the algebraic theory. Interest naturally centers in a comparative 
study, rather than in the individual problems. The aim of the present paper 
is to give in correlation the results of a rather extensive comparative study. 
Formal proofs of the laws observed are given only in a few instances. It is 
hoped that proofs of the remaining properties observed will become more prac- 
ticable when a satisfactory symbolic treatment is constructed. 

Since there is evidently only a finite number of linearly independent invari- 
ants J of a given binary form of degree m in the G'F’[ p”], each set of num- 
bers m,n, p uniquely defines a commutative linear associative algebra, whose 
units are these invariants J. 

In the final sections of the paper, application is made to the invariantive 
reduction of binary quantics to canonical forms. 





* Presented to the Society at the preliminary meeting of the Southwestern Section December 1, 
1906. Received for publication December 19, 1906. 

+ The invariants of k-ary quadratic forms are treated in papers to appear in the Proceedings 
of the London Mathematical Society and the American Journal of Mathematics. 
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1. THEoremM. The binary form* with coefficients in the GF'[ p"], 


a) fa Daory, 


has the absolute invariant 
(2) I=[]|(a—1), B=p"—1. 
i=0 


Here and below we employ the generators (t, \ any marks + 0) 


(3) C=C ty, y=Y;3 
(4) eee i NG 
(5) Y=, y= — wv; 


of the group of all binary linear transformations with coefficients in the 


GF'[ p"]|. Under (3) f becomes a form /’ with the coefficients 


i—1 

oo —_ 5 7 od rene 

(6) ‘a,=a,, @=¢@,+mte,, 3, a, ¢, + 2 Ons, it a, 
I= 


Under transformations (4) and (5) we have, respectively, 
(7) a, =a, (t=0,1,---,m), 
(8) a,=(—1)"“a,_, (i=0,1,---,m). 


Under the replacements (7) and (8) the function (2) is unaltered, since A“ = 1 
for every mark X + 0. Consider next the replacement (6). The first factor 
a“ —1 is unaltered. Then, since (a¥ —1)a,=0, 


(a\" —1)(a{* —1) = (at —1)(at —1 +4 day) = (ai — 1) (at ~1). 


The proof may be completed by induction from i—1toz. Let 


P= IT (a os ina: 

yh 

Then 

5g it dpe Ges Wi 1) = P._,(at = +f; B ja, ze B, a, oad Pit“ B,, 4%, ) 


v 


= P,,(at —1)=P,. 


2. The absolute invariant (2) has a simple interpretation. According as 
a+0 or a=0, we have a*—1=0 or —1. Hence the form f vanishes 


. 
identically if and only if T+ 0. 





* We do not at present introduce binomial coefficients Cy;, some of which are divisible by p 
for certain values of m and p. 


le 
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Frequently a property expressible by a single invariant in the modular theory 
requires in the algebraic theory the use of a covariant or else an invariantive 
simultaneous system of equations. A less obvious instance relates to the minors 
of the determinant of a k-ary quadratic form. 


3. THEOREM. Jor m a power of p, the binary form (1) of degree m with 
coefficients in the GF'| p" | has the absolute invariant 


m—1 


(9) P=] (a#—1), b=p"—1. 
t=] 


The proof is similar to that in $1. We now have 
C,=9 (mod p) (i=1,---,m—1), 
so that there is no term a, in a, (¢t=1,---,m—1)in dehuanales (6). 
4. An obvious invariant of fis the eliminant /’ of 


diel OT a Dine 


For example, let m= 3, p"=3. Multiply f by wy, wy’? and a in turn and 
reduce by means of # =a, y*=y. The corresponding equations 


ae + a,ey + a,ey’ + ay =0, (a, + a,)ey + (a, +a,)xey?=0, : 
(a, + a,)x’y + (a, + 4,)ay’ = 0, ae +(a,+a4,)e’y + a,vy?=0, 
have the eliminant, identical with (17) of § 9, 
a,d,{(a, + a,)° —(a,+a,)?}. 
Evidently, = a, 2, where & is the resultant of 
Fin cee tO, 05 Me uae aig 


By the elimination of 1, y, y?, ---, y"-! by SYLVESTER’s dialytic method, we 
obtain for 2 a determinant of order p” in which each element in the main diag- 
onal is a,. The numerical factor is thereby determined so that = a?" + .. 

Except in the simplest cases, it is more convenient to have # expressed as 
the product of the linear functions obtained from f by giving to w, y the p*+1 
sets of values 0, 1; and 1, p, where p ranges over the marks of the field: 


EL=a,1I(a,+a,p+---+4,p"), p ranging over the GF’[ p"]. 


For the case of quadratic forms (m= 2) in the GF’[ p"], simple expres- 
sions may be given to #. For p=2, H=a‘y, where y is the absolute 
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invariant given by (20). For p> 2, 
He = 4 (Ate) — A), A = ai — 4a,4,. 


Note, in verification of this result, that f, = 0 has a root in the field if, and only 
if, the discriminant A is zero or a square, so that H = 0 if, and only if, 


A(AK—) _1)=0. 


For cubic forms, consider first the case p" = 3?. 

We define the G'#’[9] by the primitive irreducible congruence 7? = 7+ 1 
(mod 8); then the marks + 0 are 1, i, 2, 7°, and their negatives. Hence 
EH = a,a,7 , where 

m = II {(a, + a,p")” — (a,p + a,p*)”} (p=1, 4, #, #) 


= II (a, — ap’ + Bp*— asp’) (a=a?+ aya,, B=a3 + a5). 


Forming the product of the factors given by p=1, 2”, and those given by 
p=1, i, we get, since 7* = — 1, 


w= {(a, + 8) — (a, t4)}((4, — 8) (a a) 
= (4% + aga + 8°)’ — (as + a8 + a”)? 
Since a,a,(a; — a) = 0 in the field, are readily obtain the result: 


At eh ee 45 a en be S92 be aay ange pap 6 3 
(oy se! A a,4; X04, aH (a,4,a; Aa, a;) Ws (aa; F Ty, A, ze Ajay) a 
6 443 3 9 2 8 5 4 4 ya yo 3 yt 72 2 776 8 
+(a,a,a5—ajaia,+ aa} )a,+(a,a3+ara)+ ataias + aratas—a°a}a,— aya; ds. 
For p + 38, we shall employ the cubic form (40) with binomial coefficients. 
; ; R ; 
Then 7 is the product of the functions a, + 3a,p + 3a,p" + a,p*, p ranging over 
the marks + 0. For p” = 2, 2’, 2°, the expressions for 7 and # are given in 
§23. For p*= 5, 
ai 2 2 2 2 2 2 
hia (a, ther 4s) ined (a, aa A Ay ) 


wa 


isa) ed 4 Le) et ee) Per cian) Ben gp 28 & 2 
= a, — 4 + a; — a3 + 2aja; — 2aia} + 2a,a,a; — 2a5a,a, + 2a,a3a, — 2a,a7a,, 


so that 1 is given by (90). For p" =T, it is convenient to set 
a=ai—ai, 8 =a,a, + 2a}, y= — aa, — 2a’. 


Forming the product of the factors by twos, viz., those with p= +1, those 
with p = + 2, and those with p = + 3, we obtain the interesting result : 


mw=(a+8+y7)(4+ 28+ 47)(a+4B8 + 2y) = a+ 6+ Y—B8aBy (mod (Oe 


The resulting expression for / is given by (93). 
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5. THEorREM. The weights o =e, + 2e,+.---+ me, of the various terms 


em 


cogtl...@? 
aa, an 
of an invariant > differ by multiples of w= p"—1. 


Here and in § 6, let ¢ become ¢’ = D’¢ under every binary transformation 
of determinant D. Consider the special transformation (4) in which ) is a 
primitive root of the GF’[ p" |. In view of (7), the above general term of ¢ is 
multiplied by A”. Hence 


Aw =A’, c=d (mod pz). 


6. THeorEM. The degrees p of the various terms of an invariant differ 
by multiples of m/d, where 6 is the greatest common divisor of m and 
B=p"—1. Further, mp — 20 is a multiple of pw. 

For the transformation x = dw’, y = Ay’, we have a4; = A” a,. Hence a term 
of degree p of ¢ is multiplied by X””, so that mp = 2d (mod /). 


7. The differential operators which annihilate an invariant are here more 
complicated than in the algebraic theory. This is due primarily to the fact that, 
in a series of powers of an arbitrary mark ¢ of the G/’[ p" |, certain terms now 
combine, viz., ¢*, ¢'+", ¢i+2",..., where w= p”—1. Since a” =a for every 
mark a, we may assume that the exponent of each a, in an invariant does not 
exceed 4. Then, for the case n= 1, we can employ Tay tor’s theorem for 
the expansion of a polynomial of degree u = p — 1, 


Yat tala) by (a) tot yeH(a) + + He ym(a), 


since the denominator 7! is prime to the modulus p. The case n> 1 appar- 
ently (cf. § 10) offers a theoretical difficulty ; it actually presents a difficulty 
from another source ($12). We therefore begin with examples illustrating 
the simpler case n = 1. 


8. For the first illustrative example, consider the form 
(11) Aye + a, xy + ay’, 


in which the coefficients are integers taken modulo 3. Under the transforma- 
tion (3), a, and a, receive, in view of (6), the respective increments 


2 
a= ta, a,=ta, +a. 


Let ¢ be a polynomial in a,, a,, 4,, with exponents = 2. By Taytor’s the- 
orem, 
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dp — p= Pay Oy Pa + eo) Pa 1 4a; Paz a Oy Ay Daag it + $a eS 
z 4a Oe Pafas +3 ZH, H 2 5 Paa3 + tay Oh 2 Pa? af ag 5) 


where ¢,2,, denotes 0°¢/Oaj0a,, ete. Then ¢’—¢= t6¢ + 6,6, where 


2 
aya, 


of = 2a, Da, ai A,Py,+ 2a5Paa,+ A a,,2 “ts 2a; Para. t (@y+ Ay) Para? male 2d, A,Pa2a3 ’ 
6¢= — er Pat 2Q Pa +2, ay Pasa, — (G+aq; ) bagt +2a, Pala, t+ 2% ay Paa3 
+( +454) Pazag- 


A necessary condition for ¢’ = ¢ is6¢=0. This condition is also sufficient. 
Indeed, if [56] denotes d¢ in reduced form, i. e., with every exponent = 2 (in 
virtue of a = a), then 6[6¢] =6,¢. To verify the latter, note that if y is 
a reduced function of a, viz. ~=ra’>+sa+t, then [ay] =ra+ sa’ + ta, 
and [aw], =avt+v—vy,,(mod3). Again, if y= sa+t, [ay] = sat+te’, 
and 


Proceeding to the computation of the invariants, we may set 


ihe 
p= A; 4 Aa ( Ai; quadratic functions of a ). 
d, 9 
eee the annihilator 6 and giving to od its reduced form [6] with 
exponents = 2, we require that [6p] = 0, identically in a,, a,. Among the 
resulting seaniaene occur 


2° 


Aiea A,=9, A,,a,=9, A,,a,=9 (mod 8). 


1l 1 


In view of these, the remaining conditions reduce to 


Ajj Gy Ayg —Al m0, | Mg eM A SOA ee eee 


21 0 


From A,,a,=0 we get A,,=r(a;—1), where r isa constant. The term 
ra,ai a; is unaltered by Eranatermuarion (4), so that 7 = 0 unless ¢ is an abso- 
lute invariant. In the latter case we replace ¢ by ¢—~r/J, where J is the 
invariant given by (2). In either case, it remains to consider ¢ with A 0. 


Under transformation (5), 


2 = 


(8’) Ci. a 


This replacement must leave ¢ unaltered. But by A,, = 0, a{a} is a factor of 
no term of ¢. Hence aja? is a factor of no term of 6. We may therefore set 


A,, =a-+ Ba,, A,,=A+ pa, (a, 8, 4, constants ). 
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Similarly, by A,, = 0, a,@? is a factor of no term, so that A,,=0. The above 
long conditions now give 


Ay, = aa, + Ba), Ay =—a2+(B—dX)a— (a+ 4) a. 


The conditions that ¢ shall be unaltered by (8’) are »=a, A,, =k—aa,,hkha 
constant. Hence 


fp = Baia;+(B—r)a,a,+ rai + Baa,ai +aQ+h, 


where 
2 2 2 2 
(12) Q = 4,4; + aa, + Aja, + Aa, — a, — a. 


The coefficient of » is the discriminant A = a? — a,a,, that of 8 is congruent 


to A*°— A. As the linearly independent invariants of the quadratic form (11) 
modulo 3, we may take I, Q,A,M’. Now l= QY4L’—-1. As the inde- 
pendent invariants we may take Q and A. . 


9. Consider the binary cubic (1),,_; with integral coefficients modulo 8. The 
discriminant A and (9) give the absolute invariants 


(13) A = aia; — aa, — 4,4, P=(ai—1)(aj—1). 
Hence there is an absolute invariant of the second degree: 
(14) Ke=A—P+1=a4 4+ 4,—a,a,—-—4,4,. 


In view of (6), a, and a, are unaltered by transformation (8), while a, and a, 
have the respective increments 2ta, and ¢(a@,+ a,)+0¢a,. The coefficient of 
t in @ — ¢ gives the annihilator 


24,9 a, RN (4 ar ay) Pa, ie B Pasay te a, (a, re Ay) Pat ie ay (a, SF Qy) Pada; 


(15) } 
ot {a, ae a, (A, me a)” } Pasa? a a, (a, “UF Ay) Pazaz + 


By 885, 6, the terms of an invariant ¢ are all of even degrees, while all are 
of even or all of odd weights. Further, by (5) and (8), @ must be unaltered by 
the substitution 


/ /, c / aha / saeet A 
(16) a= — 4, Cha d,s Fp 7) a, = — a,. 


Let first the weights be even, so that by § 5, e, = e, (mod 2) in every term 
of ¢. Then, in view of (16), ¢ must have the form 


2 2 2 2 22 32 a3 2752 
(a; “om a; ) a c( a, oe a;) ate d (aja, or Aas ) + Caja, + faa; “Fr g (aa; Wi aa; ) 
Ze 2 p-y2 9 2 2 . 2 2 
+h( aja; + aay) +j(aja,a, + ajaa,) + (aja, + aa,a,) + laya,a,a, 
2 etree yy ery] Drage Pip ty greed 2 ye 2 yye 
+ m(asaia; + aiaja,) + n(ajaia; + ajaza;) + q( a,a5a,a, + aaa), ) 
2 


ayy] 2 2 
+ 7A)A, 4,4; - 
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By subtracting from ¢ suitable multiples of P, A, A’, and J, given by (2), 
we may setc=d=k=r=90. Then (15) vanishes if and only if 


== f= 0, geq=ee=h=—n, Ga eas 


The coefficient of m is the absolute invariant 


2 2,2 2 


a 2 ra Cy. 8 2 a a ee cee : 2 
T = a, + aj — aia} — ajay — aja; — aa; — aja, + ap a,a, + 0,05 


Za eee. 7 py en 2 
+ Q,a,4,0, + a,a,a, + a,a,a, — a,a 


aa a,a?a,a? 
3 Dad Samm Maid said Read S225). 


1 


Finally, when the weights are odd, the possible terms are 
B (aa, — 4,4,) + G(aja,a, — aja,a,) + H(aja,a, — a3a,a, ) 


202 
04 Uo, 


+ J(aia,a, — aa,a,) + K (aia, — aza,a,) + L(a 


Dy 
: —- aaa, ) “ 


The conditions that (15) shall vanish are B= G=K=L=0,J=H. Hence 


ma fe: 2 2 Pr iay 
(17) H = aa,A, — AAA, + Gia, — AZA,A, 


is the only invariant of odd weights. By §§ 4, 27, the cubic form is irreducible 


modulo 3 if, and only if, # + 0. 


The relations between 7’ and the remaining invariants are 
LT ana Uh hee OS Op ALT= — PT ee ier. f hia Fhe. 
We obtain the simpler relations * (19) by introducing W= J— P + T, viz., 


(18) W=a2(a@ara — aa? — aaa, + aa, — aa?) + a,(— aa,a? + a,a,a,+ aa,). 


THEOREM. As a complete set of linearly independent invariants of the 
cubic form modulo 38, we may take IT, P, A, A’, #, W. The product of any 
two invariants can be reduced to a linear function of these six by means of 


Pat [PPK thee Pi PPh eee 
19 
ne M=A, AF=H, AW=W, H?=W, EFW=E, W?=W. 


10. The next illustrative examples relate to the invariants of a quantic in the 
GF’ |p" |, n>1. We require the expansion of W(a-+t) in powers of ¢> 
where (a) is a polynomial of degree at most ~ = p"—1. This can be done 
by TayLor’s theorem, the coefficient of ¢' being the quotient obtained algebra- 
ically by dividing “?(a), all of whose coefficients are exact multiples of 7!, 
by the number 7!. Similar remarks apply to TayLor’s theorem for two or 
more variables. 

* Conforming with the relations (2 21) between the invariants of the cubic form in the GF[9]. 


Note that J— P+ T and —A—A?are the only invariants W satisfying the relations (19) involv- 
ing W. Hence there is a single invariant W which can replace 7. 
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11. Consider the quadratic form (11) with coefficients in the G/’[ 2"). 
Under the transformation (8), a, and a, are unaltered while the increment to a, 
is ta,+¢a,. Let ¢ be a polynomial in a,, a,, a,, with exponents = 2"— 1. 

Let first n = 2. Then the coefficient of ¢ in ¢’ — ¢ equals 


ay Pan +f ay [34,3 | oe Xs a? [ $bu3 | 


where the indicated divisions of the derivatives by 2 and 6 are to be performed 
algebraically and the quotients only are interpreted in the GW’ [4]. If we set 


r= ey 156 ai ( B’s functions of ay, a, ), 
i=0 


the above expression for the coefficient of t becomes, in the GF'[ 4], 
a,(B, + B,a;) + a}( Bb, + B,a,) + aa B,. 
This must vanish identically in a,. From a,b,=a,B,= 0 we get 
B,=r(a—1)(a—1) (7 =constant). 


The remaining condition * becomes a, B, + a,B,=0. Replacing ¢ by d—rJ, 
where J is the absolute invariant (2), we may set 6, = 0. By (8), ¢ must be 
symmetrical in a, and a,. Hence no term of ¢ contains the factor a} or the 
factor a>. By §§ 5, 6, the degrees p (and likewise the weights o) of the various 
terms of ¢ differ by multiples of 3, and p = o (mod 8). 

Let first p=o=0. Then ¢ involves only the terms a’, a,a,a,, aj ai a5, 
so that 

By =o, B, = ma,4,, Bes 160, Oi, 


Then m=k by a, 6,+a4,B,=90. The linearly independent invariants + are 
7 fe a? 


— 2 ye ye 
- J = a,4,a, + aai a. 
For p=oc=1, ¢ involves only the terms a,, a,a/a,, a,a;, aja* az, so that 
— sna 2 co 2 273 
B= ba, Bo 00,05; B, = da, + eapat. 


By a, B,+a4,B,=9, we getd=0,e=c. The invariants} are a, and a,J. 
The case p = o = 2 may be reduced to the preceding by squaring, an opera- 
tion here reversible. Hence the invariants are aj and a} J. 





* The corresponding conditions from the coefficient of t? are a, B, =a, B,;=0, a, B,+ aj B,=0. 
Thus the vanishing of the coefficient of ¢ does not imply the vanishing of that of ¢? (but does 
that of 1%, viz., a3 B, + a} B,). In this respect the case of invariants in the GF[ p"], n>1, 
appears to be in contrast to the case n= 1. 

+ The remaining conditions from ¢? (preceding foot-note) are satisfied. 
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For general n, we can prove (cf. §$ 4, 26) the following 

THroreM. The independent invariants of the quadratic form (11) in the 
GF [ 2"| may be taken to be a, (which is multiplied by the determinant of the 
transformation), I and the absolute invariant 


gn-1 


(20) xX (a,a,a7°*), where x(c)See+e+ce4 pee cas 


the last invariant being replaced by a,a,a, in the casen=1. 


12. The illustrative examples employed thus far were chosen on account of 
their comparative simplicity. As the order of the G/’[ p” | increases, the com- 
plexity of the computation increases very rapidly. Certain remarks will be 
found to be very useful. While, for n> 1, certain divisions are called for in 
the definition of an annihilator 6 (see $$ 10, 11), the actual performance of the 
divisions can be dispensed with in the computation of d6¢. For example, in the 
GF'[ 3°] the result of operating on a term a{ aja} by 1/3! 1/2! 0°/0a} Oa} is 
zero unless 1=3, j=2, while in the latter case the result is C,,C,,a)a)-*a)~*. 
It thus suffices to have a table * of the residues modulo 3 of the binomial 
coefficients C_.(7,s=8). In view of this remark, the following permanent 
notations will be used for the terms of 6d, the notations not exhibiting the 
numerical divisors. We shall set 


De aire et aN eats 





In the algebraic theory ¢ is invariant under the special transformation (8) if, 
and only if, 66 = 0, where d¢ denotes the coefficient of ¢ in d’ —¢. Thesame 
theorem appears to hold in the modular theory when» =1. In a few cases 
(cf. $8), I have made a direct proof of this statement; in very many cases I 
have secured indirect verification in showing that the computed functions are 
actually invariants. But for n > 1 such a theorem does not hold (cf. foot-notes 
to $11). However, it appears to be true that the vanishing of the coefficients 
of t, @, ¢”,---, @” implies the vanishing of the coefficients of the remaining 
powers (the last one being p"—1). The importance of this conjecture as a 
guide in actual computations is obvious; its effect on the explicit form of the 
invariant is noted in $17. 


13. Consider the quadratic form (11) in the G#’[3?]. Under transforma- 
tion (3), a, and a, receive the respective increments 6, = — ta,, 6, = ta, + @a,. 
Expanding the powers 6°, --., 63, reducing the coefficients modulo 3 and the 
exponents by means of x’ =a, we write down by inspection (in view of the 





* The residues of multinomial coefficients modulo p, a prime, are obtained rapidly by means 
of two general theorems given in the writer’s dissertation, Annals of Mathematics, ser. 1, 
vol. 11 (1896-7), pp. 75, 76. 
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simple form of 6,) the coefficient (22) of ¢ and the coefficient (23) of ¢ in 
go’ — $, employing the notations (21). 

—a,(1) + 4,(2) — a} (172) + aba, (1°82) — ai (1° 2?) — apa, (1°27) 

— ai a (172?) — ab (1° 2°) + af a? (1° 2?) — a} (12*) + a? a,(1°2"*) 

+ a}a?(1*2*) — a? at(1°2*) — aia,( 2°) — a§ay (12°) + a} a} (172°) 

+ ajat(1°2°) + a5a?(1*2°) — a} (172°) — asa, (182°) — a’ a} (2°) 

— aga’ (152°) — af (1°") — agat(1°2") — a2 a8(12") + adal (1?2") 

— a, (1°27) + aja, (1*27) — ai at (1°27) + afat(172") — a,ai( 2°) 

— (a, + 4,a8)(12*) — aya, (122°) — aya? (192°) — aya$ (128) 

— a,a}(1°2°) — aa? (1°2°) — aa? (172°) — a,ai(1°2°). 


(22) 


— a3(1*) — af (12) + aja,(1?2) — aa, ( 2’) — a, a} (12?) — a, (172?) 
— aa, (192?) + af (2°) — a3 (1°2*) + aba? (182*) — af (1°24) 

+ ai a,(1*2*) + ava? (1°2*) — aj at(172*) — a} (12°) — afa,(1?2?) 

— afai (1°2*) + afas (142*) + atat(1°2*) + atat (1¢2*) — ata? (1°2*) 
— ay ay (1°20) — a) (172°) — ay az (2") + ay ay (127) — ajay (1°2") 

+ asa‘ (1*27) — a§( 1°27) + afa,(1°27) — aj. a3 (1827) — af a? (2°) 

— ap at (12°) — agai (12°) — (a? + aa’) (192°) — aba, (1*2°) 


a}ai(1°2°) — aj a} (1°2°) = a a, (172°) — aba? (1°2°). 


(28) 


We may set 
gente & 
(24) d= > Aya: as ( A’s functions of ay ). 
4, Jj 


ij 
Since a§ occurs only in the first term of (22) and (23), we get 
de 0 (G1) -, 8). 


Employing these to simplify the coefficient of aj in the first four terms of (22) 
and that in the first three terms of (23), we get 


— 4, piA, ai —a,VA,ay, — aU C,A,a,*. 
These must vanish identically in a, =a}. Hence 
ge, —0 (t= 13.46, 0), An=0 (72=1, -:-) 7)... A,a—A,—A,,—0. 


Before examining the further conditions we shall introduce a decided simplifica- 
tion. From A,,a,=0, A, =k(a}—1), & a constant. But the term 


88 ~0 
Trans, Am, Math. Soc. 15 
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ka’ a*a’ of ¢$ is unaltered by transformation (4). Hence & is zero unless ¢ is 
an absolute invariant. In the latter case, we replace ¢ by ¢—AJ, where 
I is the absolute invariant (2). In either case we have A,,=0. Then 
A,a,=9 (i+ 9) implies A, = 0. For, then A,, = c(a)—1), while aja; a) 
is not aterm of ¢. If it were, then would aja‘ a} occur in ¢ since ¢ must be 
unaltered by (5) and hence by (8°) of § 8, whereas A,, = 0 (i=1,---, 8). 

We next examine the coefficients of a} in (22) and (23), then those of a}, 
etc. At each step we utilize the conditions previously found. In view of the © 
above result and the fact that the binomial coefficients C,, (i =3,4,6,7), 
C.,, Cy;, C,, are multiples of the modulus 3, the determination of the coefficient 
of ak may be done readily by inspection, The resulting conditions,* including 
the earlier ones, are: 


A, = 0(6=1).-4, 8) Ap 0G Bee 8), A 0 eo 
A’ = 0(f 21095 Sea noes ye a0 Conte ed a 

25 

oy A, = 0(4 54598, BT) AP 01 28a eee 


A,=0(¢=1,8,5,7), 4,=0( =1, 8,6, 7); 


A jg = Ay Gy) Ag = AiyGys Ag A Oy ee a 


27 46 “0? 26 “09 a4 “0? 84 "99 

an Te Ax 0? Ay, rg AQ. ey ea ree A.A, A, or A ysQy, a, nes A,.), 

Ay = A, A, aa Ax, ass Ay apr A, ’ Ay, are A, a» A. ory Ay ays 

(26) AG =F A, 5 ’ AS ad As, os Ay, aa Ne A> A,.Q, a A,, a5 Asi af Ai, =0, 
A,a EE AM, A,=— As A, =A,a,—A, a8, A, Ado A,,a% peat 

A,, dy + At ae he + Aa a= 0, Ais =a A 4} a aky as A, cat Te An ay ’ 


ae A gy a Bays An mea S Aga a Ay, Ms = 0. 


We note that each A, not in the set (25) has a non-vanishing value in at 
least one invariant given below. 
In the notations of § 5, we have here 


(27) e, + 2e, = 2e,+e,=d (mod 8). 


Consider first the absolute invariants, so that d=0. For e,=8, e,=0or4, 
we have e, = 0,4 or 8. The value e, = 8 is excluded, since (as shown above) 
a‘a\as? is not a term of ¢. Hence we may set 


A,,=e+ fas, A,, =1+ maj, A, =A+ Mas + var. 





* Those in set (25) and likewise the remaining ones occur approximately in the order of their 
determination. Obvious simplifications have been made in the latter conditions. Certain con- 
ditions have been omitted as being simple consequences of those retained. 
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By (27) the only further non-vanishing A,, are the following, whose values are 
derived at once from the non-identical conditions (26) : 


A,;= ea, + fae, A, =eai+ fay, A, = eat + fas, A, = ea? + fas, 
4a = ea) + fais A. mies (7+ L)as a (e =f m)di,, debe Agi eae )a, nae (e 4. Mm), 
A,,=—e+(l—f)at + mas. 


The necessary and sufficient conditions that the resulting function (24) shall be 
unaltered by (5) and hence by (8’) are m=e, w= —e,v=0. The indepen- 
dent parameters are thuse, f, 7. The coefficients of 7 and f are A* and A’ — A‘, 
respectively, where 


(28) A=@—aQa, 
is the discriminant of the quadratic form. The coefficient of ¢ is 


— 78 at 478 __ 4 6 7d 32 a7 4 78 

(28) Q = abai + asa’ — as + a,aSas + aiazai + asa’ 
2 4 776 6 at 72 T 72 73 5 76 4 8 gt 
+ @atas + arata + aia?ai + aiaoa,— ai + asa. 


By way of check we note here the important relations 
(30) W+A°—-1=7, A=. 


Next, there is no invariant with d = 1 (mod 8). Indeed, each of the nine 
A, ,, for which e, + 2e, = 1 (mod 8) is zero by (25). There is no invariant 
with d = 3; for, if so, its cube would be an invariant with d= 1. Similarly, 
the cases d = T, d = 5 are excluded. 

In an invariant with d = 2 (mod 8), the possible non-vanishing A,, are 
eae, Aas Ans Gay ae 4p NOW A,, 18 a linear function of a,.and aé 
by (27). But aja%a, is not a term of ¢ in view of (8’). Hence A,, =la,. 
Similarly, 4,,=7-+ sas. Then the seven non-vanishing conditions (26) give 


ee—iai, A, = —lay A 


62 05 


st f Paes nid iS aa ay es ayo 
n= — lat, A,, = —la3, A, =(l—r)a,— sas. 


The resulting function ¢ must be unaltered by (8’); hences=0. The coeffi- 
cients of r and / are A and A’ — A, respectively. By cubing, we conclude that 
the only invariants with d = 6 (mod 8) are the linear functions of A’ and A’. 

Finally, for d = 4, every ay vanishes except A,,, A,,, A,., A,3, A,,, while 
A,,=c, A, =ka,. The four non-vanishing conditions (26) give 


Ay aes A,,=(c—k)a’, A,,=(c—k)as. 
Forc=k=1, 6=A’; forc=1, k=0, 6=A*. 
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THEOREM. Livery invariant of a quadratic form in the GE'[ 9 | is a linear 
function of I, Q, A (i=1,---,8). As independent invariants we may take 
Q and A. 


14. The results of §$8, 13 on the invariants of a quadratic form in the 
GEF[3"], =1, 2, may be given a simpler form, better adapted to the exten- 
sion to the case of general mn. We set 


(31) J=Q+A’—-1 (forn=1), J= Q+A°—1 (forn=2). 


Then in each case 


(32) UK oe, Oe] 2 ee eel 


as follows from (80) and the similar relations for nm =1. The importance of 
the introduction of the invariant J lies in the simplicity of relations (32) and in 
the factorizations 


(33) J=(a,+1)(a,+1)(a) + a,a,—1) (forn=1), 
(84) J=(aj+1)(a§+1)(a+asai+a,a,a8+azaza?+azazat—1) (forn=2). 


For general n, the corresponding function is 
(35) Spend (et ba Lay ee 1){ Saiasop-* a, 
i=0 


where v= 3(3"—1). The discussion in §15 will apply here since (28) and 
(35) are unaltered modulo 3 when a, is multiplied by 2. 


15. Consider the quadratic form* in the G/’[ p" |], p> 2, 
(36) aw + 2ajey + ayy’. 


We investigate the function J given by (35) for v = 4(p"—1). It is obviously 
unaltered by the substitutions (7) and (8), so that the proof of its absolute 
invariance + depends only upon the verification that it is unaltered by the trans- 
formation (38). Let J’ denote the function (35) of the transformed coefficients 
@, @,, @- Here a, = 1a,, "Ao Ay AS shown) below, //Al==0))/ hana 
Hence if A+ 0,J=J'=0. Let next A = 0, so that aj = a, @,, a = @, dye 
Then the sum in (85) equals (vy +1)axa;. Nowv+1 = 3(p" 4 1) is the 
mark } in the field. Hence the final factor of J equals taxa; —1. If a, isa 
not-square, a’ = —1,so that J=0, J’=0. If a, = 0, then a, = 0, while 





*If we employ (11) instead of (36), we must introduce the factor 4‘ under the summation 
sign in (35). For the essentially distinct case p= 2, here excluded, see 711. 

7 The existence of an invariant independent of J and A follows from the canonical form theory 
(2.26). 


1907] UNDER MODULAR TRANSFORMATIONS 219 


the form a,y’ is unaltered by transformation (3). Finally, let @, be a square 
+ 0, so that ay =1. Then 


J=(a,+1)(a—2), Rls ton Or arene 


Since @,a@, is a square or zero, a, is a square or zero, so that a} = 1 or 0; in 
either case J= — 2. Likewise J/’= —2. We have now proved the following 

THEOREM. The quadratic form (36) in the GF[p"], p <2, has the abso- 
lute invariant J defined by (85) for v = $(p” — 1). 


We next prove the following relations, which reduce to (82) for p= 3: 
(37) JA =; (J+1y=J/+1, 


so that, for the functions obtained from I and J by deleting their constant 
terms —1, the one is the square of the other. We here have 


(38) A=a—a4,,; I= (a —1)(a —1) (ay —1). 
Since a”’*! = a, a simple change of summation indices gives 
JN—iE dG, 0,— 8.110); P=(a%+1)(a3+1). 
Then JA = 0 follows from 
(89) ayrtag® P = (ag hagt® Cag +ag** = (ag tag™® (ast az = ay a; P 
To determine J’, call o the last factor, }’ —1, in (85). Then pate 
(a; +1)Po? = {al — 1 4 2(az +1)}o?=— (a —1)(a¥—1) + 2( ap +.1)0%, 
since (a*”—1)a=0. Modifying (a + 1) similarly, we get 
Pa —I—2(as+1) (C1) (1) +2(05-41){—(04 =I) (1) + (04+ 1a?) 
=—J+2P {(av —1)(2—a — ay) 4 20°}. 
Now 


cmav—1taate, Ls Lajaia, 
og? =— (a —1) + 2(a¥—1)azaz + ara + 2azazy + D2. 
Since 2.7 = 2Po, we have 
J? 4+ 2J=—I+2P {(a”—-1)(l-a—at+ea)+Ll}=142PL, 
L = way + 2apr ay + 8a ay (ay —1) + 4apayS + 4+ 2D”. 
Hence (87,) will follow if we show that PL. = 0. In view of (89), 
PL = P(8ar aya” + 5¥ + 25”). 


0 1 
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The second member may be shown, by means of (39), to equal 
P(2v4+1)(aaja’ +d), 
and hence vanishes in the G/’[ p" |, since 20+ 1 =p”. 


16. This section and the four succeeding sections will be devoted primarily 
to the exhibition of a remarkable absolute invariant A of degree u = p" — 1 of 
the binary cubic form in the GF'[ p"], and to the simple relation between AT 
and the discriminant A of the form. Except for the case p=38 (cf. § 9), we 
shall write the form with binomial coefficients 
(40) av + da,e°y + 8a,ny? + a,y’. 


Under transformation (3), @,, @,, a, take the respective increments 
(41) heey 6, = 2ta, + a,, 6, = 3ta, + 30a, + Fa,. 
For each term (§ 5) of an absolute invariant ¢ we have 
(42) de, + 2e,+e,=7h, é, + 2e, + 8e, = su (r, s integers) . 


The condition that the term shall be of degree wisr+s=38. Forr=8 and 
r = 0, we obtain the respective terms 


(43) at 


“ 
i as. 


The general term with r = 1 is 
(44) avast as ast, de, + 2e,+¢6=H, €, + 2e, + 8e,= Qu. 
In view of (5), an invariant ¢ must be unaltered by the substitution 


(45) ay = — Ay, a, =a a,=—a,.- 
For p = 2, the signs may be taken positive. For p> 2, mw is even, and hence 
é,, €, are both even or both odd. Further, we cannot have e, = e, and e, = e, 
in a term (44). Hence each term (44) of ¢ is accompanied by another term, 
not of type (44), having the same coefficient as the former. These new terms 
give all the terms of ¢ for which r = 2, s = 1 in (42). 

In all the cases, viz., for’ p™==29(n — 15 -+-, 5), 3° (a general), 5; tj, 
138, in which I have actually constructed an absolute invariant A of degree 
p= p"—1,1 find that the two terms (48) do not occur. Excluding those terms, 
we have the simpler* problem: to construct an absolute invariant K whose 
terms are those given by (44) with suitable coefficients, and those derived by 


applying the substitution (a,a,)(a,4@,). 





* Since the exponent of a; is at most 3“. By (41), the powers of 0, are complicated. 
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The results for the case n = 1 are very simple; all the terms just mentioned 
actually occur in A. The cubic form with coefficients modulo p, a prime, has 
an absolute invariant K of degree p —1 containing 2k terms, where k is the 
number of partitions of p—1 into 8e,+ 2e,+e¢,. For p=3, & is given 
by (14). For p + 38, the results relate to the notation (40) for the cubic form. 
Then, forp=2, H=a,+a,. For p=5,7, 11,18, the expressions for A 
follow in that order. The first terms in the parentheses are the terms (44), 
arranged so that if two terms have different exponents to a,, that with the lesser 
precedes, while, if the exponents of a, are equal the term with the lesser exponent 
to a, precedes. The second term in any parenthesis is derived from the first by 
the substitution (a,a,)(a,a,). 


(46) (ap +ay)—( a, 2; ag yO; My )— (AT 5 + hy ) + (My M45 + 445), GE'S]. 


(a, +a; ) +3 (a, 4,4, + da; 4,) + 8(aj a, a; + ayaa, ) + (a as + a5 a3) 
2 


47 
eH) +38 (a, a3 a; + apa a,) + 2(a,a,a,a3+a3 a,a,a,)+(ajpajtajiay), GFT]. 


(a;+a,°)—8 (a, a} 4,44, a; a,)—38 (ajajal+ajalaz)+4(aiajazt+a% ata?) 
+ (4,424; + a,aya;) — (aja; + a,a,) + 6 (a,azaz + ajay ay) 

(48) oe 6(aya, a; as +a; ay 5 a) +9(a, ay a; as+ay ay a; As) —3(a, ay As +a50,0; As) 
+5 (aj ala, + ajajay) +4 (aja, aja3 + a ata,a}) —(azatas + a’ aa?) 


{0 G0 oO, aa), GFT1I1). 
04238 Ss 


(a}?-+a)?)+5 (a, a} a,+a,a!%a,) +5(a?a}az +a? aS a?)—6(a? ahah tazaia’) 


BP eg ee ee A 264 4 Gy 2 Heep Aas Lappe 6,6 6,6 
+6 (ajaja} + ajatas )+2 (ajajast+atatal) +2 (alaza} +a?ata’)+(atas+ata 


On aloes ‘Ome tua da2 Oe 
(49) —3(a,a}a,+ara)a,)+2(a,a,a,ai+aiaia,a,)—3(a,a?a3 as+aja’ as) 
+3(a, a} da; +a) a; a3 a,)—3(a, a} a,a3+ a) a, a4a,)+4(ap a,a}a?+arataa? 
—3(apatazas + aalazaz)+ 38(aiaial+ ai aiaz)—6 (aaa + ay, 0? a> ) 
+2(a3a,a,ai +a) a,a,a3)+ (ata; +asas), GF[13]. 


17. For a cubic form in the GF'[ p”],n>1, the invariant A of degree 
=p" — 1 does not involve all the terms (44). Indeed, when the multiplica- 
tive constant is suitably chosen, A is identical* with A”, so that a term (44) 
occurs in /f only when 


(50) [pe] +[e'e)] + rel + [ee] =e (=1,--.,»—1), 


where [ x ] denotes the least positive (or zero) residue of x modulo ». Inversely, 
K contains every term (44) satisfying conditions (50). In exhibiting an 
invariant, we enclose within a parenthesis terms derived as follows: first a term 
(44); then in turn its pth, (p’)th, ---, (p""')th powers, when they are distinct 





* The explanation of this property appears to lie in the fact noted at the end of § 12. 
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from the first term; finally, the terms derived from the preceding by the sub- 
stitution (a,a,)(a,@,), when they are distinct from the preceding. 


18. For a cubic form in the G/’[ 2”], the absolute invariant A of degree 
2” — 1 contains exactly 2” terms. We exhibit A for n= 5, arranging the 
terms as explained in §§ 16, 17. 


(51) (a,+ a), GF 2]. 
(52) (a3 + a) + (a,a; + aa,), \ |G ae 
(58) (aj+ai )+(a,a;a3+a)a,a;+ a) a,a,+a,a)a,+a)a,a,+a,aia3), GF[8]. 


(ay? + at’) + (aa,?a5 + aiaya, + ee: + ayasa, + aa\*a, + asala,+ acaras 


(54) + a,ata3) + (a,ajaja, + aata,a, + asalaza, + aya,a3a3) + (atar® + a)°ar), 
GF[16]. 


(a3! + a}") + (a,az°az + aayas + ajayas + avalay’ + aj aya, + aia*a, 
4792572 8 19 At 16 8 14,7716 22474 241778 49787737716 

+ ajay? a; + @a,"a; + a way + a,a;*a; )+(a,ea? A, + Hai a,'A3+ QQ Q2a, 

(55) + a albasa,+ aoa, al? a2 + afjataza, + aa\’ ataz + abbasasas + a,asaleas 
2 yl2 16 167710 10 20 20929 9q74q18 184875 10,1675 

+ aa} a3 )+ (a @,"A,” + Ay 2,0,” + a, a 3 + A,a,a,° + A/a, a3 +a,"a;°a3 


+ 2a, a)o + aa? a? + aatas + aasals), GF [82]. 
19. For the cubic form, with coefficients in the GF’[3"], 
(56) ae? + a,x y + avy” + a,y’, 


we can determine immediately the absolute invariant A of degree 3”—1 in 
terms of the absolute invariant P, given by (9), and the discriminant A of 


(56), viz., 
(57) Pra (aft — 1) (ay aya A=@a@—a 


3 


In fact, the invariant A is simply the reduced form of 


(58) K= ACMA P+. 
The reduced form of K depends upon the character of the product 
n—2 
(59) a: A3”"", T= Il AS, 
i=0 
But in the G2’[8"], we have 
A* = (a,a,)?** — aFas™ — a a(t <n —1), A*-' = (a,a,)?3"" — a8”, — as" a, 


Now every term of the expanded product 7 is of degree 


n—2 


4 >) 3' = 2d, d=3"'—1. 
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Further, 7 = (a,a,)’ + 0, where each term of o is of degree higher than d in 
one of the letters a@,, a,. Indeed, if we employ either of the last two terms of 
A*"* the resulting term of the product 7 is of degree = 3"~1 in a, or a,. Hence 
the statement follows by induction from n — 1 to n. 

It now follows that, in the complete product (59), a term is exactly of degree 


3" — 1 if one of its factors is chosen from the last two terms of A*””. Finally, in 


7 (a, ay ie a (a,@,)"— a o( a, a, ian 

every term, except the first, is of degree higher than d + 2-3"-' = 8" — 1 in 
one of the letters a,,a,, and hence admits of a reduction in total degree (by 
means of the equation a” =a, satisfied by every mark of the field) from 
2d + 4-3" = 2(38"—1) to 8°—1. The exceptional first term cancels a 
termof — P. Hence every term in the reduced form of the absolute* invariant 
(58) is of degree 3" —1. 

In the expansion of (59) no two terms have the same set of exponents, so 
that there result 3" distinct terms, no one identical with a3’-!(j7=1 or 2). 
Hence the reduced: form of (58) contains exactly 3" +1 terms. For n=1, 
they are given by (14); for n= 2 by (75). For n =8, I have verified that 
the terms of A’ obey the laws stated in §17. As these (empirical) laws were 
formulated from another standpoint (and in fact prior to the investigation of 
the present case p = 3), we have independent evidence of the validity of the 


conjectures, 
From (57) and (58) we deduce immediately the important relation 
(60) CAC — AN) AC == 0% 


Indeed, AP = 0, so that 
NOG AG"+1)/2 + A, ACD? ir — A” ee aS) i A®” — Ne 
20. The discriminant of the cubic form (40) in the G'#’[ p"], p + 8, is 
(61) = — 8a) a, + 4a,a3 + 4a} a, — 64,4, 4,0, + @ a. 
Now the invariants A’, given by (46)-(49), satisfy the relation 
(62) (AV? _A)K=0, e=(—38)7-™, 


e being +1 or —1 according as — 8 is a square or a not-square in the 
GF[p"], p>38. If we define A to be the function (61) multiplied by — 3 
(or by — 3d’, X any mark + 0), relation (62) is replaced by the simpler relation 


(63) (AG™D2 _ A)K=0. 


* Under a transformation of determinant D, the discriminant A is multiplied by D®°, so that 
A(3"—-1)/2 ig an absolute invariant in the GF[3”]. 
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THEOREM.* Jf the indeterminate constant factor in the discriminant A 
of acubic form in the GF'[ p"], p> 2, be chosen so that the coefficient of 
a; a; is a square in the field, then A and the absolute invariant K of degree 
p" —1 satisfy the relation (68). 


21. Consider next invariants of the cubic form (56) in the G/'[3"]. 
Under transformation (3), the increments to a, and a, are —ta, and ta,+0a,+ta,, 
respectively, while @, and a, are unaltered. The case m = 1 was treated in § 9. 
Let here n= 2. Then the coefficients of ¢ and ¢’ in ¢’ — ¢ give the respective 
annihilators : + 


— a,(2) + a,(8) + a, a}( 2°38) — a8 (278) 4 aba, (2°38) — @ a} (2337) 
— a, a} (2°38) + (a,a}a,— a") (2°83) — ai a, (2°8") — a’ a (278?) — ab (8°) 
— a; (283°) + a} a} (258°) + a3 a® (283%) + a,a3 (8*) — a? (234) + a* a, (2784) 
— a0; (2°3*) + afa3(243*) — af(at + af)(2°84) + aia (2°8*) — aiaita,(2"3*) 
(64) + a,a}(2°3*) + (a2a2 — ata,)(3°) + (a,@2a? — ata®)(28°) + (aiat + atas)(2°3°) 
+ (aa; a} — aa?) (2°3°) — a? a3(3°) — a3 a’ (273°) — ab aS (238°) 
+ (aaj a3 — a) (2°3%) — ab al (273°) — a3 a3 (288°) 4 (a,a8 — a8 at) (37) 
+ (Gea, — Ga})(28") + (ai — ataead + aya*)(2°8") + (arata} — a?)(2°3") 
+ (a, 4,4; — Gaia} — a,ai'— a,ai) (8°); 


— a} (2°) + ay(3) — a} (28) + afa,(278) + aya} (2°8) — a,a,(8") — a,a3(28”) 
— aa} ( 2°38’) — aaj ( 2°38") + (a, aja, — a,)( 278’) — a,a,( 2°83’) + a3 (8°) 
(65) + aaj (273°) — aj (2°3") + aja; (2°8*) + a a,(8*) — a) a, a,(28*) 4+ aya} (273*) 
— aj (2°38") + aja, (2*3*) — a, a} ay(278*) + aj az(2°8*) — (ajaj + aj a})(273*) 
+ aya,(2°3*) + (ajay — aya})(8°) + (ayaid, — a})(28°) + (ayajaz — a}az)(2°8°) 





* Tf, instead of the mere verification of this theorem for the computed invariants K, we had a 
direct proof, it would be of decided aid to the computation. We may compute K by means of 
(63) alone. For example, let p” = 3’, and give K its necessary form (75) with the four paren- 
theses multiplied by 1, m, s, r, respectively. In (A5—A)K, we readily find that the factor 
of a8 is (s—r)a,a°a3—(s-—-m)aja}, while the terms independent of a, and a, are 
(s—1) (aai—a,a8). Hence —m=r=s=1. 

In general, the Jabor of determining tbe high power of A would be great. We may, however, 
employ only the first two terms of (61) and so readily compute the terms of (63) independent of 
a,. We thereby get the coefficients of the terms of ¢ independent of a,. The coefficients of the 
terms involving a, to the first power are then either known or else occur in the terms involving 
as (e=2), in view of (45). The work with the annihilators is now greatly simplified. It suf- 
fices to find the coefficients of aj, ---, a}, a3, in turn, where r is the greatest integer in 
2/3(p"—-1). We need only a part of the annihilators ; for instance, the derivative with respect 
to a, need not be of order higher than r—2. 

t We have omitted the terms (2'3°), 11, (2'3'), i= 4, (2°35), i=2, 4, 5, 7, 8 (which 
have long coefficients), since they have no effect upon a function ¢ satisfying (67), the binomial 
coeflicients Ce: (i = 2, 4, 5) being multiples of 3. 
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+ (af a + ajat — a}a}a,)(2°3°) — aya, 28°) — aja}( 278°) — aaj (2*38°) 
— a} a3 (2°3°) + (ajajay — a})(2"3°) + (a) ay — af a2)(8") + (ajay + af a3)(28") 
+ (a, aa} — a,a})(2°3") a (a a dy — aay) (2°3") 
+ (a) a} a, — aa} — aya, a, — aja) (3°). 


We may set 
Grants 
(66) Ps oD a5 3) a a, ( B’s functions of ay, a,). 
ty j 


Since @ occurs only the first term of (64) and of (65), we get 
Boy Cia tae. Be 


In view of these relations, a) occurs only in the first two terms of (64) and the 
first two terms of (65). The resulting sets of conditions react on each other 
and give the first two conditions (69) and 


Been Oye 17), Dip FERN GCE A Ee Peele (ERE 
together with B,,.a,= 9%. From the latter and 6,,a, = 0 follows 


B, 


88 


=hkr, a7 =(a,—1)(a;—1). 


Hence on replacing ¢ by ¢ — kT, when J is the absolute invariant (2), we have 
B.,=9. If both Ba, and B,a, vanish, then B,,= cr, and hence B,=9 
in view of (16). 

We consider in turn the coefficients of a§, ---, a, in (64) and (65) and finally 
the terms * independent of a, in (65). The process of writing down the two coeffi- 
cients of a) is simplified by holding in mind those of the relations (67) and (68) 
which have been found in the earlier steps. The two resulting sets of condi- 
tions react on each other very considerably, and some further simplifications 
result from the earlier conditions. The final results are as follows : 


te jee —0 14 ie 0 (t= 2,8, 4, 5, 7,3); 
ee i tae leno ee oie 0 (t==0,01\), 0; (t= 34,0, 8); 
together with the set of conditions, referred to as (69): 


=— Ba, B= Ba 


37 DO da? 27 461? 


TAT es agree 


Zio? 


Bo —=— ba, Db, = — B,¢,, 3. 


07 26-1? 


ee 3 ial 3 bua 3 cae 3 i 
eee, 0 a0. d= DO Ge — Do, BaD, 


56°19 08 0? 





* Those in (64) are not required in computing the invariants ; they were determined directly 
for each invariant and found to vanish, thus giving a check. 
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B,; co Ba, B,, ine By, By; a By, By, =— B,,a', Bost ei Bs, 
By Gi ay B,; By ,4, oF BosM so By = 0, Biya = — 8.5%, By, fas Buys 
By = By a, — Ba), B= By Byy= BG — Bs Bo= By t+ Bry 

By ae By%s B,, a Bg % ia Bots Ba, at By ac B34, a By 

By = By, fra BoM 5 By a B,, at: By, ay por Ba =e By = 0, 


cies 3 — 
(BGG) =D. + B05 Bien: 


64 


= 2 — 
By 7a By, ar B47, Bs, = B,,a 


840? 64 0? 


B;, aa By. an By}, B,, ia B,,4,+ B,,a), Bat Le, a3 B,,4—B,, 4+ Bea, 
B,, = B,,4,— Ba; — By, By = Bo, — B,,4; — Bya; — B,,4,, 

By, % ve B,, a; 0 By, Ga a By » B,,%, oa By By Tae Bi) 

By, eh on B54; par Byts B;; rn Bay By, realy al Bs Bs a By, 


B= By B= By 4,4 BQ, B= Bat Bya;—B, 4,, B= Ba) + B73, 
Jefe ary B,, 4, cm By, Be Be By, % a By @ = B, Ors B, a By 

By + By = 8,4, —B,4,4 + B,@, Baa = B+ Baa? —B,a,, 
B,, ars But; Bi fare Bi. By, eu Boo % seni 

B,, nae Bt, — B,, ay By, ts B,, ata B54, % Be, ai— By, ay, Bi.= By, Uy +B,4;, 
Be, aR Bd) = By,a) + By, Ba, = By 


0 


Sa8 a on 3 
0? gs % % » By, = Boy By, 


+B,a), B,+B,4a4,+B,,4,=9, 
By +B G+ Boyt =9, B+ Be4—B, a=, BytB,, qt By +B, 4=9, 
B+ Ba, — Ba + Ba =9, By + B + By a, — By + Bya=9, 
B+ By a + B,a,—-B,a=90, By + Ba, — Ba — By,a,— Bb, a =9, 


2 3 3 72 8 3 
By — Ba — Ba + Baa; — Ba) + Baa, + B 


23 0 24 a, 


a 
a = 0. 


The general term of ¢, in the notations of § 5, is 
(10) ai att alas, 8e,+2e,+e=d, e, + 2e,+ 8e,=d (mod 8). 


For use in the later cases, we first determine the absolute invariants, viz., 
those with d=0. If B,,,a,=0, then e,=0, and hence B=0 unless 
€, = 2e, (mod 8). Hence by (68), 


(71) B= By = B= B,,=By=By=9, B,=ca(aj—1), B..=ka(a;—1). 
For B,, e¢,=7,e,=90 or 8; but aia’ does not occur in view of (16) since 


B,,= 9%. Hence 5, —ral, r a constant: "Then 6, ra; 6 


leds 5 
Si TA) y 





ee 


eee 
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ete., by (69). But A* and A® are absolute invariants, A being the discriminant 
(57), and 


(72) A’ = aja} + aj(ajaz— aajay)+---. 
Hence if we replace ¢ by ¢ — rA®, we may set r=. Hence, by (69) 


Japp tee cle Ri Yes 


56? 46? 66? 15? 


Veta ds} 


849 


Bis 
B 


fy 8, Bs, B 


37? 


Vemeei ae 


., B,, all vanish. 
72? 51 


449 73? 22? 429 


Now ¢ must be unaltered by substitution (16) and hence by (a,@,)(a,@,), 
since e, and e, are both even or both odd, by (70). Thus, from (71), 
B;, = caja. Note that from B,, =— caja}, we can conclude initially only that 
B,, = — cai + paia’, but subsequently that p= 0 since B,,=0. In this way 
we readily find that conditions (69) are all satisfied if and only if, in addition to 
(71) and (78), the following relations hold : 


B,, = cabal, By = — cabal, B,, = kaka?, By, = — kala’, By = — caf, 
By = — caja, By = — capa’, By, = — ca}, By,=ca,a, B, = cana, 

By, = caa?, By = — kee, By = — kajai, By = — kaha,, By = — kop, 
By = haba’, By, = —kaad,k=c, By = By = Bg=9, By, =capai, 
Bes = cay a}, Bs; = — caja;, B.; = wa} (w new parameter), B; = wap aj, 
By = — wd, By = — way, By = —(k+w)agai, By = —(k+ v)aqa, 
Boy = wA,, By = wag, By = By = By = By = By = 9, 

By = l(a; —1) — w (1 new parameter), By, = ee + 1) a} + constant. 


For convenience, we take the constant in B,, (the absolute term of ¢) to be /. 
Then there are three independent parameters w,/ andc=k. The coefficient of 
the latter is the negative of the absolute invariant (of degrees 24, 16, 8): 


W= aaa, + a {—a(ai —1) a+ aha — ahajat + ajay} + Gaga, 


+ a3(aja,— ajyaya,+ aya;— Ayli{Ay) + a3 { — ayai(a$—1)—ajajas+ ajaza;+aya,a3} 
(74) 


+a3{— aa} ay, — a)(a} —1) a3 + aa, + aa; } 


+a;{— aa}(a;—1)+ aajal — aja,a, + ajapa,}. 


The coefficient of / is the invariant P, given by (57). The negative of the 
coefficient of w is the absolute invariant of degree 8 (see § 19): 


78) K=atai+ a(a,a,8—aaz)+a(aaca,—a,a)+a+aa—aeea—a,asa,ta’. 
3/1 Po ed Ue a4 12 Ke ANiheees tea Thea phe 5 2 ow2 heat ag OAL 2 al 
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Now A = A‘— P +1, in agreement with (58). Hence the absolute invariants 
are the linear functions of I, P, W, A*, A®. The system should be closed also 
under multiplication. In verification, we note the relations 


Pal, lP=I1, IW=0, A=0, P=P,PwW=0, 


(76) 
PA=0, = aie ae 

Let next d=1 (mod 8). Then B,,..¢,=0 implies b= 0 unless e, = 2¢,+3 
(mod 8). Hence the B,, in (68) all vanish. For B,,, e,=0 or 8, e, = 5; but 
aia> does not occur in view of (16) since B,—0. Thus 6, =—ca?. Also 
B,,=raia>. But one of relations (69) is B,,a?= B,. Hence B, = B,,= 0. 
In view of relations (69) and the invariance* of ¢ under (16), we readily find 
that the only non-vanishing £6, are the sixteen for which 7, j range over the 
exponents of @,, @, in the following invariant, the value of B,, being the product 


of a fixed parameter / by the coefficient of a} a): 
aaa, + aS (a) a, a; — ajyaja; — a,a,) + a3(aja,a$ — aj}a}a,) 
(are) + a3(— aay — aya} ay — apa + a} a aj— a) a} a, + a} a) + a3 (— a af) 
+ a;(a,a3 + ajyajay + aa), 


which equals — #*, EF being given by (10). By (82), #7 =A. 

For d = 3 (mod 8), we conclude that His the only invariant. Indeed, the 
operation of cubing is uniquely reversible in the G/’[9]. Similarly, the case 
d = 2 reduces to the case d = 8, andd=7tod=5d. 

For d = 6 (mod 8), we may set B,, = kajat. Then B, = kaja}, ete. If 
we replace ¢ by ¢ + kA W, where 


(78) AW=a}(—ahal)+ a (a aia, — aaa, —aia,) +++, 


we may set k= 0. The resulting invariant is easily found to be a linear fune- 
tion of A and A®. Hence for d = 2, the invariants are the linear functions of 
A’, A’ and A? W? = A®W. 

For d = 4, we have B,, = da,ai, B,,=da,ai, B, = —da>a,, B, = daa’, 
etc. We replace ¢ by ¢ — dA’ W, where 


“ 


(79) YwW= a, Ua + ai ( — @a,a, + aia} a, + avai) +e, 


and hence may set d= 0. The resulting invariant is readily found to be a 
linear function of A’ and A’. 





* Here a more exacting condition than ford =0. Thus B,, = maya? yields m= 0. 
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: sed, ate 4 ey 5 ee Le 
For d= 5, we have B, =ra a}, B,=raai, B,=—raia, ete. We 
replace ¢ by ¢ — rA*’/’, where 


(80) MVE = ayaa, + a (aaa, — aaa) +---, 


and easily find that the resulting invariant vanishes identically. Then for 
d = T, the only invariant is (A’Z’)? = A*#, by (82). 
THroreM. The cubic form (57) in the GF'[9] has exactly 18 linearly 


independent invariants. These may be taken to be 
(81) Tod pg Nel Cra A etek w MW AEE Cpe ae 8). 


The product of any two invariants can be reduced to a linear function of 
these 18 invariants by the application of relations (16) and 


PCa emeee ete Vee EO ee AW A hy OA A. 


22. The invariants J and P of the cubic form in the G/'[8"] can be 
expressed in terms of a single invariant I. Thus 


(83) De oe ae l=T—I", P =I". 
Forn=1, W= £’ by (19). For n = 2, we have, by (76), (82), 
W=WA'= F*A’. 


Hence we have proved, for n = 1 and n = 2, the following 

TureorEeM. The invariants of the cubic form in the GF[8"] are all 
rational integral functions of the three fundamental invariants T=I+ P, £, 
and the discriminant A, where I, P, EL, are defined in §§ 1, 3, 4. 


23. For the cubic form in the GF’[ 2"], the power 2"~' of the discriminant 
aa; + a; az gives the invariant 


(84) D = 4,4, + @,a,. 
The eliminant # (§ 4) is a@,a,7, where for n =1, 2, 3, respectively, 7 equals 
La; Da + D(a, + a,), Da +A+ Bb, 
» being the expression in the second parenthesis of (63), and 
fb = 0, Ada, + a, 4,0,038 + aba, a3 + a, A) dy + adi ded, + Baas. 


Thus @,@,4 = @,a,. Hence, in each case, H = DK, K being given in § 18. 
For n =1 or 2, every invariant is an absolute invariant. This is evident 
forn=1. For = 2, we add the congruences (70), the modulus now being 
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3; there results 0 =d (mod 3). By use of the annihilators, I have found the 
invariants 


(85) R 
(86)  Lepig = Ay + As + Uy A + My Az + Ay Az + Ah As + Aj As 


n=l = % a a, a a, A, a, a, — a, A, of a, a, a+ Ay Us y 
+ ads + G2 dy dg + Gy Ay A + Ay A, Ay As y 


and have proved that, for n = 1, 2, every invariant is a rational integral func- 
tion of D, AK, &. In particular, an expression for (2) is 


(87) Ta DYCK CR) ee eee 


For n =1, every invariant is a linear function of D, K, R, DK, DR. 
Any relation between these follows from KR=0, DP=D, K?=K,P?=Rh. 


For n = 2, the 18 linearly independent invariants may be taken to be 
(88) vie iD; ie ROVER: DG (i=1, 2,3). 
Any relation between these (absolute) invariants follows from 
(39) A fee 05 IEG OS iE (Ogee) Le SA 18) Wie = N08 
For a proof that D, R, & are independent, see §§ 27, 28. 


24. For the cubic form (40) with the integral coefficients modulo 5, the only 
invariant with d = 3 (mod 4) is the eliminant, given by § 4, 


(90) B= a}(2a,a, — 2a,a}) + a3( 2a, a, a; — 2a}, ) 
+ a;(a,a3 + 2a) a; — 2apaja, — a,a}); 


while AZ’ is the only invariant with d=1. The only (absolute) invariants 
with d = 0 are the linear functions of 7, A’, A*, A’, A? _A, where £ is given by 
(46). The only invariants with d = 2 are the linear functions of A, A’, AX. 

The ten linearly independent invariants of the cubic form (40) in the 
GE'[5]| may be taken to be 


(91) DE HERI EG, eWay (ee yaar aly Faun 9 8 

Any relation between these follows from 

(92) P=, JE=IA=IK=0, #£=A—A’—AK, NVH=—E#,; 
KH=—H, K=K-N+M, AK=—-AK, AM=A. 


25. For the cubic form (40) with integral coefficients modulo 7, the non- 
absolute invariants have d=38(mod6). Indeed, if we add the congruences 
(mod 6 ), analogous to (70), we find that 0 = d (mod 38). 
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The only invariants with d = 8 (mod 6) are the linear functions of #, AF, 
and A’#’, where the eliminant /’ is (end of § 4) 


(93) B= a3(8a)) + af (2a,aj — 8a,a,a,) + a}( ajay + a aja; — 8a}) 
+45 (5a,0,03 +8040, 4,— aja} ) + a; (aya— 2a}a}— ajaja; + 2aala,—a,a). 


The absolute invariants are functions of A, A’, given by (47), and Q: 


Q = a3(2a)) +.43(6a,a,0.4+ 8a) +43 aya + aa; ) +. a3 (24,434 8aja,a,+4caia} ) 
(94) +a3\ 2a, + 4ajpa} + 8a, aja; + aaja, — aj + 2a} — 2) 


2 4 3 yo 5 72 5 4 73 
+3 ( Aj a, dy — Ay a} a3 + 2a} ay — a).a, a, + a} az) 


—a, as + 2a, aj a3 + 8a)a3 + a} aja + 2a} aja, + 2azai— 2a2. 


The sixteen linearly independent invariants of the cubic form (40) in the 
GF [T]|may be taken to be 


Peo OG), OAT (ge 1, :-4, 6), MA (p= 071,258). 
Any relation between these follows from 


MVEH=E, Peer). EFK=—E, = 38A°—3A°— QV, VK =0, A’=A, 
A‘ K=AK, AQ=2A'—2A°, K?= K+A°+A’, H? = 2AK—2A'— 2A, 


(96) 


The invariant (2) has the following expression : 
(97) I= + MA — #4 2A°— 8A° +1. 


26. The following tables give a complete set of (non-equivalent) canonical 
forms of binary quadratic forms in the G'#’[ p"] and the values of the inde- 
pendent invariants for each canonical form : 




















p> 2 (invariants, $15). p = 2 (invariants, § 11). 
Canonical. | A | J Canonical. a, If HE 
ey? |e Wako x + wy +cy2| 1 | 0 | 1 
vy 1 0 vy 1 0 0 
oe Ore a Orn’) 0 
ve? 0 | 0 Vanishing td uaa 0 
Vanishing 0-1 








Here v denotes a particular not-square in the G/’[ p"|, p> 2; while c is a 
particular solution of ¢ + ¢? + --.+ c"" =1 in the GF'[2"]. 


Trans. Am. Math. Soc. 16 
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27. As a complete set of (non-equivalent) canonical cubic forms in the 
GF'[ p"], we may take 


BC, BeQ, Bey(x+y), wy, Bu’, vanishing form, 


where C’ and @ are any particular irreducible cubic and quadratic forms, e. g., 
C=-2' — xy’ + ty’, for a suitable value of 7, and (§ 26) 


Q=a— vy’ (p>2), Q=x+ay+ey (p=2); 


while 8 = 1 if p*= 8" or 814+ 2; B= 1,e, &, if p* = 31 +1, € being a prim- 
itive root of the field. 
































GF 2 ] (invariants, § 23). GF [2?], ? =i +1 (mod 2) (§ 28). 
Canonical. el R K Canonical. D R K 
ao — wy? + y° 1 0 1 B(e—ayty®?)) | 0 8B 
a(e+oayty?)) 1 0 0 Bac ( x? + wy + iy’)| 78? | FB | 7B 
vy(a+y) 1 1 0 Buy («+ y) Bry SORE SG 
ay 0 0 1 ey | 9 0 | 
o° 0 uf 0 Ba? 0 B 0 
Vanishing 0 0 0 Vanishing | 0 0 0 
GF[8"],n=1, 2 (§ 22). GF [5] (§ 24). 
Canonical. | A E 1 Canonical. A K I | E 
ao — ny? + y° | 1 | 1 0 ao — vy”? + 2y° Pee Se he | 1 
a (a? — vy”) | vy | 0 0 e(x?—2y?) |-1; 0| 0 | 0 
ay(e#+y) | 1 | 0 0 vy(e + y) 27) Nie) an 
vy LO ied 0 ay ORL th 0 aed) 
Ge | 0 | 0 1 a 0150.0 uae 
Vanishing | 0 | 0 |—1 Vanishing 04 Opera D 














28. An inspection of the tables §§ 26, 27 shows that all the invariants given 
are necessary to characterize the canonical forms (since if one invariant is 
omitted, the others have equal values for some two canonical forms), and that 
no invariant is a rational function of the others (since any one takes different 
values when the others are equal). The only exception to these statements is 
the case of invariant H of the cubic form in the G/’[ 5]; the characterization 
is complete without “; but the independence of Z follows from the weights 
d (§ 24). 

THE UNIVERSITY OF CHICAGO, 

November, 1906. 





PROJECTIVE DIFFERENTIAL GEOMETRY OF CURVED SURFACES“ 


(FIRST MEMOIR) 
BY 


E. J. WILCZYNSKI 


§1. The simultaneous solutions of two linear homogeneous partial differ- 
ential equations of the second order with two independent variables. 
Consider a system of partial differential equations of the form 


Ay, + By,, + Cy,, + Dy, + fy, + By = 0, 


1 
Ay, ts BY, os C'Y,, a Dy, a Hy, ae iy a 0 ’ 


where 
Oy oy O72 
(2) Us S Cu 9 as Tay ou 9 Gini a Ou2 3 etc., 


and where A,B, ---, #” are analytic functions of w and v. 
If the determinant AC’ — A’C does not vanish identically, (1) may be writ- 
ten in the form 
(3) Yuu T BY x0 Ue by, ae cy, an dy, 
ae UY ot by, 0 cy, a dy. 
If the determinant AC’ — A’C is equal to zero, while BC’ — B’C does not 


vanish, we may write (1) in the form 


4) Yuu = Yay + By, + YY, + 8Y> 
Vie a BY, Te YY, zi oy, 

provided that A and A’ do not vanish simultaneously. If they do, i. e., if 
A= A’=0, while BC’ — BC + 0, we obtain from (1) a system of the same 
form as (4) except for an interchange of w and v, with the further specialization 
that ao =0. Finally, if 


AC”—-A'C=BC'—- BC=), 


one of the equations deducible from (1) reduces to the first order. 





* Presented to the Society (San Francisco) February 24, 1906, as a preliminary report under 
the title ‘‘ Outline of a projective differential geometry of curved surfaces.’’ Received for publi- 
cation December 3, 1906. 
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Transform (4) by putting 


DE The U=n- 8, 
and let 
Oy Oy 
Yas Ties for Se 


The system (4) becomes 
Vor — 2 re + Yi = 9 Re Ve ers 
Yun — Yn =B(Y,—Y, D+ VY, + FY, 


which equations may be solved for y, and y,,.. By such a transformation of 
the independent variables (4) may therefore be reduced to the form (8). 

Unless, therefore, there exists a linear combination of the two equations (1) 
which is of the first order only, system (1) may be reduced to the form (8), a 
reduction which may involve a linear transformation of the independent 
variables. 

Consider a system of form (3): y,, 
Y,>Y,,- Differentiation of the first of the two equations with respect to w will 
in terms of the same four quantities and of y,,,. Similarly y,,, 


and y,, are expressed in terms of y, ¥,, 


express ¥ 


UU 


_ will depend upon y,,, as well as upon y, y,, ¥,, Y,,- 4Im general, however, y 


Uuvv uUuv 


and y,, may themselves be expressed in terms of y, y,, y,, Y,,- Im fact differ- 
entiation of the first equation of (3) with respect to v, and of the second with 
respect to wu will give 


eee oan A (4, am b) Yu. ne CY ny sh bY, “fe (¢, = d)y, Tr d,ys 
—— DY ay Taree A Oy TO) are ral tart Oct re ee alate 
whence follows the truth of the above statement provided that 


(6) aa —-1+0 


(5) 


In this case, clearly all higher derivatives of *y may be expressed in the form 


(7) ay + By, + VY, + Yup 


where a, 8, 7, 6 are, for every such derivative, perfectly definite functions of 
wand v. It is to be noticed, however, that of the five derivatives of the fourth 
order, three may be computed in two different ways; for example 


a] re) 
oe aad Ou (yon) Fy Ov ORS : ) 


Therefore, in order that the eight expressions of form (7) for the five fourth 
derivatives may be consistent, three conditions must be satisfied. It is not dif- 
ficult to see that, if these three so-called integrability conditions are satisfied, 
the expression of form (7) for a derivative of any higher order will be unique. 
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Let y be a solution of system (3), developable in powers of w— wu, and 
v —v,, and denote by ¢,, --, c, the values of y, y,, y,, y,, foru=u,, v= %- 
Then y may be expressed in the form 


y= C¢, ++ Cy (u — Uy) +¢,(¥ — %,) a c,(% pas Uu,)( Lae V,) 
1 flak ge ae ’ ’ ’ 2 
+4(d,¢,+¢,¢,+5,c,+4,¢,)(u—%, ) +2 (d,¢,+¢, G0, Cat ay C4) (v—v%) fren 
where a,, 0,, ete. are the values of a, b,c,-..forw=u,,v=v. All of the 
coefficients of this development will be linear combinations of ¢,,---,c,. We 
may write, therefore, 
ef sas cy Be cy” u's ena) te cy), 


where 7’, - .y‘? are holomorphic functions of w— wu, and v—v,. The most 
general analytic solution of (3) can, therefore. contain only four arbitrary con- 
stants which enter linearly. 


The integrability conditions are of the form 
(8) ay,, + By, + vy, + Sy = 0. 
They may be satisfied identically, so that 
a=B=y=S=0. 


In that case the solution just indicated in a formal manner actually contains 
four arbitrary constants. If the integrability conditions are not satisfied iden- 
tically, they represent additional differential equations which y must verify. 
The number of arbitrary coustants in the general solution of (8) is reduced at 
least by one for every independent non-identically satisfied integrability condi- 
tion. The above condition (8), for example, requires that 


AC, + 0&2 D Yo °s on 8, C 


shall be equal to zero, where a, - 5, are the values of «-.-6 foru=u,,v=v,. 
This clearly reduces the number of arbitrary constants to three. 

If the integrability conditions are satisfied identically, the most general 
analytic solution of (3) can depend, therefore, upon only four arbitrary con- 
stants which enter linearly. Such an analytic solution actually exists if the 
coefficients of (3) are holomorphic in the vicinity of w= u,,v=v,. This may 
be proved by the method which, sinve the time of Caucny, has always been 
employed for such investigations.* Of course, it may seem desirable to prove 
the existence of just a four-fold infinity of solutions for a system of form (3), for 
which aa —1 does not vanish and whose integrability conditions are satisfied 
identically under more general assumptions. For our present purpose, it suffices 
to restrict our considerations to systems of form (3) with analytic coefficients. 





* Cf. for example GouRSAT, Legons sur l’intégration des équations aux dérivées partielles du 
premier ordre, Paris, 1891, chapter I. 
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We proceed to consider the case 
(9) aa —1=90. 


If we multiply both members of the second equation of (5) by a and add to 
the members of the first, taking account moreover of (3), we find 


[a,+ b+ a(a,4+c)+ ab’ +ca'|y,,+[6,+a(b) + d’)+ abb' + cb Jy, 


10 
(1) +[e,+ d+ ac’ + ach’ + cc’]y, + [d, + ad; + adb’ + cd’ jy=9. 


Unless all of the coefficients of this equation are zero, it becomes possible, by 
means of it, to reduce every expression of the form ay + By, + yy, + dy,, to 
one involving only three terms, so that the general analytic solution of (3) could 
depend upon no more than three arbitrary constants. If, on the other hand, all 
of the coefficients of (10) are equal to zero, one of the partial derivatives of each 
order will remain arbitrary, and the general solution will contain an infinite 
number of arbitrary constants. This solution actually exists. The two equa- 
tions are then said to be in involution ;* the system is involutory. 

We may recapitulate as follows. 1. Zhe system (3) of simultaneous linear 
differential equations has precisely four linearly independent solutions if 
aa’ —1 is different from zero and if the integrability conditions are identi- 
cally satisfied. 

2. If aa’ —1 vanishes, and the integrability conditions are satisfied, while 
not all of the coefficients of (10) are zero, the system (3) has less than four 
linearly independent solutions. 

3. If, however, the first two conditions of No. 2 are satisfied, and if besides 
all of the coefficients of (10) are equal to zero, the general solution of system 
(3) contains an infinite number of arbitrary constants. The system is an 
involutory one. 


§ 2. Geometric interpretation. The integrating surface. 


If aa’ —1 is different from zero and if all of the integrability conditions are 
satisfied identically, system (8) has just four linearly independent solutions. 
Denote four such solutions by y’, 7”, 7, y. We shall have 


y® = f(u, v) Chas T2535 ,04 ¥. 


Interpret 7 as the homogeneous coordinates of a point P, in space. As u 
and v assume all of their values, P, will describe a surface San integrating 
surface of the system. This surface cannot degenerate into a curve. For if 





*Cf. GouRSAT, Legons sur Vintégration des équations aux dérivées partielles du second ordre a 
deux variables indépendantes, Paris, 1896-98, vol. 2, chap. 6, where a more general case is treated 
according to BIANCHI. 
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S, were to degenerate in that way, the ratios of y’, y’, y, y, would become 
functions of a single variable t= ¢(u,v). In that case y’, ---, y would be 
solutions of some linear partial differential equation of the first order, say 





(11) ay, + By, + vy = 9, 

besides satisfying (3). As a matter of fact let 
aw, + Bw, = 9 

be the partial differential equation satisfied by t= d(w,v). Then if 
ee AE a 
yO? y? yf? 


were functions of ¢ alone, they would satisfy the same equation, so that 
a( yy) — yy) + B(yYMy® — yy) = 0 Ere ad ye 


(4) (4) 
7 ay) + By 

k (Ae a aS y (7c 
ay” oe eye ical at | y ! 


or 
= 0 Cre ioe 3). 


Put 
Age Wen et 


(4) ay is 


y 





and it becomes clear that y’, y’’, y®, y® would satisfy the same equation of form 
(11). Differentiate (11) with respect to wand v. If the two equations thus 
obtained coincide with the two equations of (3), aa’ — 1 would be equal to zero, 
contrary to our assumption. (11) would be an intermediary integral of (3) 
whose general solution would depend upon an arbitrary function. If, on the 
other hand, the two equations obtained from (11) by differentiation were not 
identical with the two equations of (3), the most general function of w and v 
which satisfies all of these equations cannot depend upon more than two linearly 
independent functions. It is impossible, therefore, that the four linearly inde- 
pendent functions y’, ---, 7” should satisfy an equation of form (11), i. e., it is 
impossible that the integrating surface S, should degenerate into a curve. 

The integrating surface of system (8) is not unique. However, the most 
general system of linearly independent solutions of (3), in the case considered, 
is of the form 


re 
7 = egy” (i=1, 2,3, 4), 
e=1 
where the determinant of the constant coefficients, 


Leal» 
does not vanish. Zhe most general integrating surface of (8) is, therefore, a 
projective transformation of any particular one. It is for this reason that we 
shall make use of (3) as a basis for the projective theory of surfaces. 
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If aa’ —1 vanishes, while not all of the conditions for an involutory system 
are satisfied, the system (8) has only three or fewer linearly independent solutions. 
Its integrating surface, therefore, degenerates into a plane or a straight line. 
For the purposes of the theory of surfaces this case may, therefore, be left aside. 

It remains to examine the case when the equations of (3) are in involution. 
That case must also be excluded from our considerations. For we wish to con- 
struct a projective theory of surfaces; but, if the equations (3) are in involu- 
tion, they have more than four linearly independent solutions in common, so 
that the most general integrating surface of (3) will not be merely a projective 
transformation of any particular one. The question which requires investiga- 
tion is this: what kind of surfaces are thus excluded from consideration ? 

If we put in (3) 

y = ry 
where is an arbitrary function of w and v, and if we introduce new indepen- 
dent variables by putting 


Uh as LO 5 Tor Ne 


another system of differential equations of form (1) will be obtained from (3) 
with 7, w, v, in place of y, w,v. Moreover, it is clear that, if the equations 
(8) are in involution, the same must be true of the transformed equations and 
conversely. For if they were not, they could have only four linearly indepen- 
dent solutions and the same would have to be true of the original system of 
equations. 

Let equations (3) be in involution. They have an infinite number of linearly 
independent solutions. Let y’,---, y be four of these. Transform system 
(8) by putting y = Ay where X= 1/y'*. The new system of differential equa- 
tions is again an involutory system and has the four linearly independent 


solutions 
' ” (3) 
4 2 v 
ih ee ae, ae 
y Y Y 


where x, y and z may be considered as non-homogeneous coordinates of the point 
of the integral surface whose homogeneous coordinates were y', y”, y®, y. 
Moreover w, y, 2 are functions of uw and v. Introduce w and y as independent 
variables. This is possible unless x should happen to be a function of y alone. 
In that case we might introduce a and z as independent variables. For other- 
wise «, y and z would be functions of a single variable t= (wu, v), so that 
y', +++, y, as we have seen above, would satisfy one and the same linear par-. 
tial differential equation of the first order. In that case there would be no inte- 
gral surface, but an integral curve; for our purpose that case must be excluded. 
Accordingly two of the three functions #, y, 2 of w and wv will be indepen- 
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dent, say x and y. We may then introduce w and y as independent variables 
in place of wand v. The transformed system of equations will be again an 
involutory system with the independent variables 2 and y, and of which 1, x, y 
and z = f(x, y) are four linearly independent solutions. This system of equa- 
tions will certainly be of form (1), and in most cases may at once be written in 
the form (8) by solving for @,, and 6, denoting the dependent variable by @. 
The system is then of the form 


hoe ab, + b0,+ 08 + dé, 
6 = a0 +00, + C8, A Mi 


y 


and it must be satisfied by 0=1, a, y andz= f(a, 7), so that 
b=cH=d=b=c=d =), 
while z= f(a, y) must satisfy the equations 


Oz or) Oz Ge 


9 bi) x yates bre! SPs Fe as 
(12) 2 = By by’ oy % Cx Oy’ 


which must, moreover, be in involution. 

If, however, the system of form (1), which is obtained by the above process, 
cannot be solved for @., and @,,, then as was shown in $1, by a simple linear 
transformation of the independent variables ~ and y we may transform it into a 
system of form (3). This latter system must then have the solutions 


1, axv+ By, yx + dy, 2 ad — By + 0, 


where a, 8, y, 5 are constants, whence we conclude in the same way as before 
that 2 must satisfy an involutory system of form (12). But the equations 
(12) are in involution if, and only if, 


F Oa Oa 
(13) Citpas: ly, By sta re ie 0, 
so that 

2 Oz Cee 
id Ba ( sea) ay 


If x, y, z are cartesian coordinates it is well known that (14) is the condition 
for developable surfaces. But this condition is left invariant under projective 
transformations. Therefore, the surfaces excluded from consideration are 
developables. If the condition 


O Od 
(15) EAIED, SpeaeviNg) 


oy Ox 


were not satisfied, the surface would be a plane. All developables are thus 
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excluded. For let z= f(x,y) be the equation of a developable. We may 
determine a from the equation 

Oz Oz 

aa enon 
if 0°2/Ox0y +0. Since the surface is a developable, (14) must be satisfied, 
which gives 

a to at RL ol gil 

oy’ a Oxy’ 





i. e., 2 satisfies a system of form (12) for which aa’ =1. Moreover (15) must 
then also be satisfied unless z is a linear function of « and y, i. e., unless the 
surface is a plane. If, however, 
Or2 

eet OS 

Ox Oy 
equation (14) shows that either 0°2z/0x or 0?z/0y? must vanish. Suppose we 
have 

Oz Oz 
on dy ~ Ba? 

This system is not of form (3), but may be put into that form by a linear trans- 
formation of the independent variables. It will be an involutory system as one 
may see even without making the transformation. For the most general solu- 
tion of the above system is 


2= 00+ $(y) 


where $(y) is an arbitrary function of y, and therefore contains an infinite 
number of arbitrary constants. 

We may recapitulate as follows: 1. Given a system of partial differential 
equations of form (3), whose integrability conditions are satisfied identically 
and for which aa —1 is not equal to zero. Its most general integrating sur- 
Jace is a projective transformation of any particular one; it does not degen- 
erate into a curve and is not a developable. 

2. If for such a system of equations, which is not involutory, aa’ —1 is 
equal to zero, its integrating surface degenerates into a plane or line. 

3. If the system is involutory, its integral surfaces are either curves or 
developables and the most general integral curve or developable is not a mere 
projective transformation of any particular one. 

For the purpose of constructing a projective differential geometry of non- 
developable surfaces we may therefore confine ourselves to the first case. More- 
over, any non-developable surface may be studied by means of such a system of 
equations. For let , y, z be the non-homogeneous coordinates of a point on 
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any non-developable surface, and take x and y as independent variables. Then 
z will be a certain function of x and vy, say 


z= f(x,y). 


We can determine two functions a and @ of ~ and y so that 2 will satisfy equa- 
tions (12), provided that 
Oz 


Ceor a! 
If, however, 
ye 
han 
Ox Cy 


we may transform the independent variables by putting 
%=ax+ By, y= ye t+ by, ad — By + 0, 


where a, 8, y, 6 are constants. These constants may always be chosen in such 
a way that 0’z/Ox0y will not be zero, unless not only 0?z/Oxdy, but also. 
0*2/0x? and 0°z/O0y’ are equal to zero. In that case the surface would be a 
plane. Excepting this case it is, therefore, always possible to construct a system 
of form (12) for every surface. Since, moreover, the surface is not developable 
aa — 1 will not vanish. If homogeneous codrdinates be employed, and an arbi- 
trary set of independent variables, a system of form (8) will be obtained for 
which aa’ — 1 is different from zero, and which is not involutory. 

Therefore, the theory of a completely integrable non-involutory system of 
two partial differential equations of the second order, with two independent 
and one dependent variable, is identical with the projective differential geome- 
try of non-degenerate, non-developable surfaces in three-dimensional space. 


§ 3. General notions on invariants and covariants. 


Consider a system of form (8) whose integrability conditions are satisfied 
identically and for which aa’ — 1 does not vanish. Let 


(16) y = f(u, v) (k=1, 2, 3,4), 


be four linearly independent solutions of the system. Equations (16) determine 
an integral surface S) of (3), and the most general integral surface of (3) will 
be a projective transformation of S_. 

But there are some, so to speak, accidental elements in the representation (16) 
of the surface S,. In the first place, since the coordinates are homogeneous, 
multiplication of the four functions y” by an arbitrary function » of w and v 
will not alter the surface. In the second place the independent variables may 
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be transformed arbitrarily. If, therefore, we make any transformation of the 
form 


(17) yY=A(U,v)Y, u=(%, v), G= (u,v), 


O(¢, 
r =F 0, ona +0, 





the transformed system of differential equations will have the same integral sur- 
faces as (3). 

Those combinations of the coefficients of (8) which are unaltered in value by 
a transformation of form (17), will be called invariants.. Such invariant fune- 
tions as depend also upon y and its derivatives will be called covariants. Any 
projective property of a surface will be expressed by an invariant equation, or 
system of equations, 1. e., by one which is left unchanged by transformations of 
the form (17). The covariants will determine other surfaces and other geomet- 
rical configurations which have a projective relation to the given one. 

The determination of the invariants and covariants of system (3) under the 
. transformations (17) constitutes, therefore, nothing more or less than a projective 
differential theory of surfaces. In this general form, however, it is exceedingly 
difficult. The calculations involved are so long and complicated as to become 
tedious and uninstructive. We have, therefore, degided to reduce (8) to a 
canonical form, a form which exists for every surface, so that there is no sacrifice 
in the generality of our considerations, in so far as they refer to any non-develop- 
able surface. It remains desirable, nevertheless, to construct directly an 
invariant theory for a system of form (8), or more generally still, for a system 
of form (1) which is not in the canonical form. This, however, is a question 
which we shall, for the present, leave untouched. 


§ 4. The intermediate form. The surface referred to its asymptotic curves. 
Transform the independent variables in (3) by putting 
U=h( u,v), D=p(U, v). 
Let 7,, y,, ete., denote 0y/Ou, Oy/Ov, ete., and put 


ad ad a 
Oo Mical r-w, ’,= Ov ’ Pin ae 


ete. Then we shall find 


(18) Yu = PY a WY os Yo = PY, a WYys 
and 


Yeaiss $; OR cc 26, vr, ye af Wy Ys + Pin Yu ae Winds 
(19) Yun am PP, Y uu or (o,¥, a WP) Yur at VV Ion rte Pi In oa ViwYos 
a = $', Oh a 2h, Vu my yy ce ot Pinu tt Vv Yor 
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If these values be substituted into (8), if the resulting system of equations be 
solved for y,, and 7, aud if the new coefficients be denoted by @, b, ---, @, +++, d, 


we shall find 


vv? 





pO ht 
b,.%, + Ov, — 4b,%, —vb,%," 
(20) 
ag’ — 26,6, + a'¢' 





a= 


PV, + BW — ab, — Ub,’ 


the other coefficients being fractions with the common denominator 


(21) A=(O,4, — OO Y, + $4. — 28.4, — 2 OM): 


the first factor of which will not be equal to zero since ¢ and w are independent 
functions of uw and v. 
Let $,:¢, and y,:, be the two roots of the quadratic 


a? —2t+a’=0, 
so that, for example, 


¢, 14+V1—ada’ vy, 1-vl—ad’ 


= ’ 


p, = a ; v,, a 
or 


(22) (14+ V1—aua')¢,— ad, =0, (1—V1—aa'),—ap,=0. 


These equations are distinct since 1 — aa’ does not vanish, so that the Jaco- 
bian of the functions ¢ and wf will not vanish as a consequence of (22). Assume 
a+0. Then neither ¢, nor wy, can vanish since, as a consequence of (22), ¢, 
or vy, would then also vanish, and this would reduce the Jacobian of ¢ and vy to 
zero. The denominator of the expressions (20), or the second factor of A, 
becomes 











2 (1 — aa’) 


a 


which is different from zero. The transformation indicated, therefore, makes 
a@=da@ =0. We have proved this under the assumption thata +0. Ifa=0 
and a’ + 0 we may still make @ = @ = 0 by a very slight modification of the 
above argument. If a=a’'=0 the original system has ‘the required form 
without transformation. 

Suppose this to be the case. Equations (20) show that this form will not be 
altered if we make either the transformation 


u=(u), v=¥(v), 
u=o(v), v=(uv), 


where ¢ and ¥ are functions of a single argument. 
We may recapitulate as follows. A system of form (3), whose integrating 


or 
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surfaces are not developables, may always be reduced to the form 


ae = by, 1% Uy, aE dy, 
(23) / if , 

Yn = FY, + CY, + ay, 
which shall be called its intermediate form. The reduction requires the inte- 
gration of the partial differential equation 


ox : Ox OX ox : 
9 4 | ee = 2 + nace = 
(24) a (3%) a Ov a(3*) or iy 


If the independent variables have been selected in such a way as to cause 
the system to assume this intermediate form, the most general transformation 
of the independent variables which does not disturb this form is either 
(25) u=o(u), v=H(r), 
or 
(26) = O(v),  D=¥(u), 
where b and w are arbitrary functions of their arguments. 

It is easy to find the geometrical significance of this intermediate form. Con- 





sider a curve v = const. on the surface S,. Let » and y be arbitrary functions 


+ py will be the coordinates of an 


of w and v. Then the four values of Ay 
arbitrary point on the tangent of this curve constructed at P,; similarly 
ry + wy” + vy will represent the coordinates of an arbitrary point of the 
osculating plane of the same curve at P,. An aggregate of the form 
py + ay + Ty represents a point in the plane tangent to the surface S) at 
P,. Equations (23) show that any arbitrary point of the plane which osculates 
the curve v = const. at P,, is a point of the plane which is tangent to the sur- 
face at P,. The curve v = const., therefore, has the property that its osculating 
planes are at the same time tangent planes of the surface. Such curves are 
called asymptotic curves. From our considerations one easily deduces that there 
are just two families of oo’ asymptotic curves upon the surface. They are the 
curves w = const. and v = const. determined by the above process. 

Reduction of asystem of form (38) to its intermediate form is, therefore, equiva- 
lent to the determination of the asymptotic curves of its integrating surfaces. 

It is also clear why the transformations (25) or (26) leave the intermediate 
form unchanged. They merely transform the asymptotic curves of each family 
into themselves, or else interchange the two families. 


§ 5. The integrability conditions for a system in the intermediate form. 
The canonical form. 
Consider a system of the intermediate form 
UR a5 2ay,, as 2by, “r Ce 0, 


(27) 
Y,, + 2ay, + 2by,+ cy=90. 
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We proceed to develop its integrability conditions explicitly. By differentiation, 
we find from (27), 


ume DY Pen + P3Ye + PY, 

v ot 2Su -- ote ’ 

(28) oe aen = Fis GV ¥. q3Y, WY 
Oats Te r Yu 45 "oY. = "34 3 MEY 
Sede = 8; Sas s 834. a 83Y, a 8,Y; 


Pp, =— 2b, p,=4a0—2a,—c¢, Pp, = 4ab — 20, Pp, = 2ac—c,,, 








oa —2a, 4q,=4adb—2a,, q, = 4b6'—2b —c, = g, = 2be’—c.,, 
) r=—20, r,=—4aa—2¢,—c, 7r,=4ab— 20, i i==20,C— Gs 
8, =— 2d, s, = 4ab'— 2a’, s= 4p obec, 8, = 2b'c’—c’. 
The integrability conditions are obtained by writing 
nee Cy are Ue OY, On Ul ons 
Pome Ou?” Cie or oul Out On. 


It will be found that the first and last of these three conditions are fulfilled 
identically. We find further 


OY wv a Ts 
Ov -(3 = atin +) tue (SE + a= 20a )y, 
= 2" Od c' 
tt Fe ie ag TSO G AS Oa) etets Fe ae Cd, ]Y> 
Ree Or as ae 9 
ou Ou as Nn “fF rs hie. of ak r 172 vr “ar, ai ry oe 


Or, 5 OF, 
mE Ou sats a s- br, Jeo weasel fumes ir Y> 
In order that these two expressions may be equal for all values of y, y,, 7,5 Y,, 


the corresponding coefficients in the two expressions must be identical. We 
thus find the following four conditions : 


a,—b' =0, 

a +e¢) —2a'a,— aa’ —(a,, + 2b'a, — 2ba’ — 4a'b,) = 0, 

vay b. +c, —2bb' — 2b'b, —(b', + 2ab’ — 2a'b, — 4ba') = 0, 
ce’, —4ca’ — 2a'e, + 2ac’ —(c,, — 4c'b, — 2be’ + 2b’'c,) = 0. 


The conditions (30) must be satisfied in order that the general solution of (27) 
may depend upon just four arbitrary constants, for this is the only case of 


246  E. J. WILCZYNSKI: DIFFERENTIAL GEOMETRY OF CURVED SURFACES [ April: 


interest from the point of view of the theory of surfaces, as was explained in 
§ 2. These integrability conditions (30) are symmetrically constructed from the 
coefficients of (27) in such a way that the operation which consists in inter- 
changing simultaneously the letters in the two rows of the symbol 


converts the first and fourth equations into themselves and interchanges the 
other two. 

From the significance of the conditions (30), it is clear that they must form 
an invariant system of equations. In other words, if the variables in (27) are 
changed arbitrarily, but in such a way as not to disturb the form of the system, 
the integrability: conditions for the transformed system of equations will be ful- 
filled if they are fulfilled for the original system, and conversely. 

On account of the first condition of (80) we may write 


(31) ap On ae 
Transform (27) by putting 
y=; 
where is a function of w and v. We find a new system of the same form for 


y whose coefficients are 








z r, _ 7 r,,, + 2ar, + 2dr, 

aa Bass b= db, Cé=c+ aes ue 
I r r 2a'r 20'r 

Gerd: Bat S, Cadp a a aca 


Ae 5 
so that 
u Xr, 
ae Pu Perr ree 
Mn 2 roe 2 
ha ew fy Pas Thea atl een ed Li 
whence 
é=c—a,—a—2U=f 
(32) 


_s / / 72 
€=¢— 0 —b — 2a0 = 


v 


It becomes possible, therefore, to put the system (27) into the form 
Van ae 2by, + fy = 0, 


(33) 
Y, + 2ay, + gy =9, 
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which is characterized by the conditions a=b' =. We shall speak of (38) 
as the canonical form of the given system of differential equations. It may be 
obtained from the intermediate form in the way just indicated. Zhe first of 
the four integrability conditions (30) is satisfied identically. The other three 
assume the simplified form : 

a’se+g,+2ba' + 4ab,=90, 
(34) Py feu ae 2ab, 4 46a) = 0, 


Jun — JF, — 49%, — 2af, + 4fb, + 2bg,= 0. 


$6. Seminvariants and semi-covariants. 


Consider again the system (27) of differential equations, and let it be trans- 
formed by putting 


(35) Y=, 
where 2 is an arbitrary function of w and v. Those functions of the coefficients 
of (27), of y, and of the derivatives of these quantities, which are left un- 
changed by every such transformation, shall be called seminvariants or semi- 
covariants according as they do not, or do contain y and its derivatives. 
We find from (385) 

Y= AY, +rYs Y, =AY,+Xr,Y; 

Wis = NG af; 2X, Yu oe Mud 

Yio ay Gu ue ru» Te a te uv 

You = rY,, ae 20,7, aE Awd 


(36) 


which gives, upon substitution into (27), 
Te Te 247, +: 2b7, et cy = 0, 
Y. ze 2a 7, a 207, G cy — 0, 








where 
z Xr, tT a r,,, + 2ar, + 2dr, 
JEN Te aoe b=, é=c+ x : 
- x 4 26 
Xr x fe 
yee ie yaV +, pis cos is ee 7 


We find the following seminvariants 


a, b, 
(38) : 
f=c—a,—a— 2bb, g=e—b'—Db — 2ad. 


The derivatives of these four quantities are also seminvariants. very semin- 
Trans. Am. Math. Soc. 17 
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variant is a function of a’, b, f, g and of their derivatives. That this is true 
may be, most simply, seen as follows: A seminvariant has the same value for 
system (27) as for any system obtained from it by a transformation of form 
(35). Make the transformation of form (85), which reduces (27) to its canon- 
ical form according to the method of $5. The resulting system (33) has pre- 
cisely a’, b, f and g as its coefficients. Every seminvariant can, therefore, con- 
tain only these quantities and their derivatives, as was to be shown. 

Semi-covariants contain y, ¥,, Y,5 Y,,» ete., in addition to the coefficients of 
(27). Since all higher derivatives of y may be expressed in terms of the four 
quantities 

Ys Yur Yor Yur? 

we may confine our search for semi-covariants to such as involve them. We 


find, from (86), 


4 
hes Ta gal ye be r, 
(89) Ue 5 \C are Oe Se om ie in 


oy 1 Xr, Xr, 2X, Nae Noe 
Yu = > Vie" Ve > TX tet y “ 


so that y itself is a relative semi-covariant. By making use of (37) we find 
three other relative semi-covariants 


a=y,tay, p=y,t Fy, 
o=y,, + Oy, + ay, + ¥(4, + 6, + 2ab')y; 


in fact these quantities satisfy the equations 


(40) 


yf = NY, 2= 2, P=; o=hd)o, 

so that their ratios are absolute semi-covariants. The four semi-covariants 
YY, %, p, o are clearly independent. Moreover equations (40) show that 
Ys Yu Vos Yn, May be expressed in terms of y,2,p,o. Since every relative 
semicovariant can be expressed in terms of y, y,, ¥,, ¥,,, it may be also 
expressed in terms of y, 2, p, o. By reducing to the canonical form it 
becomes obvious that all semi-covariants can be expressed as functions of 
Y, %,p,o and of seminvariants. 


§ 7. Invariants and covariants. 


In order to find invariants we introduce transformations of the independent 
variables which leave the intermediate form of the system of partial differential 
equations unaltered. These are either of form (25) or (26). Since (26) may 
be obtained from (25) by the simple transformation 


L=v, Va WL, 
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which merely interchanges the two families of asymptotic lines, it becomes an 
easy matter to find the invariants under the general transformation if those under 
transformation (25) have been found. It is desirable, moreover, to keep the two 
families of asymptotic curves separate. For these reasons we confine ourselves 
to the transformation (25) or as we shall now write it 


(41) == a(u), o=f(v), 
denoting the new independent variables by % and v where a is a function of w 


alone, and £ is a function of the single variable ». Upon making the transfor- 
mation (41), we find 





Oy Oy ey 
Yu Mas You = Me BGE + mn BG? 
ay {Oy Oy 
(42) Y, a v Cv: > Yee oe B; Ov? a: Bow Ov i 
Cy 


Ve — a, Ba a= i 


Equations (27) are transformed into a similar system, whose coefficients are 














1 = b 
i=-—(a+3n), eae b= or 
(43) A : , 
, a, a z 1 f we . 
a= fez 5 b aya +23¢), ™ @2? 
where : ; 
ae ever B,, 
cay ees cae 


These equations show that a’ and 6 are (relative) invariants as well as sem- 
invariants. 

Since invariants are also seminvariants, they can only be functions of a’, b, f, g 
and of their derivatives. It becomes necessary, therefore, to investigate how the 
transformation (41) affects these seminvariants. Invariants are such functions 
of seminvariants as are left unaltered by this transformation. 


We find, from (48), 





Comm 1 i iB a, 

Bg = leu — 14+ 3(1,-— 7°); 5 pha 7B’ 

oy | ou 1 wy 

ae, em gH (E— EO), 
(45) uU v0 

Oa 1 , , 0d’ G,, ’ f 

da Btu + 10), i ea 

ab B, Ob 

Ae sare — 2nb), Ov a (2, + $b). 
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From the expressions (38) for f and g, and the above equations, we find 





eke it j 
(46) =a(f-%-4s),  F=R(9—-4n—P), 
where re ; 
(20) w=n—dy, v= o,— 4h. 
We have further 
Oa 
ee oe [ a, + na, ae a], 
od 
(48a) aaa5 # [ a), + na, — 20a, — 2nba'], 
es Oa E ; we 
= 3 t[ a, — 0$a;, — 26 a + 60° a’ ], 
and 
eb 8B 
Ou = A Pod —— 5b, 7 2,6 + 67°b | 5 
Oh 
(48d) Ande = of (Oa + Cb, — 2nb, — 2nfb], 
ob i 
Silies ae Over oberg Ou 


By means of these equations it is easy to verify that 


a 27 a 2 
(49) FRO a py ce 





a? 


u 


where 
a” 


(50) A= b*( f + bi) 4 400, at Pa 0is i a’ (g + a,)—4 4a, ats Tet v ? 


so that we have found four invariants a,b, and k. We shall show how 
other invariants may be derived from these four by certain differentiation proc- 


esses. Put 


(51) A=dab*, B=dab, H=dh, K=dk 
so that 

see B rT ei 
(52) ee: B= js, Ld mes amet 


U 


it being assumed that q@ and 6 are different from zero. 
Introduce two symbols of operation 


ee) a) 
Then clearly 
(54) UB). ) Vide aU Biya es mie 
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are also invariants. In fact 
H K 
“ a “NBS ( K j= zh ae 


v 





') Vi)= 





ee Ue) 
(55) V(A)= oe U( B) = BF 
so that it becomes clear that every repetition of these two processes gives rise 
to an invariant. 
Further, from two invariants \ and » for which 
ae 4. 
N= A, p= a” By 


u 


- 


i 


we can always-form another, its Wronskian. In fact we find 
apis = NUE jist 


whence, by logarithmic differentiation, 


Xr, K, 1 Xr, yee 
i ae i ale 
so that the function 


(56) j (hy r,) = mer, — Dp 





is an invariant for which 


(57) (HX, ) = gltm+l a 





We shall speak of (A,,) as the Wronskian of » and 2 with respect to w. 

By combining the Wronskian process with the operations U and J, it clearly 
becomes possible to deduce an infinity of invariants from A, 6, 7 and X. 
We proceed to show that any invariant is a function of those obtained in this 
manner. 

In the first place, the equations which define A, B, H and KX, show that 
a’, b, f and g may be expressed in terms of A, B, H, HK and of their deriva- 
tives. Since all invariants are functions of a’, b, f, g, and of their derivatives, 
any invariant may be expressed as a function of A, B, H, KH and of the 
derivatives of these quantities. 

Introduce infinitesimal transformations by putting 


(58) a(u)=utg(u)de B(v) =v + ¥(v) 8, 
where o¢ is an infinitesimal. Then 
a =1+¢,6E, a == 0; 
(59) 8,=0, 8,=1+%, 8, 
a,8,—4,8,=1+ ($,+ ¥,)&- 
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The infinitesimal transformations of 4, B, H and K become 
(6) d6A=—38¢, Ad, B= — 38, Bot, 8H = — 54, Hot, dK = — by, KEt. 


The infinitesimal transformation, 62’, of any function of A, B, etc., being 
known, we may easily find the infinitesimal transformations 6/7’, and 5’, of its 
first derivatives. In fact we shall have 


OF OF oO(F+85F) 1 OF 0(8F) 











mt aay iy Ou 1448 du aie me 
Thus we find 

8A, = —(86,A+46,4,)8, 84,=—(8¢,+ y,) 4,8, 

OB, = —(¢,4+ 8y,) Bot, 8B, = —(8y,,B+4,B,) ot, 
oy oH, = —(5¢,,14 6¢,H,)6t, SH, = — (56, + ¥,) 17,0, 

OK, = — (6, + 5y,) Kot, OK, = — (op, A + 6p, ) ot. 


All absolute invariants @ which involve only A, B, H, & and their first deriv- 
atives must, therefore, satisfy the system of partial differential equations obtained 
by forming the infinitesimal transformation 66 of an arbitrary function of these 
arguments and equating to zero the coefficients of ¢,,, v,,,¢, andy,. If we are 
looking for relative invariants we may dispense with the latter two equations, as 
the following consideration will show. Consider the special transformation for 
which 

(63) a(u) = cu, Be) 160; 

so that 

a=, Blea 


where c and ¢’ are arbitrary constants. Then 


A=c°A, B=(c')°B, ete., 
A,=c'A,, ete. 
In general, let P be a combination of the quantities 4, B, H, H and of their 
derivatives, and suppose that the effect of the transformation (63) is to convert 
it into P, where 
Peers P. 
We shall then say that P has an a-weight equal to p and a §-weight equal to 


p. Thus the weights of A and B are (+ 8,0) and (0, +3) respectively. 
It is clear that differentiation with respect to w and v diminishes the a- or B- 
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weight respectively by unity. The weights of a product are the sums of the 
respective weights of the factors. 

We shall say of a sum that it is isobaric of weights w, w’ if each of its terms 
has the weights w, w’. It is clear that every absolute invariant is isobaric of 
weights 0,0. very relative invariant must be isobaric. 

We obtain an infinitesimal transformation of the form (68) if we let ¢, and 
y, in (60) and (62) represent constants. Under this assumption, if /’ is any 
isobaric function of weights w and w’, the infinitesimal transformation of /’ will 
be of the form 
(64) 6 = — (wh, + w',) Foe. 


If ¢, and y, are not constants, the expression for 6/’ will contain other terms 
which will have ¢,,, ,,, etc. as factors. If, however /’ is an irreducible (rela- 
tive or absolute) invariant, the equation 6/’=0 must be a consequence of 
F’ = 0, which implies that if #’ is an invariant of weights w, w’, the equation 
(64) must be satisfied even if ¢, and yy, are not constants.* 

Suppose then that we form the general expression for 64’, where /’ depends 
upon A, B, H, & and the derivatives of these quantities up to any order n, 
and equate to zero the coefficients of all of the derivatives of the arbitrary func- 
tions ¢ and y, including ¢, and y,. We thus obtain a complete system S of 
partial differential equations, whose solutions are the absolute invariants up to 
the nth order. If we omit the two equations of this system obtained by equat- 
ing to zero the coefficients of ¢, and y,, we obtain a system S’ of partial dif- 
ferential equations satisfied by all relative invariants. Moreover, only such 
solutions of this system S’ will be relative invariants for which (64) is satisfied, 
i. e., only isobaric solutions of the system are admissible as invariants. The 
relative invariants are certainly not all of weight zero. We know in fact that 
A, &, Hand K are independent relative invariants, both of whose weights are 
not zero. Any relative invariant can, however, by multiplication with properly 
chosen powers of A and B be converted into an absolute invariant. Conse- 
quently there are two more independent relative invariants than absolute invari- 
ants. If the system S’ were not a complete system, the difference between the 
number of relative and absolute invariants could not be equal to two. The 
system S’ is, therefore, a complete system and every isobaric solution of S’ is 
a relative invariant. 

All relative invariants which involve only A, 6, H, K and their first deriv- 
atives are, therefore, isobaric solutions of the complete system of two equations 
Sy. + 8H sy = 9, 3B Spt 5K se 


* For the coefficients of ¢x1, Yr», etc. cannot vanish in consequence of / = 0, if we assume F’ 
to be irreducible, since their coefficients are of weights lower than w, w’. The complete discus- 
sion would be the same as that in the author’s treatise Projective Differential Geometry, etc., p. 22. 


34 oat), 
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which involves (in part with zero coefficients) twelve independent variables. It 
has therefore ten independent solutions. These may be selected in the form 


(65a) Wea 6 syne # ANN COS AE TER Vet MA tele (AS FEN 
together with the two Wronskians 
(656) (AMAT Bio 


For they are clearly independent. In fact, taken in this order, each of these 
functions involves one variable which does not occur in any of the preceding 
ones. 

All relative invariants which involve also the second derivatives of A, B, 
H, K will be isobaric solutions of a.complete system of four independent equa- 
tions with twenty-four independent variables. They are, therefore, twenty in 
number. Ten of these we have already found. The other ten may be taken in 


the form 
V3(A), VACHS VGA A (AvCAs dae 


(66) 
U*(B), UK), U(B,K,), (B,U(B),), (B,(B, K,),): 


for it is apparent that these are independent. 

We have now determined all invariants up to and including those of the 
second order; they are isobaric functions of the twenty invariants (65) and 
(66). We make the following remarks. Let an invariant be called an a- or a 
S-invariant if only one of its two weights is different from zero, so that the 
8-weight of an a-invariant is zero, etc. Our invariants have been so chosen 
that half of them are a- and half of them f-invariants. Consider the five a-in- 
variants of the second order. They are those in the first row of (66). Two of 
them, the first and the fourth do not contain H, and contain only two of the 
three derivatives of the second order of A, viz., A,, and A,,. The other three 
a-invariants contain each a different one of the three second derivatives of 7. 
A similar classification may be made of the -invariants. Suppose we had 
determined all of the invariants up to and including those of the n — 1th order. 
To determine those of the nth order we should have to solve a system of partial 
differential equations containing two more equations and 4(m +1) more vari- 
ables than the system for the invariants of order» —1. There will be, there- 
fore, 4n + 2 invariants which involve the nth derivatives of A, B, H, K. 
Similarly there will be just 42 — 2 invariants of the n — 1th order. 

Let us suppose that what we have found to be true for the invariants of the 
second order is also true for those of order n —1, i. e., let us suppose that 
2n—1 of them are a- and 2n —1 of them #-invariants. Denote these a-in- 
variants of the » — 1th order by 


IRS OE TD sc sare: 


ey 
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The notation indicates a division of these a-invariants into two classes ; those of 
the first class do not depend upon // and its derivatives, those of the second 
class do. Let 


Wraps (r+s=n—1), 


denote the derivative of P taken 7 times with respect to wand s times with 
.respect tov. Then we shall assume that J, J,, ---, Z,_, contain in this order 


f . es 
oe ty ees 2s Se, > and that no function 7, contains AG-), . 
We assume further that the functions J;, 7), ---, Z’ taken in this order 
contain respectively HO) , H%-) ,---, HE”, . 
The 2n — 1 functions 
oi / 
(67) VC); V( I) 


will then be a-invariants of the nth order. Those of the first set contain all of 
the derivatives of A of the nth order except A” ,,, A\?,,. Those of the 
second set contain all of the derivatives of H of the nth order except 7“ ,.. 

Consider the Wronskian of A and J), with respect to w. It will be an 
a-invariant which will contain the derivative A‘ ,,. Similarly the Wronskian 


of A and J’ will be an a-invariant which contains 1‘. If we add these two 
a-invariants to the 2n — 1 of (67), we shall have 2x + 1 independent a-invar- 
iants of order n which can be divided into two classes precisely in the same way 
as was assumed to be the case for those of the n — 1th order. Since this classi- 
fication was actually possible for the invariants of 2, it follows that this same 
classification will actually hold for any order 7. 

We have seen, therefore, that the Wronskian process and the process V 
enables us to obtain 2n + 1 independent a-invariants of order n from A and 
H. Similarly, by means of the Wronskian process and the process UV we may 
obtain 2x + 1 independent -invariants of order n from B and FX. ~ It only 
remains to show that these 4n + 2 invariants are also independent of each 
other. There can be no question about the independence of those which con- 
tain Zand A. But the o-invariants of the first class contain derivatives of B 
as well as of A, and the §-invariants of the first class contain derivatives of 
A as well as of B. However, the derivatives of B in the a-invariants of order 
n are only of order n —1, so that no relation is possible between the a- and 
8-invariants. ! 

The Wronskian, the U-process and the V-process suffice, therefore, to deduce 
all invariants from the four fundamental ones A, B, Hand K. There are 
2(n? + 2n + 2) independent invariants of order equal to or less than n. 

In order to find a system of covariants we investigate the result of the 
transformation 


U=a(w), v= B(v), 
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upon the four independent semi-covariants (40). We find 
1 
0, 


1 
a Bio hae tate edncy 


: eral 
YY) = 7 (ORY) IP erg cae 


(68) 








= 
It now becomes an easy matter to verify that the following four functions are’ 
covariants 
(69) y, 6A4z+ Ay, 6Bp+ By, o—ap—bz+ aby. 


They are clearly independent. very other covariant may be expressed in 
terms of the covariants (69) and of invariants. 

The most general transformation which leaves the canonical form invariant 
may be found as follows. We have shown that a system of differential equa- 
tions of form (3) may be reduced to the canonical form 


Yun + 2by, + fy =9, 
You + 2ay,+ gy = 9. 
Make successively the transformations 
y= ry, U=a(u), O= Pie): 
The resulting system will again be in the canonical form if, and only if, 


u uu ji yet) 
Ait 2\ ag oan mean 








Pex 


i. e., if 
MCR ae) 
MT chep nach 
where g(v) and h(w) are functions of the single arguments indicated. We 
find, therefore, 





gone, 
V4,B, 
where C’ is an arbitrary constant. _ 

Therefore, the most general transformation which leaves the canonical form 
invariant is 


(70) y= CV4,B.y, Tied C2 D(a), 


where a and B are arbitrary functions of u and v respectively, and where C is 
an arbitrary constant. 
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$8. Principle of duality. Adjoined systems. The fundamental theorem. 


Given a system of partial differential equations in the intermediate form 
Yuu he 2ay,, ale 2by, =e cy — 0, 


(71) 
You t+ 2a'y, + 2b’'y, +e’'y=0, 


whose integrability conditions are fulfilled identically. It 
y” exif \)(%, 0) (h=21, 2,3) 4); 


are four independent solutions of (71), we interpret them as the homogeneous 
coordinates of a point P, of a surface S. Let p, be the plane which is tangent 
to Sat P,. Its equation will be 


wv wv we 


1 2 3 


(72) Porc es 
Yu Yu hy, Ui 
Uae vs ats 
The coordinates of the plane P, will be proportional to the minors of «,, x,, 2, %, 
in this determinant. Denote these minors by \’, A”, A, A“. We shall have 








/ 


y y ys) | 
y, YP yS|,. ete. 


‘y 


3 4 
y y' ) y' ) 
PN Te lire a ae Is NM = — 








Mr 


| 
3 4 ery 4 
eS Ik Chee et 
Let us convert the columns into rows and write only a representative row. We 


may then write for each of the four 2’s, disregarding signs, an expression of 
the form 


(73) X= D(Ys Yur Yo) 
which stands for a determinant of the third order of the matrix 
Poe) s aye (eel, 25:3, 4). 

We find from (78), making use of (71), 

Au = D(Ys Yur Yur) — 202, 

A= D(Ys Yur Yo) — 202. 
Therefore, making use of (28) and (29), 
= — 2an,, + (4bb’— 2b, — ce — 2a,)’ — 4a Dy, Yas Yur) — 2OD(Ys Yos Yur)s 
rp» = — 202, + (4aa’— 2a), — ¢ — 2b/)A— 2A DY, Yury Yu) —4O DY; Yuvs Yo) 


(74) 


r 


UU 


(75) 
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But from (74), 
Dy; Yus an) ae ri + 2anr, 


Dy, Yuvs Yr) a Ne + 20'r. 
Substituting these values in (75) we find 


Xx. + Gar, — 26r, + (2a, + 26, + ¢ + 8a? — 8bb')A=0, 
76 
ve ey — 2a'r, + 6B'A, + (25; + 2a), + c’ + 8b" — 8aa')rA = 0. 


v 


The coordinates of the plane p,, therefore, satisfy the equations (16) which 
are of the same form as (71). 
This system of equations (76) may be simplified. Consider the determinant, 


id , 


/ , 
Yur Yu Yo Y 


Yes. a Ge 
a a yy) yO] (Yuos Yur Yor ¥): 


uv u 








(4 (4 (4) (4) 
Af Dee TE, 


We find 
oA A , 
(78) ay = — 404: Bp = AOA 
But we have also 
oa ob’ 
Ov Ou’ 


according to the first equation of (30). We may put, therefore, 


Op 


rence 
a= Hat» 


Ou’ Ov’ 
so that (78) shows A to have the value 
(79) A= Ce-”, 


where C’ is a non-vanishing constant. In fact, if A were equal to zero there 
would be relations possible of the form 


ay 4+ By + yy + dy = 0 (k=1, 2, 3, 4), 


with non-vanishing coefficients. But this is impossible in the case under con- 
sideration in which the general solution of system (71) depends upon four 
arbitrary constants. 

The coordinates of the plane p, were proportional to X’, A”, A”, AY. Let us 
define them as being equal to 


DAG es (kK=1, 2,8, 4): 
A 


1907] E. J. WILCZYNSKI: DIFFERENTIAL GEOMETRY OF CURVED SURFACES 209 
These four functions Y™ will satisfy a system of differential equations obtained 
from (76) by the transformation 
(80) N= VAY =e” F. 
The resulting system of equations is 

Y,,,, + 2a¥,, — 2bY, + (c + 26, — 466’) ¥ = 0, 
oe Y,, — 2a’ ¥,, + 2b'¥, + (¢’ + 2a, — 4aa’)¥ = 0. 


This shall be called the system adjoined to (71). Denote its coefficients by 
2a, 2b, ete. We have 


a=a, Ores é=c+ 2b, — 46d’, 

a=—a, b' =)d’, @ =c’ + 2a, — 4ada’, 
whence 

a=d, b=—), c=6 + 2b, — 450", 

a’ =— da, b=)’, ec =c + 2a’ — 4aa’, 


so that the relation between (71) and (81) is reciprocal, i. e., each is the adjoint 
of the other. The seminvariants of (81) are 


a,b, fs 9s 
which are respectively equal to the seminvariants 


iG a Ok) 4G 
of (81). 

System (81) represents the same surface as (T1) in plane- instead of in 
point-coordinates. But we may also interpret Y'’, Y", ¥®, ¥“ as point- 
coordinates. In that case every integral surface of (81) would be dualistic to 
every integral surface of (71). 

It is clear, therefore, that dualistic properties of any integral surface of (71) 
are analytically characterized by an invariant system of equations which 
remains unaltered if the signs of a’ and b are changed. 

If we think of a surface as being at the same time described by a point and 
enveloped by its tangent planes we must consider the systems (71) and (81) 
simultaneously. A surface S may be identically self-dual ; i. e., there may exist 
a dualistic transformation which converts it into itself in the particular way that 
every point P, is converted into the plane p, tangent to S at P, and conversely. 
In that case (71) and (81) will be identical, so that 


a=b=0. 
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The surface is then a quadric. In fact, we always have 
y Via a y Y" ail yOFO ah yor —_ 0, 


and in this case Y) would have to be proportional to 7 so that there will be 
a quadratic relation between y’.--, y. We may also see this in another way. 
If a’ = 0, equations (71) show that the curves w = const. are straight lines. 
If = 0, the curves v = const. are straight lines. But a quadric is the only 
surface which has two separate families of straight lines upon it. 

We have, therefore, the following further result. Jf either a’ or b is equal 
to zero, the surface S isa ruled surface. If both a’ and b vanish it is a 
quadric. Quadrics, moreover, are the only identically self-dual surfaces. 

We shall close this paper with the enunciation of a theorem which may be 
regarded as the fundamental theorem of the projective differential geometry of 
curved surfaces. Any non-developable surface being given 


j= fase) (R=1,2,8,4), 


it determines a system of form (3) which may always be reduced to the interme- 
diate or even the canonical form, from which the invariants a’, b, A and k may 
be computed as functions of w and v. If on the other hand a’, 6, A and k are 
given as arbitrary functions of w and v, subject of course to the integrability 
conditions (84), the coefficients of the canonical form will be uniquely deter- 
mined if a’ and 6 are different from zero. In other words, 

If the four invariants a,b, h,k are given as arbitrary functions of two 
variables u and v, subject to the integrability conditions (84), and if moreover 
a and b are not equal to zero, they determine a non-developable, non-ruled 
surface except for a projective transformation. 

It is not necessary to attempt to remove the restrictions of this theorem, as 
the author has already constructed a projective differential geometry of ruled 
and developable surfaces upon a different basis. 


BERKELEY, November 21, 1906. 





A METHOD FOR CONSTRUCTING THE FUNDAMENTAL REGION OF 
A DISCONTINUOUS GROUP OF LINEAR TRANSFORMATIONS* 


BY 
J. I. HUTCHINSON 


Two methods at present exist for the construction of the fundamental region 
of a discontinuous group.t The one applies only to groups which are capable of 
extension by reflection and consists in constructing first the region for the 
extended group (which can be done by a direct process) and then combining two 
such regions that are adjacent. The other method uses the process of the con- 
tinuous reduction of a quadratic form. It is, however, tedious in application, 
and this fact appears to place a narrow restriction on its range of practical effec- 
tiveness. In the following pages I propose a much more simple and effective 
method, applicable to groups which leave a given Hermitian form invariant. 


$1. Groups of transformations of a single variable. 


Let the complex variable be denoted by z and its conjugate by z. Also let 
the equation of the fixed circle for the given group be 


(1) F=oa+yz2+ 72+ B=0,7 
in which the discriminant 6 = yy — af is positive (a, 8 being real) and a is 
negative. The circle is then real and its interior will be defined by the 
inequality #’> 0. 
Let /’ = 0 be transformed into itself by the substitution 

az +b 
9 2  —— a 
(2) 6 eT Ae ce 


The conditions for this are 


ad —be=1. 


a(ai—1)+ yae + yac + Pec = 0, 
(3) aab + yad + cb x Bed = 4, 
abb + ybd + ybd + B(dd —1)=0. 


Since /’ = 0 is also transformed into itself by the inverse of (2), the conditions 





* Presented to the Society December 28, 1906. Received for publication January 16, 1907. 
+See FRICKE-KLEIN, Automorphe Functionen, I, p. 539. 
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(3) may be replaced by the equivalent ones, 
a(dd —1)— yde — yde + Bee = 0, 
(3’) —adb + ydi + Feb — Bea = , 
abb — yba — yab + B(aa—1)=90. 
The transformation (2) changes the function /’ into #” such that 
(4) F’ = F/AA, 
(5) A=cz+d. 


punpose that for a given point z inside the circle (1) we have AA<1; 
thence follows 7” > F’, and the effect of the substitution has been to increase 
the value of the positive function #’. If there exists a second substitution 
changing the point z’ into 2” so that #”” > F”, we apply it to the preceding one 
and so Pecacnd until #’ has reached its maximum value for the series of congru- 
ent points z, 2’, 2”,---. Such a maximum value will be attained after a finite 
number of steps provided that the substitutions employed all belong to a group 
G' which is “ properly discontinuous” in the z-plane. I will name the point so 
determined the maximum point congruent to z 

There may be several points congruent to z for which / has a maximum 
value. ‘The number of these is equal to the order* v of the subgroup g of G 
defined by c= 0, since under this condition it follows from (3’) that AA =1. 
The totality of maximum congruent points obtained by varying z throughout 
the interior of / will form a region # bounded by certain circles, orthogonal to 
f= 0, whose equations are 


(6) ' AA=1. 


The region 7 is divided by means of g into v congruent regions #7, , 2,,---, 2,. 
Any one of the regions /?, may then be taken as the fundamental region for the 
given group G’. 

It only remains to show how to select from among the circles (6) those which 
bound the region 22. For this purpose we observe that when /” increases, the 
point z approaches the center C of the circle / =0. Accordingly the boun- 
daries of / are to be selected from those A-circles (6) which pass nearest to C’. 


The point of AA = 1 nearest to C is 


dy + Vx 
(7) caper gaya d 
in which 
(8) A= ye —_ ad. 





* This order may be infinite as in the case of the modular group when it has the real axis for 
its fixed circle. 
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The value of /” at this point is 
(9) FH=2(a4+Var)/ce. 
This is evidently the greatest value attained by /” on the given A-circle, and it 


may be found by the usual process for determining the maximum value of 
a function. 


From (8) we deduce 
yyce = ayed + ayed — add + dr; 
also, from the first equation (3’), 
aBcc = ayde + aryed — dd + ie 


whence, by subtraction, 
éce = rr — a’, 


Using this result in (9) we have for the maximum value of /’ on (6), 
26 


f= 7 ae 
Fiala 2 





From this it follows that the greatest values attained by /’ at the points defined 
by (7) are those for which the absolute values of » are the least. 

It is evident, then, that the boundary circles for the region R occur among 
those determined by the smallest values of |X|. There does not appear to be a 
sufficiently simple and general criterion by which to select out the required 
circles from among those found in this way, but a graphical construction will 
quickly indicate which ones are te be used. 

The coefficients a, b, d are expressible in terms of 2, c in the form 

X+ Fe yo — 2 ¥(X — Fe) + 8t — AF 
aaa re © Ch aa ed mor TENT a Ae 


(10) a= 


the numbers 2, ¢ being connected by the relation 
(11) AA = a + Oce 


which is the condition that the determinant shall equal 1. Equation (11) is also 
the condition that the circle AA = 1 shall be orthogonal to 7 = 0. 

To give a clearer idea of how the preceding method works out in practise, we 
consider the following examples in which a, 6, c, d are restricted to complex 
integers. 

Heamplel. a=1,y=0,8=—5. 

For c = 0 a substitution of period 2 is obtained having the origin as fixed 
point. Hence the region # consists of two congruent regions #,, #,. For 
|c| > 0 the minimum value of rr is 26, and hence A= +5+ior +1+5i; 

Trans. Am, Math, Soc. 18 
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also cC = 5 and therefore c=+2+7 or +12+2%. The equation of the 
A-cirele is (cz — X)(€Z — X) =1, which may be written 


and hence its center is the point x= /c and its radius is 1/v ce. With the 
values just obtained for 2, ¢ we construct the corresponding circles 1,1, ---, 
Fig. 1, using only those which occur in the upper half plane in which we take 











Fia. 1. 


f?,. These do not form a closed region and we accordingly take the next higher 
value of XX which is 41, whence ce = 8. The circles 2, 2, --- are determined 
by these values, and now the region above the real axis being closed we have in 
2, thus determined the fundamental region for the given group.* 

Eeample I. a=—3,8=y=1. 

It is useful to observe from the relation X + ’ = — a(a +d) that > + Vis 
divisible by a. For c= 0 the only substitution of the group is identity. The 
values of ) and ¢ first to be considered are those 
for which AX=18,c@é=1. Among these the 
only ones which give different substitutions 
with complex integral values for a, 6, d are 
AN=38+4 Zei,c=ei,e=-+1. These determine the 
two circles 1, 2, Fig. 2. The next higher values 
of X\ and ¢ are derived from AX = 25, co=4, 
whence we obtain the circles 8,4,5. Weexclude 
4, 5 since they lie inside 1, 2. As the region 
about the center C’ is not yet closed we take the 
next case AX = 45, c¢ = 9, which determines the 
circles 6, T, 8, 9, the last two of which are to be 
excluded. As the region 7? is now closed the operation is completed. 





litey, 2 





*Cf. FRICKE-KLEIN, Automorphe Functionen, I, p. 479. 
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§ 2. Transformations on two variables. 


It is evident that the general method explained above is at once applicable to 
groups of substitutions on any number of variables, the region /2 being then 
defined by certain inequalities of the form AA>1. For the sake of simplicity 
I will confine myself in the present paper to the case of a group G' of linear 
transformations on two complex variables «, y, the general substitution being 
written in the form 


(12) | aw = (ax + by +c)/A, y =(de+ey+f)/A 


in which A= px+qy+~r. Iwill further suppose that the group G' leaves 
the hypersphere 


(13) FH1l—2—yy=0 
invariant. The conditions on the coefficients are 
aa + dd — pp =1, ab + dé — pg =0, 
(14) bb+e—qg=1, a+df—pr=0, 
c+ ff—r%=—1, be+ef—qr=0. 


Multiply the two equations (12) by @, d respectively and add; then subtract 
p from both members of the resulting equation and use (14). This gives 


aa’ + dy —p=x/A; 
similarly, 
ba! + by’ —g=y/A and Cu + fy —F=—1/A. 
Hence the inverse of (12) may be written 
(15) a = (ax + dy’ —p)/d’, y = (ba + by —7G)/X, 
A’ = — ta’ — fy’ +7. 


As the inverse substitution also leaves the hypersphere invariant we have the 
conditions 


aa + bb — ct = 1, ad + bé—cf=0, 
(14’) dd+e—ff=1, as+by—cr=0, 
ppt+q—r=—1, dpt+eq—fr=9. 
From the fourth and fifth of these equations we deduce 
a= fa= eF), b=k(dr—fp), c=k(dg—@ép). 


In order to evaluate the unknown £, we substitute these expressions for a, b, c 
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in the determinant 


a* 3b 7c 
a0 Che far asy | 
PPT: 


and obtain 


t( 4 A= BB CONN 


in which A, B,C are the minors corresponding to a,b,c. But since the 
inverse of the substitution (12) is 


UC Aay Ey rae ba yw 
MN OPT PENG om Footy ay SEP 


it follows that 4A + BB — CC =1 and thereforek = — N. Hence, 








a = N(é@r—fq)=NA, 
(16) b= N(fp—dr)= NB, 
c= M(ep—dq) =— NC, 
in which d, e, --- satisfy the three relations 
pb + qi = 1, 
(17) dd + e—ff=1, 
dp+eq—fr=9%. 
We next proceed to determine the maximum point of the spread 
(18) AA=1, A=pa+qy+r, 


that is, the point at which the /” = 1 — xx — yy takes its maximum value when 
wx, y are restricted to the locus (18). Regarding 7 as a dependent variable on 
account of (18) we differentiate #’ with respect to x, %, y and obtain as condi- 
tions for a maximum 


Baty Oo oy My og 
Breen oe aKa = 


By differentiating AA = 1 and substituting the expressions thus obtained for 
the derivatives, we deduce 


= pa gA 


ee Spas ee Lille 
(19) oe Go eee ae ara Na 


By substitution of these results in the second equation (18) we obtain 


A= (17 —1)9/7, 
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and by substituting in (10), 
ee ree ad ae 
Y= or? er Ta tars 
Substitute now in AA = 1 and solve for y. This gives 
q(—rr kV rr 
pond se beat ) 
?(7F —1) 





Therefore 
9+2 V7) 
rr —1 : 


Tig ES 





From the first equation (17) it is evident that r7 cannot be less than 1. In 
order that the point determined may be inside the hypersphere it is necessary 
to take the lower sign. Hence, the point 





p(Vrr — 17)  g(V rr — rr) 


r(rp—1)° ~~ #(rr—1) 


is the maximum point for the spread AA =1 and gives to F the value 
2 
(20) Rs, 


A glance at (20) shows that the largest maximum values are attained by /” 
when r7 has its smallest values. The corresponding A-spreads are those of (18) 
which pass nearest to the center of /’= 0, and the boundaries for the region 
FR are to be selected from among these. 


§ 3. Klein's group of (n+ 1)! collineations. 


The working out of the fundamental region for an infinite discontinuous group 
of the class just treated appears to involve a considerable amount of necessary 
detail and for that reason I reserve for a future paper the discussion of par- 
ticular groups. In the present article I will only notice, by way of illustration, 
the fundamental region /? for KLEnN’s group of (m + 1)! collineations defined 
by the homogeneous equations of transformation on the variables y,, 


(21) (a Ob (i=l, 2, 5+, n4-1), 


in which a@,, a,, ---, @,,, 18 any permutation of the numbers 1, 2,---,2+1. 
We first make the group non-homogeneous by introducing the variables 
, = Y,/Ynur (A=1,2,---,). Equations (21) then become 


(22) ©, = Xq, |; (kK=1,2,--+,m), 
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in which a, of the numerator is to be replaced by 1 when a,=7. We have, 
then, A = x, and the inequality conditions AA > 1 reduce to 


(23) x,%,.—1>0 (i=1, 2,-+:,n). 


Apply now to (23) the different transformations of the group. We obtain 
additional inequalities of the form 


(24) 7,0, — 2,2, > 0 (it ee 


A complete set of consistent inequalities of this type will be obtained by sub- 
jecting i and 9 to the condition i >). 

Returning now to the homogeneous variables, the conditions (23) and (24) 
become 
(25) Y9;—-Y;9,>9, t>9 Ligeel, 2) ae 


These inequalities (some of which are superfluous) define a fundamental region 
F for the given group. For, since any substitution of the group produces a 
permutation of the y,, it follows that at least one of the inequalities (265) is 
reversed. The only case in which this is not immediately apparent is that of the 
substitution which produces the cyclic permutation (¥,, ¥,, +++, Y,4,)- The 
inequalities (25) are permuted except that in place of y,7, — y,¥, > 0 we now 
1114ns1 >> 9. But if we add this last to the n — 1 inequalities 
Yin Yixr — U9; > O14 = 2, 8, ---, 0), we obtain yy, — y,¥, >, which is a 
reversal of the first inequality (25). Hence every point within 7 is trans- 
formed into a point outside / by each substitution of the group. On the other — 
hand, every point outside # can be transformed into a point within. For, 
the coordinates of an arbitrarily fixed point can evidently satisfy a set of con- 


have 4,4, —Y 


ditions of the form 
(26) Ui Vop Vanes ‘> (4, j= 1, 252-5 ele 


By choosing the a, as all possible permutations of 1, 2, ---,2-+1 we obtain 
(n+1)! different sets of conditions (26), including (25). It is also clear 
that no other set of conditions except those enumerated would be a consistent 
one. For if in the n(n + 1) inequalities (26) no variable occurred in the first 
term in more than n of the formulas, it would be necessary for two of the 
inequalities to have the form y,y, — y,¥,> 9, 4,9,— 4,49, > 9, which are con- 
tradictory. Suppose, then, that y, occurs in the first term of m +1 of the 
inequalities (26). A similar argument will show that some other variable, say 
Ya,5 Must occur in the first term of m of the remaining inequalities, and so on. 
We accordingly have the arrangement of (26). But since there are (n +1)! 
substitutions in the group and no substitution, except 1, leaves a particular set 
unaltered, it follows that any given set (26) can be transformed into (25) by a 
certain substitution of the group, and therefore any point outside 2 has a con- 
gruent point inside. 
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After excluding superfluous conditions it is evident that the n(n + 1) ine- 
qualities (25) reduce to * 


(27) UU ai — Vine O (i=1, 2, +--+, mn). 
The boundary 
(28) OR os Yie1 pe = 0 


is divided by the flat space y, = y,,, into two parts which are interchanged by 
the substitution 


/ 


Y; =Viav Pe ee EE Yi, = Vy I ASC Ve A oa i oat 


while the n — 1 remaining inequalities (27) are unaltered. Hence each of the 
boundaries (28) is paired with itself. 


* The fundamental region for this group, when the variables y; are restricted to real values, 
is given by E. H. Moors, Concerning Klein’s group of (n-+1)! n-ary collineations, American 
Journal of Mathematics, vol. 22 (1900), p. 336. When the variables are real the condi- 
tions (27) become ¥i.,—Y; > 0. For positive values of the y’s these reduce to exaetly the con- 
ditions given by Professor Moore, p. 338; for negative values of the variables the two sets of 
conditions do not coincide, but they are equivalent and one may be reduced to the other by an 
‘*allowable change’’ of the fundamental region. 
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OBLIQUE REFLECTIONS AND UNIMODULAR STRAINS* 


BY 
EDWIN BIDWELL WILSON 


Introduction 


The object of the present communication is to study the group of unimodular 
strains about a fixed point in its relation to products of involutory strains.+ 
The interest in this group is not merely geometric; rather is it mechanical. 
The group of strains is fundamental in the theory of elasticity and as such has 
long been studied by students of both theoretical and applied mathematics. 
Indeed the different types of strain, such as simple and complex shears, tonics 
and cyclotonies, have been carefully classified { so that the present investigation 
has something well known to which to attach itself. The restriction to uni- 
modular or equivoluminal strains is necessitated by the fact that an involutory 
strain obviously cannot alter (except for sign) the volume of any portion of space, 
and hence the most general strain that can be obtained as a product of succes- 
sive involutory strains must leave volume unchanged in magnitude. It may be 
worth while to note that the ether is a body which possesses this unimodular 
elastic property, and that the instantaneous strain at a point in an incompress- 
ible fluid is similarly characterized. 

As the use of multiple algebras in geometric investigations has not. been very 
wide spread, it may be proper at this juncture’ to enter somewhat upon the 
question of what algebra should be chosen for the present purpose. Four, at 
least, suggest themselves immediately. They are: GRASSMANN’s point analysis, 
PEANO’s vector analysis, quaternions, and G1BBs’s vector analysis.§ Any of these, 





* Presented to the Society by title at the summer meeting September 3, 1906. Received for 
publication December 28, 1906. 

+ Geometric investigations on the relation of involutory transformations to various groups in 
which they occur have been carried on during the last fifteen years by numerous authors. For 
a general résumé of this work see an article on Jnavolutory transformations in the projective group 
and in its subgroups by the present writer in the Annals of Mathematics, ser. 2, vol. 7 
(1907), pp. 77-86. 

tSee, for example, THOMSON AND TAIT, Natural Philosophy (new edition), vol. 1, pt. 1, 
pp. 139-185. Also GrBBs, Elements of Vector Analysis (1881-84); Scientific Papers, vol. 2 
(1906), pp. 17-90. 

§ For GRASSMAN’s analysis one may consult his first Ausdehnungslehre (1844). MEHMKE, 
Vergleich der Vektoranalysis americanischer Richtung und derjenigen deutsch-italienischer Richtung, 
Jahresberichte der deutschen Math.-Ver., vol. 13 (1904), pp. 217-228, gives some 
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and others as well, might serve. The first two are more truly projective or 
strain algebras than the last two. They do not depend so essentially on rela- 
tions of perpendicularity, which of course are not preserved by strains. Hence 
they would appear more germane to the subject in hand.* The physicists, 
however, make great use of relations of perpendicularity in connection with the 
study of strains — the strain invariants are estimated on perpendicular axes, the 
strain quadric is referred to such axes, and so on. In short it does appear 
desirable to take account of perpendicularity. This is done alike by quaternions 
and the vector analysis of Gipps. The former seems nevertheless to be not 
quite so well suited to the questions in hand as is the latter; for the linear 
vector function of the quaternion analysis is not treated primarily as an inde- 
pendent multiple quantity with an independent set of algebraic relations but 
rather as an operator meaningless apart from the vector to which it is applied. 
Moreover strains have been carefully treated in GipBs’s work t¢ and the treat- 
ment is perhaps more easily available for reference than in any other which uses 
multiple algebra. Hence, everything considered, Gipss’s algebra will be chosen 
in this instance, although any one of the others would doubtless exhibit at some 
stage of the work its peculiar advantages over the rest. 

It may be taken as known that there are three and only three types of real 
involutory strains:§ 1°, a strain which reverses in direction every vector issuing 
from the origin; 2°, a strain which reverses in direction vectors parallel to a 
given line and leaves unchanged vectors parallel to a given plane which does 
not contain the line; 3°, a strain which reverses in direction vectors parallel to 
a given plane and leaves unchanged vectors parallel to a given line which does 
not lie in the plane. The first of these three types of involutory strain will be 
called central reflection ; the second, planar reflection parallel to a line; the 
third, linear reflection parallel to a plane. The last two types are, so to speak, 
dual in nature —one through a plane parallel to a line, the other through a line 
parallel to a plane. 


These transformations may be expressed as dyadics.|| Let the dyadics be 





account of the methods of PEANo. See also PEANO, Formulario Matematico (editio v) (1906), 
pp. 165-201. ‘The real difficulty with these algebras is not so much their inappropriateness as 
the undeveloped state of their linear vector function. 

* For this side of the question consult MEHMKE, loc. cit. 

+ For this side of the question consult PRANDTL, Ueber die physikalische Richtung in der Vek- 
toranalysis, Jahresberichte ete, vol. 13 (1904), pp. 436-449. There are some general 
remarks on both sides of the question by myself in the Verhandlungen des III. internationalen 
Mathematiker-Kongresses (1904), pp. 202-215. 

tIn the pamphlet referred to above and more especially in his Vector Analysis edited by 
myself (1901), chap. 6 (Charles Scribner’s Sons, New York). This work will be referred to as 
Vector Analysis in the remaining footnotes or portions of the text. 

§ For a full discussion of the types of involutory strains in the projective group and its sub- 
groups see my Jnvolutory transformations, etc., previously cited. 

|| Vector Analysis, p. 332. 
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used as prefactors so that 
Pils P 


represents the transformation of the position vector p into the position vector p’. 
Consider the dyadic ® to be expressed in terms of any three noncomplanar vec- 
tors a, 8, y and their reciprocals a’, 8’, y’ as antecedents and consequents respec- 
tively. The identical transformation is represented by the idemfactor which in 
this case takes the form * 


I= aa’ + BB + yr. 


Central reflection which merely effects a reversal of all directions is represented 
by the negative of the idemfactor, that is by 


— I= —(aa+ B+ 7), 
and this is the only way in which it may be represented so long as the antece- 
dents are to form a set reciprocal to the consequents. 
For oblique planar reflection in the plane of a, 8 and along the direction of 
y, the dyadic 
® = ad + BB — yy = I — 27 
evidently suffices. The analytical form of the dyadic will not be nearly so 
simple unless the vectors a, 8, y are chosen in the plane and along the direction 
of the reflection. There, is however, a form which at least in appearance is a 
little more general than the above and which we will adopt in the future. 
Assume for trial the form 
® = J — QC. 
Any vector p perpendicular to ¢ becomes 
p= P-p=I-p— 2el-p=p. 


Hence the plane perpendicular to € and all components parallel to this plane are 
left unchanged. Any vector parallel to e becomes 


p = P-xve =(1 — 26-e) xe, 


and this amounts to reversal of direction when and only when €-e = 1. 
Hence the general form of a dyadic which shall represent reflection in a plane 
perpendicular to ¢ and along the direction e¢ is 


® = I — 26, C-e=1. 


If for any reason some other form of the dyadic should be desired, it is only 
necessary to express J, «, € in terms of any convenient antecedents and con- 
sequents. 

In like manner a simple inspection shows that the dyadic 


* Vector Analysis, p. 288, et seq. 
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® = — aa’ — BB + yy = 2y7 — 1 


represents an oblique linear reflection through the line whose direction is y and 
parallel to the plane of a, 8. This admits of the more general form 


® = 26 — I, e-C=1. 


It is noteworthy that both the linear and the planar reflections have a funda- 
mental Jine and plane, although the part played by the line and plane is related 
in a sort of dual fashion in the two cases. To sum up the essential points in 
the analysis we state 

THEOREM 1. The three forms of reflection in the group of strains with their 
corresponding dyadics are 


central, P= — TI, 
planar, B= I— 26, e-C=1, 
linear, O=2%WF— TJ, e-C=1 


where € represents the line that enters into the reflection whether the reflection 
takes place along it or through it, and where € is perpendicular to, that is, 
represents * the plane of the reflection whether the reflection takes place through 
this plane or parallel to it. 

The analytical forms given above have been obtained from the known geometric 
properties of the reflections which have been proved to be the sole involutory 
strains. If it were not the intention to make use of the general theory of 
involutory collineations before entering upon the detail of this paper, the special 
case of involutory strains which concerns us might have been treated directly as 
an algebraic problem, and in the following way. Let ® represent any involutory 
strain. Then 

p=P-p, p= P-p=P-O-p=O'-p. 


Hence, as the relation 
p=1-p=*-p 
holds for all vectors p, it follows that 
f= 9D’, 


In other words the geometric problem of determining all involutory strains is 
coextensive with the algebraic problem of finding all dyadics ® which satisfy 
the equation ®’ = J, that is, which are square roots of the idemfactor. 

To solve the equation ®? = J, assume the solution in the form 


o=VWV-4 /. 
Then 
L=Da(V $1)-(¥4 2) =e 420-74 J; 


* Vector Analysis, p. 46. 
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Hence 


VV 42V-THV-(0 422 =0. 


Now if the product of two dyadics is zero one of them must be zero or one of 
them must be linear while the other is at most merely planar.* If V = 0, then 
® = J, which is involutory although trivially so. IfY¥+27=0,then b= — J, 
which is the central reflection. Next suppose that V is linear and write it as 
EGE iL nen 


=] 26 and Yp2l=2(7 =). 


The latter must be planar. The condition of planarity is that the third of the 
dyadic vanish. Hence 


(f— eC), = f,—e-t-¢=—1—e-$ = 0,7 
or e-€ =1 as before. In like manner if VY + 2J were linear, assume 
Wt Dy == biel. D = Ze — I. 


Then Y = 2(e€— JZ) must be planar and the application of the condition shows 
that e-€ = 1 again in this case. Hence the problem has been solved by purely 
algebraic means. The only square roots of the idemfactor are of the form 


+ of; +(f— 2ef) with e-C=1. 


The dyadic ©, = }@* ® gives the transformation of surfaces.t If ®, be cal- 
culated it is seen to be 
Saad eee Die caeed 
or 


O, = 2e —TL if bh = + (l— 2c). 


The change of volume is given by ®,. The calculation § of this shows that 
volumes are reversed in sign by central or planar reflection, but are left 
unchanged by linear reflection. The results may be stated as 

THEOREM 2. In central reflection surfaces (regarded as vectors) are 
unchanged while volumes change sign. In planar and linear reflection sur- 
faces (regarded as vectors) suffer linear reflection through a line perpen- 
dicular to the plane of the original reflection ® and along a plane perpendic- 
ular to the line of the reflection ®. Volumes change or keep their sign 
according as ® is planar or linear. 





* Vector Analysis, pp. 282-288. This is but a particular case of a theorem in the general 
theory of matrices and due to SYLVESTER, namely: The nullity of a product of two matrices is 
not less than the greater of the nullities of the factors nor greater than the sum of the nullities 
of both factors. See WHITEHEAD, Universal Algebra, Vol. 1 (1899), p. 253. 

T Vector Analysis, p. 331, Exs. 19 and 20. These formulas are important. 

{ Vector Analysis, p. 333. The best method of calculating ¢, in this case is by the relation 
(68) of p. 313; for as ¢ is involutory, ¢=+ 97). 

§ Vector Analysis, p. 333. The value of ¢, may be calculated as above. 
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1. The special case in the composition of two reflections. 


One of the first questions to arise is: When are two reflections commutative? 
It is obvious that whatever be the dyadic ®, 


BOE eed Cat Veet oD 


and hence that central reflection is commutative not merely with other reflec- 
tions, but with any strain whatsoever. Consider therefore two reflections 
heither of which is central. They may be written as 


+ (J — 2€¢) and + (I — 2n€), 


where the sign is plus if the reflection is planar, and minus if it is linear. The 
condition that the reflections be commutative is 


+ (I — 2e)+(L— 2n€) = + (IL — 2n€)-( 1 — 2€€), 
which, on expansion, reduces to the equation 


C+ meE = E-enk. 


This equation is satisfied, first if ¢ and 7 are parallel (as they both may be 
considered as passing through the origin, they may be taken as actually 
collinear) and ¢ and & are parallel at the same time; second, if €-7 = 0 and 
€-e=0. The latter case is obvious, and the former becomes so when it is 
remembered that a single dyad possesses but five degrees of freedom, of which 
four are here satisfied by the relations of collinearity and the fifth by the equal- 
ity in magnitude which results from the homogeneity of the equation. The 
geometric relation of the reflections in the first case needs no discussion ; in the 
second case the equation ¢-7 = 0 shows that 7 is perpendicular to €. Now ¢ 
represents the plane of the reflection. Hence the line 7 lies in the plane per- 
pendicular to ¢, that is, in the plane of the reflection. To sum up: 

THEOREM 8. That two reflections be commutative it is necessary and 
sufficient that: 1°, one of them be central ; 2°, their lines and planes be respec- 
tively coincident ; or 3°, the lines of each lie in the plane of the other. 

To find the result of the product of two commutative reflections note first 
that the product of a central reflection into a planar or linear reflection gives 
the other one of the two. For the product of two reflections, neither of which 
is central, we have 


+ (I — 2ef)-( I — Ink) = + (I Def — Ink + 4E- nek). 


In case € and ¢ are respectively parallel to 7 and & they may be taken equal to 
them, for the relations e-§ = 7-& = 1 show that the angle between the pairs of 
vectors €, § and 7, ¢ are the same and hence that the vectors are either equal or 
opposite, which amounts to the same thing in this problem. Hence the product 
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is J. In case (+n = &¢€ = 0 the product is 
+ ([— 2ef — 2n€) 


with the relations 


ag 3 ihe 1 =f =k ese = 0, Scr AUS 


Cx Eee x 9 = CoeEon — EvcEon = 1. 


Hence 


The vectors e€, n, § x & and €, &, « x » therefore satisfy the relations for recip-, 


rocal systems. If they be chosen as a, 6, y and a’, 8’, y’, the product takes the 
form 

+ (I — 2aa' — 288") = = (I — 2yy’). 
The geometric meaning of the results may be summed up in a theorem in which 
it will be convenient to put some additional but obvious statements concerning 
the converse problem. 

THEOREM 4. Z'wo commutative reflections compound into the identical 
transformation when and only when they are identical with one another. And 
conversely the identical transformation may be resolved in co* ways into the 
product of reflections which are identical. Two commutative reflections com- 
nound into a central reflection when and only when one is planar and the 
other is linear with the same fundamental line and plane. Conversely the 
resolution may be effected in c0* ways into such reflections. Two commuta- 
tive reflections compound into a planar reflection when and only when they are 
either central and linear or planar and linear ; in the former case the line and 
plane remain the same, in the latter case the plane of the resultant reflection is 
the plane of the two lines of the component reflections and the line of the result- 
ant reflection is the line of intersection of the planes of the components. Con- 
versely the resolution of a planar reflection into two commutative reflections 
may be accomplished in co” ways by choosing the lines of the desired compo- 
nent reflections at random in the plane of the given reflection and taking the 
planes of the components through these lines and the line of the given reflec- 
tion. Two commutative reflections compound into a linear reflection when 
and only when they are either central and planar or both planar or both 
linear ; in the first case the line and plane remain the same, in the latter cases 
the line is the intersection of the planes of the components and the plane is the 
plane through the two lines of the components. A converse similar to the 
above holds good. 

The analysis has shown that the product of two commutative reflections is a 
reflection and has furnished specific information as to what reflection the product 
is. If it had been a matter of no importance to determine the resultant reflec- 
tion, the fact that it was a reflection could have been inferred as a special 
case of the general theorem: If the product of two involutory transformations 
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is commutative, the product is itself involutory. This general theorem follows 
from the symbolic equations 


ft,=t,t=t)'t' = (t,t,)7'; 
where ¢, and ¢, are involutory. A similar set of equations, 
t= (¢,4,)" = t't' =t,t,, 


shows that conversely: If the product of two involutory transformations is 
involutory, the product is commutative. This enables us to omit the word com- 
mutative from the above theorem. Hence 

THEOREM 5. The word commutative may be deleted from theorem 4; for the 
compositions and resolutions there indicated exist when and only when the compo- 
nent reflections are commutative, that is, when and only when they satisfy the con- 
ditions of theorem 8. 

By definition two reflections, planar or linear, will be said to be complanar 
when their fundamental planes coincide, and collinear when their fundamental 
lines coincide, irrespective of whether the reflections belong to the same type or 
not. It has been seen that two reflections which are both complanar and col- 
linear compound into the identical transformation or into the central reflection 
according as they are of the same or of different types. The next question is 
concerning the composition of reflection which are either complanar or collinear, 
but not both. 

The product of two complanar planar reflections may be written as 


ee yey Peta te te 
This is immediately reducible to 
I[+2(e—7n)€. 
The effect of applying this dyadic to any vector p is 
p=pt+2(e—n) Sep. 


The condition e+ = n-€ gives(e—7)-¢=0. Hence e—7 is perpendicular 
to €, or, in other words, lies in the plane represented by €. Hence the trans- 
formation consists in adding to any vector a component in the definite direction 
¢— 7 and of magnitude proportional to the component of that vector perpen- 
dicular to the plane represented by €. Points in the plane represented by ¢ are 
unchanged in position. 

Now by definition a special simple shear * is a transformation which leaves a 
plane fixed point for point and which moves points not in this plane along lines 





* Vector Analysis, p. 363. Note that in this case and those which follow, the coefficient of J 
is 1. This is necessitated by the fact that for any transformation compounded of reflections 
there is no dilatation. 
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parallel to a given direction in the plane by an amount proportional to their dis- 
tance above the plane. Thus a special simple shear is completely specified when 
its fixed plane, a direction in the plane, and a number which gives the amount 
of motion in that direction per unit distance from the plane is given. This 
amount is easy to determine in the above case. Analytically it is 2(¢ — 7): 
for € may be taken as a unit vector perpendicular to the common plane, and 
then, since p must be taken of unit length in the direction of ¢ if the amount of 
shift at unit distance from the plane be desired, we have &-p=1. Now the 
relations e+ € = n-¢=1 show that e and 7 terminate in a plane at unit distance 
above the fixed plane. Hence 

THEOREM 6. The product of two complanar planar reflections is a special 
simple shear parallel to the common plane and in the direction of the intersection 
of this plane with the plane of the two lines of the reflections and of amount equal 
( per unit distance from the fixed plane) to twice the distance from the point where 
the line of the first * reflection cuts a plane at a unit distance from the fixed plane to 
the point where the line of the second * reflection cuts this plane.t 

Two remarks will be sufficient to lead to two more theorems. In the first 
place the identity 


(I— Beb)-( T= Bub) = (Bel — 1)-( 2k el) 


shows that no new work need be done on complanar linear reflections. In the 
second place, it should be noted that any simple shear of the type above consid- 
ered may be written in the form . 


I+ PB, y-B=0. 


Now if two reflections be chosen with a common plane perpendicular to 8 and 
if the choice of the lines € and 7 be made to conform to the relations 


y=2(e—9), eB=n-B=1, 

it is evident that the shear has been resolved into two complanar planar reflec- 

tions. Moreover the choice of the direction of either € or 7 is arbitrary —the 

choice of either one confines the other to a perfectly definite direction in the 
plane of the one first chosen and of y. Hence 

THeorEM 7. The product of two complanar linear reflections is a special 

simple shear parallel to the common plane in the direction of the intersection of this 





* It should be noted that the first and second reflections are respectively J— 27¢ and J — 2&c, 
that is, the order of the reflections is necessarily the opposite of that in which the product of the 
dyadics is written. The reason for this is obvious. 

+ The value of this amount may be expressed trigonometrically by direct translation from the 
vector formulas. If J—2e¢ be written as J— 2¢,¢, sec (e¢ ), where ¢, and ¢, are unit vectors, 
the evaluation of the amount of shear gives 





V sec? ( ef ) + sec? (7) — 2 sec (&f ) sec (70 ) cos (7 ). 
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plane with the plane of the two lines of the reflections and of amount equal (per unit 
distance from the fixed plane) to twice the distance from the point where the line of 
the first reflection cuts a plane at unit distance from the fixed plane to the point 
where the line of the second reflection cuts this plane. 

THEOREM 8. A special simple shear may be resolved in ©” ways into the 
product of two planar or two linear reflections which are complanar with the 
fixed plane of the shear, and the line of one reflection may be chosen at 
random.* The line of the other reflection will then be uniquely determined 
by the conditions stated in theorems 6 and T. 

The discussion may be carried on in similar manner for the case of collinear 
reflections. The product 


(L— 22f)-(L— 2e&) ev = es ean, 
reduces to the form 
I+ 2e(E&—6). 
The vector € is unchanged because of the relations 
T-e=e, E-e— C-e=0. 


The vector € x ¢ is likewise unchanged because of the relations 


TEx S=Exl, §Ex C= 0-Ex = 0. 


Hence points in the plane of e and € x ¢ remain fixed. This is the plane of the 
shear which the product obviously represents. The result of applying the shear 
to any vector p is 


p =LI-p+ 2e(E—f)-p=p+ 2e(E—C)-p. 
Hence the direction of the shear ise. The vector which is perpendicular to 
the plane of the shear is ex (€ x €) or €—€. The relations e-¢=e«-F=1 
enable one to read off the amount of the shear as twice the distance between 
the points where the vectors € and € meet a plane at unit distance from the 
origin and perpendicular to e. It is, however, more convenient to note that 


5a LT eetaeny 
ene cme = cytes 





and 


WE oo 
bah eit to |eé—¢| + yEx & 








* The only exception to the at-random-ness of the choice of this line is that it shall not lie in 
the plane of the shear. It has been stated previously, however, that this plane is the plane 
of the reflections, and hence the line could not lie in this plane. Frequently this same state 
of affairs occurs. Wershall therefore make the convention that at random, applied to the 
choice of a line or plane of a reflection, means at random except for such positions as make 
the line and plane of the reflection occupy this position of coincidence, which would render the 
reflection meaningless. 

Trans. Ar. Math. Soe. 19 
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are two vectors terminating in a plane at unit distance from the fixed plane of 
the shear, that they lie respectively in the planes represented by & and ¢, and 
that their difference is precisely the magnitude and direction of the shear. 
Hence, adding a few obvious propositions, we may state 

THEOREM 9. The product of two collinear reflections, be they both planar or 
both linear, is a special simple shear parallel to the plane that contains their 
common line and the line of intersection of their planes and in the direction of 
their common line and of amount equal (per unit distance from the fixed plane) 
to twice the distance from the point where a line parallel to and at a unit distance 
above the fixed plane cuts the plane of the first reflection, to the point where it cuts 
the plane of the second reflection. And conversely any such shear may be resolved 
in co” ways into the product of two collinear reflections ; for the common line may 
be chosen as the direction of the shear, and the line of intersection of the planes 
may be taken as any line in the plane of the shear, and the two planes of the re- 
flections may be so set as to cut off one half the amount of the shear upon a line 
parallel to the line of the shear at unit distance from the plane of the shear. 

If two complanar or collinear reflections one of which is planar and the other 
linear be compounded the result is of the form 


— (1 2et 1 nt) hors Wt eceay aera 


Apart from the initial negative sign this is merely a shear, as before. The 
negative sign reverses all the directions in space. A transformation which is in 
all respects like a shear except that all directions in space have been reversed 
may be called a perverted* shear. Then 

THEOREM 10. The relation of two complanar or collinear reflections, of 
which one is planar and the other linear, to the perverted shear is the same as 
the relation of two like complanar or collinear reflections to the (unperverted ) 
shear. See theorems 6-9. 

There have been found a number of ways in which a special simple shear may 
be resolved into the product of two reflections. The question arises whether all 
the possibilities have been enumerated. The corresponding question in the case 
of resolving a reflection into two reflections was answered in theorem 5 by means 
of general equations in the theory of involutory transformations. This method 
is not available here. Collineations may, however, be classified, in the simpler 
cases, as essentially (projectively) different according as they have similar or dis- 
similar characteristic equations. This method has been carried out in detail for 
strains in the Vector Analysis, pages 856-367. The facts are in part these: 
Any dyadic ® satisfies identically a definite cubic equation + 





* Analogously to the nomenclature of GIBBS. Vector Analysis, p. 337. 
t In general if ¢ denote a dyadic representing a strain in m dimensions and if @s, $25, +--+, On 
be its invariants, the dyadic satisfies identically the equation of the nth order 


G" — Ge G1 + GoeG"—*--- + (—1)"bnI=(¢—a,JI) -(¢—a,T) Peppy i (¢—anl)=0 
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b'_ ©.6? 4 ,.6 — &, = 0 
or 


(® — al)-(@ — b/)-(® — cl) = 0, 
where the quantities a, b, c are roots of the cubic equation 
2 — ®,7? + O,.%4 — ®, = 0. 


If two or three roots of this equation are equal the dyadic may satisfy an equa- 
tion of lower degree. The equation of lowest degree which the dyadic satisfies 
is called the characteristic equation. There are six distinct types of character- 
istic equation for strains * (if no distinction is made between real and imaginary 
roots of the scalar cubic). To test a given strain it is merely necessary to find 
what type of characteristic equation it has. 

In the case of the special simple shear the characteristic equation is of the 
second order and takes the form 


hoary 0. 


The roots of the cubic are all equal to unity (for we are considering merely the 
case where there is no stretching modulus), and the cubic is 


wi oe + or — 1 = 0. 


For the perverted shear the roots are all equal to — 1 instead of + 1 and the 
characteristic equation becomes 


(Ore Tees.) 
while the scalar cubic is 
woe +3a+1=0. 


where a,, a), °-°, Gn are the roots of a scalar equation of the nth degree. To classify the strain 
it is convenient to classify first all different sorts of sets of roots which the scalar n-ic can 
have, according to their multiplicity, and then to subclassify according to the form of the char- 
acteristic equation. Thus in the case n—4 the different types are: a,b, c,d; a,b,c, c¢; 
@,@,C,c;a,a,a,b; a,a,a,a. In the first case the characteristic equation is determined as 
a product of four factors: 6— aI, 6—bI, ¢— cI, ¢—dI. Notso, however, in the other cases. 
In the second case, the factor ¢— cI may occur twice, leaving the equation of the nth degree, or 
it may occur only once, reducing the degree the (n—1)st. Similarly in the third case there 
may be four factors to the characteristic equation, or one of the factors may drop out, or two of 
them may drop out, reducing the equation to (¢—al)-(¢—cI). There are thus three types 
of strain corresponding to this set of roots for the scalar n-ic. If all the types be counted up, 
it appears that there are 13 types of characteristic equation at most. That each of these types 
exists, is easily shown by actually writing down the expression for it. This classification is not 
complete except when n= 2 or 3; for larger values of n additional criteria must be adduced. 
Thus when n = 4, there are 14 types of strain, but only 13 types of characteristic equations, and 
when n = 5 these numbers are 27 and 24 respectively. This difficulty need not concern us here. 

* Vector Analysis, p. 366. The first two types there given differ only by the fact that in one 
case two of the roots are conjugate imaginaries. Geometrically this is an essential difference 
analytically it is unimportant. 


bo 
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This case we will not take up in detail. The entire treatment resembles too 
closely that for the (unperverted) shear. 
Consider any reflection 


bo +e (l— 26), Oa Be Dy ee 


The invariants ®,, ®,,, ®, which are the coefficients of the scalar cubic may 
be computed for a product of dyadics by means of the formulas * 


(VO) a= = OF, (®-0), = ®,0,. 
Hence the scalar cubic for the product 
® = + (I — 2F)-( I — 2n€) = + (1 — 2c — AE + 40-ne€)F 
has the form 
w® == (40-ne-E& — 1) a” 4+ (4e-€0-n —1)eo zl =O. 


If this product is to be a shear of the type we have been considering, it is 
necessary that 


@, = Bua (4b-yerE— 1) | Dae 8 des Fes en 


The first or last of these relations shows that the two reflections must be of the 
same type. That is, the upper sign must hold throughout. Since the upper 
sign holds, form the difference 


b — [= 2 (ef 4 nk — 2cEE-n). 


To multiply out.the expression (WY — J)’ and hence obtain the condition for a 
simple shear would be long—a shorter method is desirable. Now if the product 
W-© of two dyadies is zero, either VY or © must be linear. Hence in this case 
® — /is linear. For this the necessary and sufficient condition is that (® — J), 


vanish.t But 
(P— J), =4ex nex t=. 


Hence either € and 7 are collinear or € and é are collinear; that is, the reflections 
are either collinear or complanar. It has already been seen that they cannot be 
complanar and collinear. Hence 

THEOREM 11. The necessary and sufficient condition that a special simple 
shear be resoluble into two reflections is that the reflections be of the same type, 
either linear or planar, and that they be complanar or collinear, but not both.. 
The resolution may then be accomplished in co? ways as specified in theorems 6-9 ; 
similar results hold for the perverted shear. 





* Vector Analysis, p. 312. 

t Here and throughout the following work the upper signs belong together and the lower 
signs belong likewise together, forming only two possib!e sets. 

t Vector Analysis, p. 315. 
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Another case where the roots of the scalar cubic are all equal to unity is that 
of the complex shear of which the characteristic equation is 


(b—Jy=0. 
This shear may be reduced to the canonical form * 
I+ a8’ + Br. 


The geometric properties of the transformation are these: There is a direction, 
the direction «, which is unchanged. Vectors parallel to a do not change either 
in magnitude or in direction. Through the line there is a plane, the plane of « 
and 8, in which points move parallel to « by an amount proportional to their 
distance from the fixed line a. Through the line there is a second plane, the 
plane of a and ¥, the points of which move parallel to 8 by an amount propor- 
tional to their distance from the line a. It should be noted, however, that the 
points of any plane passing through the line a, say the plane of a and 6, move 
parallel to a certain direction in the plane of « and 8, namely the direction 


ap'+5 + Bry’5. 


Thus the reduction of the complex shear to the canonical form may be accom- 
plished in a single infinity of ways. A complex strain may therefore be speci- 
fied by giving its fixed line a fixed plane through this line and a number which 
expresses the shift parallel to the line (per unit distance from the line), and a 
second plane through the fixed line with the direction and amount of shift (per 
unit distance from the line) of the points is this plane. 

In distinction from the complex shear, there is the perverted complex shear, 
which is the combination of the shear with reversal of all directions in space. 
The characteristic equation of the perverted complex shear is 


and its scalar cubic is 


e+ 38 + 38e2+1=0. 


This case is so similar to that of the (unperverted) shear that it need not be 
taken up in detail. 

Consider then the product of two reflections. Just as before, it appears that 
the reflections must be of the same type, either planar or linear, if their product 
is to be a complex shear. The upper sign therefore holds. The value of the 
invariant ®,, is 


eed Fels eI. 


* Vector Analysis, pp. 365-7. 


284 E. B. WILSON: OBLIQUE REFLECTIONS AND UNIMODULAR STRAINS [April 


Hence 
C-ne-E=1. 
But the relations 


e-F=n-E=1 and ex n-Ox Emerfn-E—n-ke-E 
show that the condition reduces to 
exmeoxE=0. 


And in this equation neither « x » nor § x & can vanish, or the product would 
reduce to the case of a simple shear previously considered. Hence 

THEOREM 12. The necessary and sufficient condition that the product of two 
reflections be a complex shear is that the reflections be of the same type and that 
the lines of the two reflections be complanar with the intersection of the planes of the 
reflections without the reflections themselves being either complanar or collinear. 
An analogous result holds for perverted complex shears, the only difference being 
that the reflections must be of different type. 

Further to discuss the transformation write the product in the form 


b= [— 2(n — f-ne)& — 2e(O — -n€). 
Here 
(n — S-ne)-E= n-E— Cene-E=—0, 


e-(— +f) =F — S-ne-E= 0, 
(7 — S-me)+($— S-n&) = 0. 


Hence the vectors n — €-me, €, &, § — &-n€& satisfy the relations which are char- 
acteristic of the vectors a, 8, 8’, y’ that enter into the canonical expression for 
the complex shear (with the exception of the relation 8-8’=1 that depends on 
the magnitudes of the vectors). The vector 7 — ¢-ne which corresponds to a is 
the fixed direction of the shear. By inspection, however, the vector € x & is 
unchanged —as is geometrically obvious. And in fact it is evident, on expand- 
ing, that 


(7 —S-me)x (€x €)=0. 


The direction €, which is the line of the second reflection, is the other funda- 
mental line in the fixed plane. In particular a vector af x & + be becomes 


1 
ag x f+ e+ 2(e— yn), 
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Hence the amount of motion of the points in the fixed plane is 


Bors") 


Moreover, since e«-§ = 1, e€ may be regarded as terminating in the plane deter- 
mined by ¢, and if 7 be regarded as terminating in this same plane, 7-¢=1. 
Then the additional term which represents the motion in the fixed plane reduces 
to 2b(¢€ — 7), with the interpretation that the points move parallel to the fixed 
line €x & by an amount equal (per unit distance from that line) to twice the 
distance from the point where the first line 7 cuts a line at a unit distance from 
that line to the point where the second line ¢ cuts the same line. 

The expression for the product shows that any vector p in the plane of €x & 
and & suffers no change parallel to the fixed line x & but is altered by the 
amount — 2ef-p in the direction «. By virtue of the relation «-¢=1 the 
equation 

~eb-p=(exp)xt—p 


is identical and shows that the change — 2e¢-p is twice the distance from the 
extremity of p to the point where a line parallel to e« and passing through this 
extremity cuts the plane represented by €. To sum up we have 

THEOREM 18. The product of two planar or two linear reflections which are 
neither complanar nor collinear but so related that their two lines and the line of 
intersection of their two planes are complanar gives rise to a complex shear of 
which the fixed line is the line of intersection of the two planes, and of which the 
fived plane is the common plane of the lines €,n, 6x &. The amount of the 
shift parallel to the fixed line and in the fixed plane is equal ( per unit distance 
from the fixed line) to twice the distance from the intersection of the first line n to 
the intersection of the second line € with a line lying in the fixed plane at a unit 
distance from the fixed line. The plane in which there is no shift parallel to the 
fived line is the plane of the first reflection, and points in this plane are shifted 
parallel to « by an amount * equal (per unit distance from the fixed line) to twice 
the distance from a point in the plane of the first reflection and at a unit distance 
Jrom the fixed line to the point in the plane of the second reflection where a line 
through this point and parallel to € cuts the plane of the second reflection. An 
analogous result for the perverted complex shear. 

THEOREM 14. Conversely any complex shear may be resolved thto the product 
of two planar or two linear reflections by choosing the lines of the two reflections in 
the fixed plane of the shear and subject to the sole restriction that the distance of the 





* The deduction of the trigonometric relations that express the magnitude of the shear is left 
to the reader. 
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points where the first and second line respectively cut the line at a unit distance from 
the fixed line of the shear shall be equal to one-half the amount of shift (per wnit 
distance from the fixed line) in the fixed plane; and by choosing the two planes of 
the reflections to pass through the fixed line of the shear in such a way that the first 
plane coincides with the plane whose points are shifted parallel to the line of the 
second reflection and that the second plane be distant from the first by an amount 
measured along a line parallel to the second line and through a point at a unit dis- 
tance from the fixed line equal to one-half the amount of the shift due to the shear. 
This resolution may therefore be accomplished in co’ ways and not in co” ways. 

The case in which the lines of the reflections lay in the planes, each of the 
other, gave rise to commutative reflections which compound into another reflec- 
tion. If the scalar cubic and the characteristic equation had been called into 
play, it would have appeared that this case corresponds to the roots —1, —1, +1 
or —1, +1, +1 and to the characteristic equations 


(DE) (DLT Ves Oe ores Drea enc erica 


according as the resulting reflection was linear or planar. There arises then the 
question: What if only one of the lines lie in the plane of the other reflection ? 
In this case either €-7 = 0 or €-e = 0: but not both. There is no need of 
giving the details of the computation. The result shows that the characteristic 
equation is of the third order and takes the form 


(D—T)-(®+7~=0 or (BT) o> eee 


according as the roots are the first or second of the above set. 
This sort of equation betokens a simple shear * (non-special). The general 
shear of this type is 


aaa’ — p( BB’ + yy) — 8" or aan’ + p( BP’ + yy’) + yb’. 


Here, in the first case, there is a fixed direction «. Through this direction pass 
two planes, of which one, the plane of a and y, is fixed as a whole, though if 
vectors are resolved parallel to a and y the y-components are stretched in the 
ratio — p: 1 and the a-components in the ratio a:1. The points of the other 
plane, that of « and 8, have a compound motion. The vectors which denote 
the points are stretched along a and 8 and take on an increment parallel to y 
of amount proportional to their components along 8. The plane of 8 and ¥ is 
stretched in the ratio p:1 and the points move out of it by an amount propor- 
tional to their 6 components, the motion being in the direction y. The vector 
8 may be chosen at will in the plane of 8 and y. In the case of the above 
roots the shear takes the form 





* Vector Analysis, pp. 366-7. 
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ee Oe yy) Yo oo or =a + (SS + yy )+ ye. 


The latter is merely a perversion of the first. 

If the line of the first reflection lies in the plane of the second, €- = 0, and 
the product takes the form (we shall consider, as usual, the first or unperverted 
case) 


D = [— 2c — Ink 


It is obvious that the line ¢ x & of intersection of the two planes plays the role 
of the fixed line a; the line 7, namely that which lies in the plane of other 
reflection, plays the role of y, parallel to which the shear takes place; the plane 
of the two lines € and 7, that of the plane of 8 and y. The amount of the 
shear suffered by € is 


— 2n€&-e, but (e— Een) -E=0; 


which shows that this amount is twice the distance from the plane of € and a 
to the plane &, if that distance be measured parallel to 7. 
If it is the line of the second reflection that lies in the plane of the first, 


the product becomes 
: 


®@ = J — WF — QWnE4 46. 7nc£, e-E=—0. 


The line of intersection € x & of the two planes still corresponds to the fixed 
line a. The line e¢ is now the line parallel to which the shear takes place. Thus 
in either case it is the line which lies in the plane of the other reflection that 
determines the direction of the shear. The plane corresponding to the plane 
of 8 and ¥ is still the plane of the two lines. The amount of shear suffered by 
7 is 

2eC-n, but (n —€-7)Fo=0; 


which shows that this amount* is twice the distance from the plane ¢ to the 
plane of 7 and a, if the distance be measured parallel to e. 

Conversely any simple shear all of whose roots are numerically equal to unity 
(but not all equal algebraically) may be resolved in co* ways into the product of 
two reflections. This may be accomplished by choosing the planes of the reflec- 
tions through the fixed line and one of them coincident with the fixed plane. 
The line of the other reflection must then be chosen in this plane and along the 
direction of the shear parallel to the plane. The line of the other reflection 
may then be taken at will in a definite plane, after which the final plane is 
wholly determined by the magnitude of the shear — but differently according as 





* The trigonometric values are again left to the reader. 
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it is the line of the first reflection which is to lie in the plane of the second or 
vice versa. It will not be necessary to specify all these relations in a theorem 
or to prove, as may readily be done, that these are the only possible resolutions. 
It will be sufficient to state 

THEOREM 15. The necessary and sufficient condition that two reflections com- 
pound into a simple (non-special) shear of which the roots are numerically equal 
to unity is that the line of one of the reflections lie in the plane of the other. And 
conversely any such shear may be resolved into two reflections in co’ ways. 


2. The general case of the composition of two or three reflections. 


The general product of two reflections and the scalar cubic associated there- 
with have been given on page 282. The form of the cubic leads to 
THEOREM 16. Jf a dyadic ® is the product of two roots of the idemfactor the 


conditions 


Do = De. Oe esa 


hold. The scalar cubic is a reciprocal equation with one of the three roots equal 
to +1 and with the product of the other two roots equal to +1. 
As one of the roots of the cubic is + 1, the equation may be written 


(eo 1)[2?—(O,,—1)e4+ 1] = 0- 
The condition that the roots of the second factor be equal is 
®,,—-1l=+2, ®,,= 38 or —1. 


The three roots are then some combination selected from +1, +1, +1. 
Geometrically these cases correspond to the identical transformation, the reflec- 
tions, and the two shears—all of which have been treated in detail in §1. If 
the coefficient of the first degree term in the quadratic factor be numerically 
decreased from the value which gives the equal roots, the roots of the resulting 
quadratic will be imaginary, whereas if that coefficient be increased the roots 
will be real. Hence the inequalities 


|\P,—1]|>2, O.>3 or O,<—1, e-F-n<0 or e-&-n>1 


obtain when two roots of the cubic are real, and the dyadic reduces to a tonic; 
while the inequalities 


|®.5 —1| <2, — <1 D ca 3. 0O<e-Een<l 


hold when two roots are imaginary and the dyadic reduces to the cyclotonie. 
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Just as in the case of shears, it will be necessary to distinguish between per- 
verted and unperverted tonics and cyclotonics. The same convention will be 
adopted, namely, that if the value of ®, is + 1 so that one of the roots of the 
cubic is + 1 the transformation is unperverted, but when ®, is — 1 so that 
one root of the cubic is — 1 the transformation will be called perverted. In 
any transformation which is the product of two reflections there is one line 
which either remains unchanged both in magnitude and in direction or is merely 
reversed in direction without change of magnitude. This is the line of inter- 
section of the two planes; and in the former case the transformation is unper- 
verted, while in the latter case it is perverted. 

Let the attention be hereafter confined to the unperverted types. The com- 
putation of the second of the product gives 


©, = I — Abe — BEn + 4E-ebn. 


This shows that areas in the plane denoted by e x 7, that is, in the plane of 
the two lines e and 7 are unchanged. Now the entire result of the transforma- 
tion may be expressed in terms of the transformation along ¢ x & which is the 
identical transformation and the transformation in the plane of e and 7. Thus 
it becomes possible to read off the general results in the present case from those 
obtained previously.* They may be stated as 

THEOREM 17. The product of two planar or two linear reflections which relative ° 
to one another have none of the special relations discussed in § 1, is a transforma- 
tion which leaves the line of intersection of the two planes unchanged whether in 
magnitude or in direction and which leaves area in the plane of the two lines 
invariant. The fixed lines of the transformation in this plane divide harmonically 
the two pairs of lines formed by associating the line of each reflection with the line 
in which its plane cuts this fixed plane. The transformation is tonic or cyclotonic 
according as its fixed lines are real or imaginary, that is, according as the two 
pairs of lines do not or do separate each other. The result for the product of two 
reflections of which one is planar and the other linear is the same except that the 
transformation is perverted. And conversely any tonic or cyclotonic which leaves 
one line invariant in magnitude and direction and which has an invariant plane 
not passing through this line and subject to the invariancy of areas may be resolved 
into the product of two reflections both planar or both linear by choosing the invariant 
line as the intersection of the two planes and by arranging the lines of the reflections 
and the lines in which their planes cut the fixed plane so as to give the required 


*TIf the statements of the following theorem 17 are not entirely clear from the very brief rea- 
soning given here, a reference to my A generalized conception of area: applications to collineations in 
the plane, Annals of Mathematics, ser. 2, vol. 5 (1903), pp. 29-45, will doubtless make 
them evident. It seems undesirable to increase the dimensions of the present discussion by 
practically repeating portions of this earlier work. 
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transformation in this plane. As this may be done in co! ways, the above resolution 
may be accomplished in co! ways.* A similar result holds for perverted tonics 
and cyclotonies. 

In the general classification of strains there are seven types if distinction be- 
tween reals and imaginatives is made. In the classification of unimodular strains 
there are these seven types, but the additional relation ®@, = + 1 limiting the 
product of the roots of the scalar cubic to +1 modifies the result somewhat. 
If the roots are all alike and if the transformation is real (which has been con- 
stantly the point of view of this discussion) the roots are either plus or minus 
one. This gives the identical transformation or the central reflection (the per- 
verted identical transformation) if the characteristic equation is ® = /=0; 
the simple special shear or its perversion, if the characteristic equation is 
(@+=/)?=0; the complex shear or its perversion, if the equation is 
(@=+=/)'=0. If two of the roots are alike, they must be +1, + 1, —1 or 
+1,—1,—Jlora,a,1/a’. The first two cases give the planar and linear 
reflections respectively, if the characteristic equation is (® + J).(@ =J)=0; 
the simple shear, if the equation is 


(D4-T).( b= TP 20) or ee yy cee eee 


Finally if the roots are +1, 4, 1/k the transformation is a tonie or cyclotonic 
resoluble into two reflections, and if the roots are not of this type the result is a 
tonic or eyclotonic not so resoluble. 

It should be noted that theorem 16 states that if a transformation is resoluble 


into two reflections 
®,=FP;,, O=+1, 


according as it is perverted or unperverted. Now conversely if these relations 
hold, the cubic becomes a reciprocal equation and the roots cannot be of the form 


yy) ex Lye or a,6,c(not +1, k,1/k). 


That is, the roots must bring the transformation under one of the several heads 
which has already been found to be resoluble into two reflections. Hence the- 
orem 16 may be completed in 

THEOREM 18. The necessary and sufficient condition that a strain be resoluble 
into two reflections is that the invariants of the strain satisfy the relations 


DD ee oeeee 1 


that is, the scalar cubie shall be reciprocal. 





*It is interesting to note the fact, which might be stated as a theorem, that if a strain is 
resoluble into two reflections, it is so resoluble in 001, 007, or cof ways according as its char- 
acteristic equation is of the 3rd, the 2nd, or the 1st order. 
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To return to the geometry relative to the cyclotonic and tonic. The cyclo- 
tonic of which the characteristic equation is 


(@& — al)-( ®? — 2p cos gP + p*?L) = 9 
may be put in the form * 
aaa’ + p cos q( 8B’ + vy’) + psin g(¥8' — By’). 
The scalar cubic takes the form 
(@ — a) (a — 2p cosq-a + p*) = 0. 


Now it has been shown that if the transformation is the product of two reflec- 
tions the scalar cubic may be written as 


(ese 1)[o?=-(P,,—1l)w+1]=—0. 


Comparing corresponding coefficients shows that in this case the cyelotonic 
(confining the attention to the unperverted type) reduces to 


p=1, aa’ +cos cos~'[(®,,—1)/2](88'+ yy’) +sin cos™"[(®,,—1)/2] (v8 — By’). 


This is a cyclic dyadie and represents the transformation which has been 
ealled an elliptic rotation through the angle cos! [(®,;—1)/2]. If 
m = 21/cos~' [(P,,—1)/2]} this dyadic may be regarded as the mth root of 
the idemfactor.+ Hence 

THEOREM 19. The necessary and sufficient condition that a cyclotonic be 
resoluble into the product of two reflections is that it be merely cyclic. The angle 
of the elliptic rotation is cos~' [( Py, — 1) /2] = cos“'(26-n&-e — 1). 

THEOREM 20. Any root t of the idemfactor may be written in co’ ways as the 
product of two square roots. 





* Vector Analysis, pp. 355, 361, 366. 

t Vector Analysis, pp. 348-350. 

{It has not been shown that even if the cyclic dyadic is a root of the idemfactor, every root 
must conversely be of this type. To do this proceed as follows: First the determinant of the 
idemfactor is unity, and the determinant of a pth root of the factor must therefore be a pth root of 
unity. If the strain is to be real, this pth root must be + 1 (we may consider p as a prime, if we 
desire, and then the root would become +1), Next the equation (1 I)2= (1 I)s(W/ L)e_ 
shows that the values of (\/I)2s and (;’“J)s are such as to make the scalar cubic reciprocal. 
Now if the roots of this equation are all real they must be all equal to 1, and there must be a com- 
plete set of fixed directions. Hence the root of the idemfactor reduces to + J, according as p is 
odd or even. But if two of the roots of the scalar cubic are conjugate imaginaries the pth root 
of J takes on cyclic form either unperverted or perverted. Thus it is proved that every root of 
the idemfactor is of this type. 
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It is not difficult to write down the ellipse in which the rotation takes place. 
It will be more convenient, as the rest of the work is in space, to write down 
the cylinder which has this ellipse for director curve and the line of intersec- 
tion of the two planes for generator. The three directions e, x &, (ex 7) x&, 
of which the last represents the line of intersection of the ¢-plane with the plane 
of ¢ and 7, are three conjugate directions in the quadric surface.* The three 
directions reciprocal to these are €, ex (€x &), €x 7 and the quadric may 
therefore be written in the form + 


afS + be x (&x Ejex (Ex &)+ ce x nex 0. 


The condition that the quadrie be a cylinder parallel to € x ¢ necessitates the 
vanishing of c, and the fact that » and & x (€ x 7) are conjugate directions 
gives 


n> [aoE + be x (Cx E)ex + (Ox &)]-Ex (ex n) = 0. 


If the ratio of a to 6 is determined from this condition, the final form of the 
cylinder turns out to be 


pr [(1—e-kb-n )e-ECE 4 n Se x (Ex Ele x (fx E)] +p = const. 


The above deduction of the equation of the conic in which the points of planes 
parallel to the plane of the two lines ¢ and 7 move is in no wise restricted to the 
case of elliptic rotation. If the transformation were a tonic which leaves area 
invariant the motion of the points of the plane would be in hyperbolas, and the 
above equation would be that of the hyperbolic cylinders of which the director 
curves are these hyperbolas and of which the elements are parallel to € x &. In 
fact the form of the equation shows that the type is elliptic or hyperbolic accord- 
ing as 


(1—e-&€.m)e-€ and Cen 


have the same or opposite signs — which is equivalent to the criterion established 
to distinguish between the cyclotonic and tonic. This suggests the question of 
whether it may not be possible to explain the transformation in case it is a tonic 
as a sort of hyperbolic rotation, and thus introduce a greater symmetry into the 
treatment of the tonic and cyclotonic. 

It should be remembered that in elliptic rotation the dyadic 


® = aa’ + cos g( BB + yy’) + sin ¢(y — By’) 


used as a prefactor advances a radius vector in an ellipse of which 8 and ¥ are 





* This follows from the harmonic property stated in theorem 17 and from the harmonic prop- 
erties of conjugate directions. 
+ Vector Analysis, p. 378. 
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conjugate diameters through a sector, of which the area is to the area of the 
whole ellipse as g is to 27.* In order to extend this statement to the case of 
the hyperbola it is necessary to replace the area of the ellipse by the area of the 
rectangle constructed on the semi-axes of the ellipse. Then the radius vector 
advances through a sector, the area of which is to the area of the rectangle as ¢ 
is to 2. From analogy we state 

THEOREM 21. A dyadic of the form 


® = aa’ + cosh g( ff’ + yy’) + sinh g(y8' + By’) 


used as a prefactor advances a radius vector in a hyperbola of which the vectors 
8B and ¥ are conjugate semi-diameters through a sector, of which the area is to the 
area of the rectangle constructed on the semi-axes (or the parallelogram on any 
conjugate semi-diameters) as q is to 2. 

As the hyperbola of which 8 and y are conjugate radius vectors may be pro- 
jected into a rectangular hyperbola in such a manner that the said conjugate 
direction become the axes of the rectangular hyperbola and all areas remain the 
same, and as the statement of the problem admits a transformation of similitude 
with the origin as center, it will be sufficient to prove the theorem in the case 


of the hyperbola « — 7? = 1 and the dyadic 
ii + cosh ¢(jj + kk) + sinh ¢(kj + jk). 
Any radius vector in the hyperbola may be written as 


p =icosh p +j sinh p 
and then 
p=®-p=icosh(p+q)+jsinh(p+q). 


The area of the sector of the hyperbola from the horizontal to any inclination is 


8 

4 ip p-pd0 = 4 i (cosh’ p + sinh’ p)d tan tanh p = 4p. 
0 Jo 

Hence the theorem is proved. It might be noted that this tonic has the analytic 

form of a 27/(qV —1)th root of the idemfactor. 

The criterion for a versort is ®.®,=/, ®,=1. To apply this test to 
ascertain under what conditions the product of two reflections is a versor would 
be less simple than to proceed from the point of view of the elliptic rotation. 
If the ellipse becomes a circle the rotation becomes versorial, and conversely. 





* Vector Analysis, p. 349. 
T Vector Analysis, p. 335. 
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Hence for the versor €, 7, ¢, & lie in a plane perpendicular to the axis of version. 
Moreover as the conjugate diameters of a circle are perpendicular to each other, 
the lines of each reflection must be normal to its plane of the reflection. There 
are similar results for the perversor. Hence 

THEOREM 22. The necessary and sufficient condition that the product of two 
reflections be a versor is that the reflections be orthogonal and of the same type; if 
one is planar and the other linear, the result is a perversor. 

The actual expression for the elliptic or hyperbolic rotation has not yet been 
given in canonical form in terms of the elements which enter into the reflections 
of which the transformation is compounded. ‘There is no difficulty in doing 
this. In fact the vectors which correspond to the a, 8, y of the canonical form 
may be chosen as x &,€,(e€x »)x €. If m denote the quantity €. ef.» the 
reciprocals are 

/ ex 7 
P75 Ale 


GOCE 


se 


From these the canonical form may be written down whether for the elliptic or 
hyperbolic type by following the models on pages 291-3. The fixed lines of the 
transformation which are the asymptotes of the ellipse or hyperbola are along the 
directions 


n+[V(m—1)m+m]e. 


We pass on to the case of the resolution of the collineation or strain with a 
fixed point and a unit modulus into three reflections. Let © represent the 
strain. If the modulus is (,= +1, all three of the reflections are linear or 
two of them are planar and the third is linear; whereas if the modulus is 
Q, = — 1, two are linear and one is planar or all three are planar. Suppose 
the case to be that of the first of these four. It is required to find a reflection 


2e€ — I such that 
eens ren an ve eos 2 sa gp. 
By use of the relation (Q.®), = Q,-®, this reduces to 
ee Oat Pe ONeN ea atte 2 
But we have always 0,7 = 0,-©,, and hence QO, = 07'. That is to say, 
Be Ok © me ee ee ar ar re eee 


is the equation which must be satisfied by ¢ and €. 
The other three possible cases may be reduced to these. For in the second 
ease ©, is still equal to + 1, but the first reflection applied may be planar. 
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Then the product -(J— 2ef) would have a negative modulus and the condi- 
tion that it be resoluble into two reflections would be 


Rog Grader ems =| On doce, 


which is precisely the same as before. If on the other hand (, = — 1, we may 
effect the resolution of — 0 as above. But the reciprocal of —Q is — Q-'. 
Thus the condition is unchanged. The form of the condition may be changed 
by noting that 

C.e= 0. Jse=1 and O,— Ast = F(X, — Og") Ive 
and hence 


¢.[(@ — 9-1) — 3(O,— 05") T]-e=0. 


We may therefore state 

THEOREM 23. In order that € and [ may serve as line and plane, respectively, 
for the first of three reflections into which a strain Q may be resolved, it is neces- 
sary and sufficient that they satisfy the equation 


€.V.ce=0, W=(2-—07)—4(0,— O53") I. 
First consider the cases in which (. is itself resoluble into two reflections. 
Here 
0.5 — OOA es 0, OF = + OF and hence 0, oo OF —= Or 
and the condition reduces to 
c-(Q— One ss On 


The dyadic  — 0" is then always incomplete; for 
(QO — O-*), = O, — 0,: A-* + A: OF — AF? = 01: AF? — 0,: 0-'. 


But 
0: OF = (0. OFe = (07), and Oe er a == (AS a 


Hence the question resolves itself into the question whether the square of a 
transformation resoluble into two reflections is itself so resoluble. The answer 
is affirmative, as may be seen by investigating the squares of the various types 
that have been obtained: but though this method leads to a number of interest- 
ing relations, it is too long to take up here. The general expression for any 
dyadic may be written * as 


QO = aad’ + gap’ + far’ + bBB’ + eBry’ + ey 


in a triply infinite system of ways. The coefficients of the diagonal terms are 





* This general form may be recognized at once by checking it against the various types we 
have noted as possible in the classification of strains. It is, however, merely the special case in 
three dimensions of a general form to which a collineation may be reduced, This form is not so 


Trans. Am. Math. Soc. 20 
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the roots of the scalar cubic. The square of this dyadic is, as far as concerns 
the terms in the diagonal, 


O? = aaa’ + b?BB’ + eryy’ + 3 terms. 


Now if one of the quantities a, 6, c is numerically unity and the other two are 
reciprocals, the same is true of a’, b?, c. Hence 

THEOREM 24. If Q is resoluble into the product of two reflections the dyadic 
Q, — Q-! is incomplete, and the condition on € and ¢ becomes 


f¢-D.c=0, o=0—0", ®,= 0, 
and conversely. 

It is possible to write Q — 07! as Q-'-(Q’— J), and all the degrees of 
incompleteness must occur in the factor 0? — J. If this vanishes, © is itself a 
reflection; if it is linear, all three roots of the cubic are numerically unity and 
the transformation is one of the simple shears, special or non-special; if it is 
merely planar, the transformation is a complex shear or an elliptic or hyperbolic 
rotation. In the first of these three cases « may be chosen at pleasure and so 
may €. The condition is always satisfied. In the second case, if € is taken per- 
pendicular to the consequent of ®, € may be chosen at pleasure, whereas if € is 
not so chosen, ¢ must be selected from the vectors perpendicular to the antecedent 
of ® and not perpendicular to e. It would be impossible to make this choice if 
e had been chosen parallel to the antecedent of ®, that is, if ®.e = ve and 
ax +0. But in this case, as ® is linear, D-e = eD,= 0. Hence any choice 
of eis admissible. In the last case any choice for € (not perpendicular to e) is 
permissible if e be taken perpendicular to the plane of the consequents of ®. 
But if e€ be not so taken, then ¢€ is restricted to plane perpendicular to 
(Q—Q-').e. There may be two independent values for e, for which 
(Q — Q-*').€ becomes parallel to ¢ without vanishing, and the indicated resolu- 
tion then becomes impossible. A brief examination of this case shows that the 


widely used as it would be if authors were less willing to assume the ‘‘ general case’’ of a com- 
plete system of fixed points when discussing collineations. (It may be noted in passing that the 
group of translations does not contain a single transformation which can be said to belong to the 
‘*oveneral case.’’?) The general form to which any collineation may be reduced is 


, 
Pi = Ay, 2 + Ayo %y °°: + Ginn 
, , 
px2 = AggXy = -+++ dontn PIn—1 = An—1 n-1¥n—-1 +- An—1nXn 


/ 
Pin = Ann Tn 


where only the terms on one side of the diagonal occur. The proof of the reduction is easy. 
The collineation has one fixed linear space S,-1. Take this as the space x, —0 of reference. In 
this space there must be one fixed subspace S,-2. Choose the second space an—1 = 0 of reference 
to pass through this space S,-». In the space S,—2 there is likewise a subspace S,—3 which is 
fixed. Pass the third?space 2,2 = 0 of reference through this S,-3. Andsoon. It is not hard 
to show that with this choice of spaces of reference the collineation reduces to the type here 
given. 
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only directions ¢ for which (Q — Q~')-e is parallel to e without vanishing are 
the fixed directions of the rotations. These results and some others which it is 
not difficult to verify may be stated in the following theorems: 

THEOREM 25. An elliptic or hyperbolic rotation may be resolved into three 
reflections by taking the line of the first reflection at random (with the exception of 
the two fixed lines in the plane of the rotation) and taking the plane through a 
specified line; or by assuming the plane of the first reflection at random and choos- 
ing the line in a specified plane. There is one exceptional choice of the line and 
one of the plane such that the choice of the other remains arbitrary. 

THEOREM 26. A complex shear may be resolved into three reflections by taking 
the line of the first reflection at random and taking the plane through a specified 
line, etc., as in theorem 25. 

THEOREM 27. A simple shear of the types considered above, whether special or 
non-special, may be resolved into the product of three reflections by taking the line 
of the first reflection at random and taking the plane through a specified line ; or 
by assuming the plane of the first reflection at random and choosing the line 
im a specified plane. If, exceptionally, the line be chosen in a certain plane 
or the plane through a certain line, the subsequent choice of the other remains 
arbitrary. 

In the discussion of the case where 2 is not resoluble into two reflections, the 
behavior of the dyadic 


one) Sag REE TW) eek Hy 


is of fundamental importance. If Q be expressed in the reduced form 


1 
QO = aaa’ + bBR ae yy + 3 terms 
the dyadic V takes the form 


ee bleep tL si ; 
—va=|3(a+s45,-5-;20)-(«-7) | 


+[ ]BB+[ ]vy' + 8 terms, 


and will be complete unless one of the coefficients of the three diagonal terms 
vanishes. Suppose the first one to vanish. Then 


af 1 1 
-(«-7)+(6-4)#(g-@) =9 


— GF O- B= ab? —a@ + Ls ab = 0. 


or 


This expression is always factorable into three factors chosen from among the 
six (b+1)(a+1)(ab+1)=0. These are just the conditions that one of 
the roots be numerically unity, that is, that the strain © be resoluble into two 
reflections. Hence 
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THEOREM 28. The necessary and sufficient condition that © be resoluble into 

two reflections is that 
We (0 Og ee et 
be incomplete. 

In case © is not resoluble into two reflections, it is (by virtue of this theorem) 
impossible to find any direction for the line e which shall allow the plane ¢ to be 
arbitrary. The question arises whether there may not be directions for ¢ which 
shall make it impossible to find any ¢ whatsoever. The case of impossibility 
can only arise when V-e is parallel toe. That is, in case € is one of the fixed 
directions of VY. But as every direction is fixed in the transformation kJ, it 
is sufficient to state that € is a fixed direction for Q — 0Q~—', and a reference to 
the expression of this dyadic in reduced form will show that this is equivalent 
to saying that € is a fixed direction of ©. Now there are only two types of 
strain which we have to consider and which are not resoluble into two reflections. 
They are where the roots are a, a, + 1/a*, which is a simple shear or special 
tonic, and where the roots are a, 6, ¢ and none of them numerically unity — the 
tonic or cyclotonic. In the ease of the tonic or cyclotonic there are just three 
directions of impossibility (and for the cyclotonic two of these are imaginary), 
for the simple shear there are two such directions of which one is the fixed 
direction of the shear and the other the direction parallel to which the shear- 
ing takes place; for the special tonic there is a whole plane of such directions, 
the plane of the equal roots a, a. 

THEOREM 29. <Any unimodular strain not resoluble into two reflections is 
resoluble into three reflections of which the first has an arbitrary line (provided it 
be not collinear with any of the fixed directions of the strain) and a plane which 
must pass through a definite line but is otherwise unlimited except that it should not 
pass through the line of the reflection. 

It may be observed in general as a result of the foregoing theorems 25-29 
that to resolve a strain into three reflections we have 

THEOREM 80. Jn all cases the line of the first reflection may be chosen at 
random (except along such fixed directions of the strain as correspond to stretch- 
ing) and the plane may be any plane which passes through a specified line but does 
not contain the line of the reflection. 

The proportions which this article has attained and this natural close make it 
unwise to continue here and now with the more detailed relations of oblique 
reflections to the unimodular strains. 


YALE UNIVERSITY, NEW HAVEN, CONN., 
July 25, 1906. 





ON THE INTRODUCTION OF CONVERGENCE FACTORS INTO 
SUMMABLE SERIES AND SUMMABLE INTEGRALS* 


BY 
CHARLES N. MOORE 


The object of this paper is to develop certain general theorems about con- 
vergence factors. In the case of series we shall mean by convergence factors a 
set of functions of a parameter which, when introduced as factors of the succes- 
sive terms of the series, cause a divergent series to converge, or a series which 
is already convergent to converge more rapidly, throughout a certain range of 
values of the parameter. In the case of integrals we shall mean by a conver- 
gence factor a function of the variable of integration and a new parameter 
which, when introduced as a factor of the integrand, causes a divergent integral 
to converge, or an integral which is already convergent to converge more 
rapidly, throughout a certain range of values of the parameter. 

Although the name convergence factor is of recent origin, the subject itself, 
in the simple case of a convergent series, goes back to ABEL and virtually takes 
its rise in his well known theorem on the continuity of a power series. The 
successive powers of x in the terms of a power series are, in fact, convergence 
factors of a simple nature, though not ordinarily regarded as such. 

The first attempt to extend the theory of convergence factors to general types 
of divergent series was made by Fropenius.{ The class of series which he 
considered will be designated in this paper as summable series { and may be 
defined as follows: Given a series 


Werle ta ary 
we represent by s, the sum of its first (m + 1) terms and form 


a NP allel Se ate) 





S 
2 n+1 
If the limit 
lim S, 





* Presented to the Society February 23, 1907. Received for publication February 25, 1907. 
TCrelle’s Journal, vol. 89 (1880), p. 262. 
t Many authors use this term in a more general sense. 
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exists, we say that the series is summable and attach to it the value of that 
limit. It is a well known and easily established theorem that every convergent 
series is summable, and that the process of summation leads to the value of the 
series as ordinarily defined. 

The theorem proved by FROBENIUS in the article above mentioned includes 
only the simple class of convergence factors first considered by ABEL, i. e., 
successive powers of the parameter. A more general theorem was proved by 
FrséR,* in which the convergence factors have the form $(0), $(t), (2¢),---. 
A similar theorem concerning still more general convergence factors was stated 
without proof by Harpy at the close of a recent paper in the Proceedings of 
the London Mathematical Society.} The present investigation had been 
begun and the essential results of §$ 1 and 2 obtained and communicated to 
Professor BOCHER before the appearance of Harpy’s paper. 

The principal results of the present paper are contained in Theorems I, II, 
IV, and V. The method of proof in these four theorems is a development of 
that used by RrEMANN in proving a certain lemma (cf. RreMANN, J/athematische 
Werke, 2d ed., p. 246). This lemma appears as a special case of Theorem II 
if we take f(a) = sin’ na/n’ a’. 


§ 1. Convergence factors in summable series. 


THEOREM I. (Jf the series 
Te ele TIRES eI im eon Be 


is summable and has the value S, then the series 
(1) F(a) =u + uf, (4) + uA (%) + °°: 


will be absolutely convergent and continuous for all positive values of a, and 
will approach S as its limit when a = + 0, provided the convergence factors 
Fi (@),f,(@), «++ satisfy the following conditions : 


(a) I (a) is continuous (a=0), 
: N 
(6) | fC) | < pte gite (a>0), 


(¢) SACU ieee 

*Mathematische Annalen, vol. 58 (1904), p. 62. 

t Ser. 2, vol. 4 (1906), part 4; p. 247. HArpy’s results are somewhat similar to Theorems 
I and II below, but the conditions imposed on the convergence factors are decidedly different, and 
his theorems are on the whole less far reaching. His requirement, in the case of summable 
series, that the differences between two successive convergence factors be positive, will, I think, 
be found unnecessary if a method of proof analogous to the proof of Theorem I of this article be 
followed. 
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me ere f(t) 0 (0a ee: 0 nate; n= 0, Linndit 


L 
(e) |Fn(%) — Siar (%) +Srz2() |< sare oe (a>), 


where N, p,c, and L are positive constants. 
We must first derive the following further condition which is satisfied by the 
convergence factors, 


v6 
(Sf) SC) et ICI) eer er yer: (a>0), 


where J, is a positive constant. 
We have from condition (0) 


lim [f,(4) — fi (4)] = (a>0), 


and consequently 


a 


Pye at) —f..,(%) =e" (oe) —fii4(2) | scons ey eee —fiso(%) | } 
=D F(4) — faa) + fa(2)}- 


n=n 


Hence by virtue of condition (e) 


eels ie L 
eS eee | ore = A 


(2) ve 











Bee wh. Vt cist +p 
=5n8 (<4) ST ar as 
For n = 1 we have from condition (6) 
(8) (2) la) <2 Sa (a=1), 
and from condition (a) 
(4) AQOB hl <a (0<a<1), 


where M is the greatest numerical value of [ /,(«)—jf,(«)]| in the interval 
=a=1. Choosing as L, the greatest of the thre equantities 1/7, 2, and 
2'+e L/(1 + p) we get (/) by combining (2), (3), and (4). 
We shall next prove that the series (1) is absolutely convergent for every 
positive value of a. Let 


n 
ye a 2D Un» 
n=0 
* We may substitute for the inequality in (d) the condition 


(a) fn (a) —2fn4i(a) +fnt2 (a) SO. 


If (d) (or (d’) ) holds for all values of n and a, (¢) is unnecessary. 
t For n= 0 we take here fy(a) =1. 
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g Pe heriltnes eel? 
ia aa ; 





If for the sake of uniformity we let S_,= S_,=9, we have 


(5) u,=(n+1)S, —2nS_,+(n—-1)S8,_,  (n=0,1,2,---), 


Lag 


and consequently 


u 1 ih 
wea (147)8,-28,,+ (1-7) &.. (n=1, 2,°---), 
‘whence it follows that 
lim ( =) pen 
n=o nv 


We can, therefore, take & so that 
a <e k (naa) 


Combining this with condition (6) we see that the terms of (1) are, if we omit 
the first, less in absolute value than the corresponding terms of the series 
=m 


D aete nite ~ 


n= 


Since this last series is convergent, the absolute convergence of (1) and the ex- 
istence of (a) for values of a > 0 follow at once. 
We may by virtue of (5) write 


(6) F(a)= Eo {(m+1)S,— 208, + (n= 1) 8, (2) 


In the series (6) we have a right to leave out the parentheses, since it is con- 
vergent, since each parenthesis contains only three terms, and since by condi- 
tion (b) the general term of the resulting series has the limit zero. Moreover, 
in this latter series we have a right to rearrange the terms so that terms involvy- 
ing the same S are grouped together, since in the rearrangement we do not 
carry any term over more than three terms. Hence 


(0) F(a) = (m1) 8, (,(4) — Baar) + fora) 
Placing i¢ 
(8) S,=St¢, 
we have 
F(a) = S35 (m +1) {F,(4) = Baal) + Sona 4)} 
(9) oe 
+ due,(n uy 1) LCD ioe fii (%) + fis2(%) 
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But 


Lm ta) — 2h a(ay of ..(a)} = 1 — e+ 2) (a) + (mn +1) f(a). 


Whence, by condition (0), 


(m+ 1) {A(2)— la) thual@}=1 (a>), 
and (9) reduces to 


(10) F(a) — $= Dee(m +1) (F(4) — Ban (@) tha 2} 


By (c) the series on the right hand side of (10) converges when a = 0 and 
has the value 0. Accordingly, if we can show that it is uniformly convergent 
for values of a = 0 our theorem will be proved, since by condition (@) each 
term is a continuous function of a. . 

Given a positive quantity 6, arbitrarily small, we wish to show that we can 
choose ¢ so large that 


(1) | Se (m 41) {A(a) — nla) + Sae(@)} <8 EHZa, a0) 
|2=-m | 
Take m > 2 and such that 
pe?ted 
parr aN A pe Le Qe FL 


(n=m). 





(12) Reeee ts 


We first consider values of « in the interval 0 <a<c/2, and represent by 
s the greatest integer less than c/a. Let «and v be any two integers such 
that 


m=p=v. 
Three cases must be considered : 


(A) wS=scpv, 
(B) v=s, 
(C) B>s. 


Beginning with case (A) we write 
(18) Sent l (A) —2hal®) thal} =S+ = Rt B,. 
n= we s+ 
By virtue of (d)* and (12) we have for &, 


(14) [Rl <1 DE (m+ 1) F(a) = hen (4) + faal 9} 
=n{1—f,4,(¢)—(s+1) [hia (4) Feral) |}: 


* The substitution of (d’) for (d) occasions only a slight modification of the proof. 
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From condition (+) we get 





: Fu Bey: 

(15) IFelOl< Tsp 1) ape = a? 
and from condition (/ ) 

L et Ee 
(16) (sl fay Ce) pan ES Gian eqn ei 
By combining (14), (15), and (16) we obtain 

Vel 

(17) Rl<a{lt+ant et: 


According to condition (e) we have for 2, 





: n+1 
Bala E (m4 1A (2) Bula) thal < AR 


Furthermore 


(n+1) etl 1 i grr Pg! 1 2 
> pec ane -|- wr (rope |= aati eee 


2L 
p(sa)r 








| Ro) <9 


Cc 
Sa = — 1 
a 


or 


$a = 6 — ao > eo — 


bo] o 
bo) S 


so that we have finally for F,, 
(18) || <9 
Combining (18), (17), and (18) we get 


n=v 


O(n +1) (F,(4) —2faa(a) +fa(a)} | 


Qi+e T, 
pe? 








debs + pN-+ pe’L, + 2" CL 


pete 





We consider next case (B). We have 





De(m $1) (A (4) = oar) + haral)} 
9 (m $1) (F.(4) — Baar) + haa} 
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=n{l—fi4(¢)—(s+1)[Fa1(4)—S42(@))} 
= nes + | Fear (%)| + (s+ (2) Sata) 1) 


Vy OVS Le pete + pN+ perl, _ 
<a\ltant gi fat pete Saas. eee 





é. 


For case (C’) we have 


n=v 


60" +I) LLC) = oan) Fal) | 
=nD(n 41) |0,(4) — nr (2) + faa (2)| 


Bene ey tl Po Ba ange eet 


Oe er 3 <1 7) 2+ — 
ap atl pe? peor? 


r— 





n2+P 


Thus we have proved (11) in all three cases for 0 <a <c/2, the value of ¢ 
being equal to m. 
For values of a = c/2 we have from condition (e) 





Eel +1) (H.(4) = Fon (@) + faea)) 








2 y 
( —)(n41)LZ 
: c 2\P ».(n+1) 
= 2d | eS | n2te = ( =) LK 2d nite 
where C is the greatest numerical value of the quantities €,, €,, €,,---. Since 
the series 
re tL 
Dee 
n=1 


is convergent, we can find m, such that 


n=v 


De 6(m +1) {F,(4) = Bra %) + frre(2) } 


- 6 a 4) 
ae 0) Dany h 





For a = 0 the inequality (11) is obviously satisfied for all values of ¢ since 
each f,(a)=1. If, therefore, we choose for g the greater of the two quanti- 
ties m and m,, it will hold for all values of a = 0, as was to be proved. 

Convergence factors of the form ¢(na) are an important class, and it is 
interesting to note what restrictions may be placed on ¢(«) in order that the 
conditions of Theorem I may be satisfied. We will show that if 

: pale 
(i) |P(%)| <sarp tare 0)), 


(ii) $(0)=1, 
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(ii1) d(x) exists and ¢”(a) = 0* (0=2Sc), 
P L 
(iv) lp (2)| <sarp («>0), 


then the functions ¢(0)=1, ¢(a), $(2a), .-- satisfy the conditions of 
Theorem I. 
Condition (a) follows from the fact that the second derivative of $(a) exists 
for all values of « = 0. Conditions (6) and (c) follow at once from (i) and (ii). 
We have (cf. Markorr, Differenzenrechnung, § 8) 


(19) $(na)—26[(n+1)a]4+ o[(n+2)a]=e'¢$"[(n4 Oa] (oc econ 


Hence by virtue of (111) condition (d) will be fulfilled, if c is there replaced by ¢/8. 

Finally, by (19) and (iv) 

L 
|o(na) — 26[(n+1)a]4+ o[(n4 2)a]| < are r (a>0; n=1, 2,-::), 
and (e) is satisfied. 

The theorem of FrsJ£R mentioned in the introduction, in which the conver- 
gence factors are functions of na, is not, in its greatest generality, a special case 
of Theorem I, but becomes so if we exclude from it all functions whose first 
derivatives have an infinite number of maxima and minima in the neighborhood 
of the origin. I shall show this by proving that if we have a function $(2) 
which satisfies the conditions of Frs&R’s theorem and whose first derivative has 
not an infinite number of maxima and minima in the neighborhood of the origin, 
then it will satisfy (i)-(iv). 

Frs&R’s conditions are 





M 

(@) |(2)|< jay (z>1), 
7 M 

() lp (")| < sar, (a>1), 


(c) $(0)=1, 
(d) |p" (@) |< et (0S251), 


where J, p and vp are positive constants. 
From (d) it follows that @(«) is continuous in the interval O=a2=1. We 
can therefore choose a positive constant JV greater than J/ and greater than the 





* We may substitute for (iii) 
(iii’) OTe ie (OS22 6). 


+ (d) is not explicitly stated as a condition, but is used in the course of the proof. 
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greatest numerical value of ¢(#) in the interval 0 = 2 =1, so that we have 
ay: 
|$(%)|< ar (w>0), 


and consequently (i) is satisfied. Condition (ii) is identical with (c). Since 
¢(«) has not an infinite number of maxima and minima in the neighborhood 
of the origin, either (iii) or (iii’) must be satisfied. By taking for Z the greater 
of the two quantities J/ and yu we have in view of (0) and (d) 


? L 
LP) ae (z>0), 


and (iv) is satisfied. 

Thus we see that Theorem I, when applied to functions of na, includes 
all functions satisfying FEJ&R’s conditions that are likely to be useful as con- 
vergence factors. In addition to this it includes an important class of functions 
that are not included in Frs&r’s theorem, i. e., functions that satisfy (i)—(iv) 
but whose second derivative becomes infinite in the neighborhood of the origin. 
An example of such a function is e~~*. 

A general theorem which includes FEJéR’s theorem as a special case but does 
not include functions of the type just mentioned is obtained by replacing condi- 
tion (d) of Theorem I by the condition 


Poe (2) + f,.(2)| <a ficsnae). 


The proof is quite similar to the proof of Theorem I. 





§2. Convergence factors in convergent series. 


Theorem I is evidently applicable to convergent series since every convergent 
series is summable. When dealing with convergent series, however, we do not 
need to place as much restriction upon the convergence factors as in the general 
case of a summable series. This is shown by the following theorem which in 
many respects is more general than Theorem I: 

THEOREM II. Jf the series 


(20) Uo + Ut, +, ++": 
converges to the value A, then the series 
(21) Uy +u, f(a) +u,f(%) +°°- 


will be absolutely and uniformly convergent for all values of «=90 and 
therefore will define a continuous function, provided the convergence factors * 





* That the series (21) converges more rapidly than (20) appears from condition (}). 
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Si(2), f.(@), «++ satisfy the following conditions : 


(a) J, () is continuous Co==00n 
au 
(0) iq Teg als (a>0), 
(c) fC 
(7) JO Su a OG (nZ1, 0SnaSe), 
ae 
(¢) If, (2) ees (a) | ~~ n)+P a (a>0), 


where NV, p,c and L are positive constants. 

We must first derive from the given conditions the following further 
condition : 

(1) IF (4) |< (a=0) 
where ( is a positive constant. 

We know from condition (d) + that, for a given value of a less than c, the 
functions f(a) form a sequence that never increases as long as na does not 
exceed c. For each value of « <c we pick out the greatest integer r = c/a. 
This r satisfies the inequality 


(22) 5 <rase. 
We have furthermore 
(23) J, (4) =f,(«) =f.(4) (0<na<e). 
But by condition (@) we can find a positive constant JZ such that 
fA(4)|< (0<a<e), 


and from (6) and (22) 
| vig Bre UV. 
IA (a) |< (rai <Glte 
so that if we take as A, the greater of the two quantities MZ and 2't?N/c'*?, 
we have by (23) 





Ral <K, (0-< na <e). 
For na = ¢ we have from condition (0) 


ay Jah 
nC) 1 < Cray = gore < (naZ=c). 








* This is the only condition that is not satisfied by the convergence factors of Theorem I. We 
may substitute for it the condition 
(d’) fn( a) —fnyi(a)S0 (OSnaSc). 


If (d) (or ( a’ )) holds for all values of n and «, (e) is unnecessary. 


t If we use (d’) instead of (d), the inequality signs in (22) are reversed, but this does not 
affect the reasoning. 
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For a = 0 we have from condition (c) 


F6 0 iets 


Hence if we choose A’ greater than either of the two quantities A and 1, we have 
the desired condition (7°). Place now 


UtzUtuU+t:-+u_,=AteE, 
so that 
Hiv,er 10%, 
and let 6 be an arbitrarily small, positive quantity. Since by condition (a) 
each term of (21) is a continuous function of a, our theorem will be proved if 
we can show that a positive integer g exists for which 


- n=v | 
(24) = wrin(#)) <0 (2 Beg 702.0). 


Determine a value of m > 2 such that 


£ per 6 
o | Sy) == 4pce K + 2° L 


(n2m). 


(25) 





We first consider values of a in the interval0 <a <c/2. Then 


(26) Xl) =D (Eve — AC) 


Bee yt ae | Cale Ca heir, (ay: 


Let s be the greatest integer less than c/a, and mu and v any two integers for 


which 

m=p=rv. 
Three cases must be considered : 
(A) peasy, 
(BL) v=s, 
(C) B>s 


Beginning with (A) we put 


n=vV 


21) © en Lh (4) inl) = + D= K+ RB. 
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By virtue of is (f), and (25) we have for R, 


| 2, |= E411 LIn( ) ay ee ecaal 





(28) 
<1 D [ha a) — fiir (*)] =a f(4) —fai(e) |] <2. 


For £2, we have by condition (e) 
| 2, | = 2, Gow LAC@) Sarit il | 


Santi wx i 70 de nll — lt ae 
oP Dein ae if alte ~ ap pur a pabare 














1 
But ay 
sa = (-1)asc-a>e—5=5, 
and hence 
ey 
(29) Ease 


Combining (26), (27), (28), and (29) we get 


D(a) Seah ()] + [Bl + 12d + La a(t) | 
4pc? K+ = | hse 
pe? ‘eit 





< Ky + 2Ky +2 4 Ky =al 
We consider next case (B). We have 
wes Fal) — foes] 
<9¥ [A(4) fon) = 9h (@) Son (2)] < 2K. 


Combining this result with (26) we get 








= = 


<le.tu(4)|+ 240+ [eu Srn(4)|< 440 <8. 





Luna) 
For case (C’) we have 


Seas LA(8) heer 201) <9 DIAC) eal) <5 D ae < 
| in +1 


which combined with (26) gives 


cist 


aeee 





DUEAC 4) <lef.(4 I+ oe + lesa aa) <Kin + 9S + Ke <6. 


* The substitution of (d’ ) for (d) occasions only a slight modification of the proof. 
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Hence the desired inequality (24) is satisfied in all three cases, g being equal 
to m. 
For all values of a = ¢/2 we have 


BN BNR 


|x, ee (a)| »s nite alte = mite el+e 





where B is the largest numerical value of the terms u,, u,, u,,---. The series 
> 1/n'*? converges, and therefore we can choose m, such that 


n=v 


Xu f(4)) <8 (vene=mjc=2). 


n= 





When a=0 the series (21) becomes the series (20), and we can so choose 
m, that 


P 


1 a) (v=y~=2m,). 


Mi 






Thus, finally, if we take for g the greatest of the three values m,m,, and m.,, 
we have the desired inequality (24). 
The convergence factors e~"* satisfy the conditions of Theorem II. Hence if 


the series 
2 
; ; se aL en a i pei 
is convergent, the series 
— 2 42 
et 0, Te fe! 05 Ces 


converges uniformly in the interval a= 0. If now we set e~* = 2/7, it follows 


that 
2 
a, +ar(2 J+ar(¢ yao 


2 
a LN ies Oa) PA ig aL 


or 


converges uniformly in the interval 0 =2=vr. Hence Theorem II includes 
ABEL’s theorem as a special case. 
§ 3. Summable integrals. General facts and lemmas. 


Let f(«) be a function which is integrable in every finite interval lying in 
the interval a =a. Then the integral 


f{ s(e)ae 


shall be said to be summable if the limit 


wa fran 


Trans. Am. Math. Soc, 21 
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exists; and we attach to the integral the value of that limit. The agreement of 
this definition with the ordinary definition of an integral, is shown by the fol- 
lowing theorem : 

THeoreM III. very convergent integral is summable, and the process of 
summation gives the value of the integral ordinarily defined.* 


Put 
{ J (x)da = A 


and : 


f[ f(@)de= A+ (ew), 
so that f 
lime (22 == 05 
Then - 
i xo a 1 30 A 1 ac 
of feaada == f [A 4e(a)]da=A—““4~ [ e(a) da. 


a 


Since the second term approaches zero as « becomes infinite, our theorem will 
be proved if we can show that the same is true of the third term. Let 6 be a 
positive constant as small as we please, and choose m so that 


6 
le(a)|<5 (2am 08 


Then for values of x = m we have 


ad ade 5) [e(ayda +5) [e(ayaa 


The second of these terms reduces to 


au 


er " j 
x |€( a’) (m< a <a) 








and is therefore less than 6/2. We can also choose p so that when x > p the 
first term is less than 6/2. Accordingly, since 6 is arbitrary, 


ap |i cored 


and our theorem is proved. 

I shall next establish a series of lemmas that will be needed in the proof of 
the theorem concerning the introduction of convergence factors into summable 
integrals. 





* The substance of this theorem is stated without proof by HARDy in an article in the Quar- 
terly Journal of Mathematics, vol. 35 (1903-04), p. 54. 
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Lemma l. Jf f(a) is uniformly continuous for values of «= k> 0, then 
there exists a positive constant M such that 


|7(@) | < Me (=). 


Let us choose 6 such that 
(30) Jf(@ + 4) —f(w)| <1 (|4| S48; =k). 
Then for every x = k we can find a y = 0 such that 
e=k-+ y6. 
If n is the greatest integer not exceeding y, we have by (80) 


If(4 + y8) —f(k)| <n41 (y=0), 
and therefore 


poets Sie LCE) a ee 
k + yd b+ yd" kh+y8 








For values of y in the interval 0 = y <1 we have, since n = 0, 


Lf(4 + y8)| 
k+ y6 








P| ae 


For values of y= 1, since y=n=1, 


IF A+Y8)| |F(4)| m+) _ IF), 2 
ee ns OR Le pot 





If then we choose as MV the larger of the two constants A, and ,, we have 
IF (& + y8)| < M(k + y8) (y=0), 
IF (@)| << Me (w=k). 


Lemma 2. If f(x) is uniformly continuous for values of «= k> 0, 
then f(x)/a? (where p is any positive constant) is uniformly continuous in the 
same interval. 

We can assume without loss of generality that & = e, where e is the base of 
natural logarithms ; for, if it is not, it follows that f(a) /a° is uniformly con- 
tinuous in the closed interval k = x = e since it is continuous in it. 

From Lemma 1 it follows that there exists a positive constant JZ such that 


or 


| 


Given ¢ positive and arbitrarily small, let us choose 6 less than ¢/2/ and 
such that 


ke 
IS(@+h)—f(e)|< ge (wk; 0<hSd). 
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We have 


oy [AD LO) a hp ree =r 





i 1 





For the first term on the right hand side we have 











a 1 ke € 
(32) CEMA IS(@thy—f(@)|<e ge aq (FER O<ASS). 
Also from the Law of the Mean 
il 1 — ph 
(a +hy oa (x + Oh) (0<#<1), 
and hence 
u I ph _ > <= 
'@)| aay - e |< Mg ee h (=k; 0<hSb). 
But 
Fel (p>0) 
Fe p : 
Consequently 
| 1 1| - € SSF Ae << 
(33) PAGO Tesaiy ern sissy sr (skh) 0 ho), 


Combining (31), (82), and (38) we have 


(BAD canvcien 





and the lemma is proved. 
LemMa 8. If f(x) is uniformly continuous for values of x= k > 0, and 
the integral 


[ f(@)ae 


tim| 22) | 0, 


We know from Lemma 2 that /(x)/x is uniformly continuous for values of 
2 =k. Given e, let us choose a positive 6 <k and such that 


\f(w@+h)_ f(®)|_e 
a+ h te l<s 


is summable, then 


(34) 
Let 


(xk; 0<hS26). 


=| f 7B) aBda = 8(2). 
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Then 
(35) fia) oe eT 
Moreover, since lim,_,, S(a) exists, we can so determine x, = & that 
(36) | S(2) — 8(2)| <8 (1 >2Z%). 


But we have * 

(w+ 28) S(w + 28)—2(a+8)S(w+8)+eS(a)=Sf(e+ 08) (0<6<2), 

whence by (36) 

8°| f(x + 08)| <(a + 28)| S(a + 28) — S(a+4 8)| 
+ «| S(x+8)— S(a)|< 


Consequently, since x + 6 < 22, we get 


2(w+8)Fe (r=n). 
6 


pL lee G6)! 2(%+ s)e _2(@+8)e _ 2e oe 


| +03 |~(@+0s)6~ «@ 6~8 
It follows then from (34) that 





—— 


/\ 





fic 


w 





(t= %), 


and therefore 


tim | 22] =0. 


aw 


z@2=0 


Before taking up the other lemmas, I wish to introduce the following notation. 
Let 


Bi) Sf(z)de=v(e)+O,,  fv(w)de=x(x)+C,. 


(38) aS (x) ={ | s8) dba -{ [wv (a) —v(a)] da 
= x(%)—ap(a)— x(a) + ap(a). 


Lemma 4. If f(x) is uniformly continuous for values of x=k> 90, and the — 
integral 


is summable, then 


From Lemma 8 it follows that for a given positive but arbitrarily small e, we 





* Cf. MARKOFF: Differenzenrechnung, § 8. 
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can choose a positive x, > @ such that 


— “a iz “i 
We have also from (87) 
p(x) — v(x) = (e%— a) fe + O(% — 2) ] (0<@<1), 


and consequently 


£] <[eey 











“| LES +@(x—~-a,)]| 2x, + O(«% — x) 




















ie a x, + A(x — x, ) o my 
ie + 5 (+= 2%) 
Choose x, = x, and such that 
| | 
eee Xs (22m) 
Then 
| 
P| <e (72%), 
| 
and accordingly 
lim | | = 
Med Fe 
Lemma 5. Jf we have a function $(«) such that 
lim’ (ae) ]==1G, lim [ ¢”(2) ] = 0 
where Cis any constant, then it follows that 
lim [ ¢'(#)] =0. 
Given e¢ positive and arbitrarily small, let us choose B such that 
’ E 7p € 
(39) Id(a)—$(@)|<o, |¢"(#)| <5 (7 >2=B). 
From the Law of the Mean 
$(a+1)—(%) = (2+ 8) (0<0<1), 
and therefore 
(40) (228). 





Applying again the Law of the Mean, we have 
¢(e#+1)—¢'(x+ 0) =(1—0)¢$" (x4 @) (0<V%<1), 
from which it follows, by (89) and (40), that 
Jo (e+1)|<|o (e+ @)| + [p(x + %)|<e (EBM 
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Consequently 
dim: | (2c) [== 0. 


Lemma 6. Jf f(x) is uniformly continuous for values of x= k>O0 and 


the integral 
i i (2) dx 


lim [ S'(@)] = 0. 


is summable, then 


We have from (88) 








(41) S'(2) = ae 2 Ae +f@) _ 2(x(a) = wp(a)) 


From Lemmas 8 and 4 it follows that 


lim ae | a0 tim | HO? | On 


r= 


lim | oe | == 0). 
| eee: 


lim [ 8" (2) ] = 90. 





x2=a0 


and from equation (38) that 
Hence from (41) 


Accordingly, since by hypothesis S(#) approaches a limit when 7 = oo, we 
have by Lemma 5 
lint | iS’ (2). == .0° 


Lemma 7. Jf we have a function of two variables $(a, x) such that 
(a) $(a, x) is continuous in w and in a separately in the region 
R(x, =x=n,, ¢,=a=2a,), 


(0) pi(a, x) and $/'(a, x) emist and 
|G, (% 2%) |< 


in the region R, then $' (a, x) is continuous in a in the region R. 
Take any point (a,, x,) that lies in the region #. Choose a constant Ax 
such that #, + Av lies in the interval x, = « = a, and 


€ 
(42) | Ace | Sage’ 


where e¢ is an arbitrarily small, positive constant. 
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Then choose 7 such that 
(43) Ib (a, y+ Aer) — $( ay, m7, + Ax)|< Aw — (la’—al <7), 


(44) (a, m%) — (a, @)|<G Ae (laa <7). 
By the Law of the Mean 
f(a’, x, + Ax) — $( a, x,) 





(45) ae =$)(a,%,+0Ax) (0<0<1), 
3 A jl cy 
Gd, Pty) Bot Ae) ECs Pe (ayy + OOo) Oe ee 


By subtraction of (46) from (45) and with the aid of (43) and (44) we obtain 


€ 


(AT) [Gi (a’, & + OAw) — $1 (4, 0% + O'Aa)|<G+5=5 (le —al<n). 
Applying again the Law of the Mean we have 
g(a’, %, + OAx) — b(a’, x) = OAnd!’(a’,x,+0,0Ax) (0<4,<1), 
h (G, L + FAx) — db) (a,, v,) = PAxdg’ (a,x, +0, 0Ax) (0<%<1), 
whence it follows by subtraction that 


|b.(@, py ) — $,,(% ay) | = |p. Ly GAx) ae $,(%> @y + GAx| 





+ 8'|M| |. ay, 0 + 0, 0Ax)| + 8) Aee||$"(a', a, +8, 0Ax)]. 
In combination with (0), (42), and (47) this gives 
1P.( 5 Ly) — P,(%s %)| <eE (la — ol <2), 


and the lemma is proved. 


§4. Convergence factors in summable integrals. 


THEOREM IV. If the function f(a) is uniformly continuous for all values 
of « = a, where a is any positive constant, and the integral 


[ fayde 


is summable and has the value S, then the integral 


(48) F(a) = [f(w)$(a, 2) de 


*It is assumed in this and in the following similar inequalities that a’ lies in the interval 


Oe a OSs Oe 
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will be absolutely convergent and continuous for all positive values of a and 
will approach S as its limit when a = + 0, provided the convergence factor 
(a, x) satisfies the following conditions for «= a: 


(a) f(a, ©) is continuous in (a, x) (a=0), 

(6) p. (a, x) exists and is continuous in (a, x) (a=0), 

(c) |P(2, ©) | < sar, pate (a>0), 

(e) 2 Ceo en Lah (020), 
y, L 

ig tae |$. (4, @)| < aro. (a>0), 


where N,p,c, and L are positive constants. 
We must first derive from the given conditions the following further condi- 
tions which hold for « = a: 


(9) . (a, x) is continuous in a (a=0), 


L 
(h) lpi (a, BA Ses conga, (a>0). 


Consider the function (a, x) in the region R(BZ2x=Z=a;a=0). By 
condition (a) this function is continuous throughout #&. We can also show at 
once that its second derivative with regard to x remains finite in the region 2. 
For from (5) we know that a positive constant M/ exists such that 


| pi (a,2)| <M (BE=2=a;1=a=0), 


and from condition (f) we have 
L 


’? L 
|b, (%> #)| << ate oe Gate (B2c2 43a >1). 





Accordingly the function ¢(a, x) satisfies the conditions of Lemma 7. Con- 
sequently $'(a, a) is continuous in «in the region #, and therefore in the 
region ©=a,a=0. 

By virtue of conditions (c) and (7) we have 





lim [¢(a, @)] =9 (a>0), 
lim [ p/’(a, %) | = itce0)) 

* We may substitute for (e) the condition 
(e’) $, (a,2%) =0 (0S205c). 


If (e) (or (e’) ) holds for all values of x and a, (f) is unnecessary. 
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Hence by Lemma 5 it follows that 
(49) lim [$,(4, #)]=9 (a>0), 
and consequently bie 
[$i (a0) de = = $, (02) (2>0). 
We have then ; 


Wes |_ 
9.(a,2)| =) f° o/(a, dn) | 19/(a, 2)| de 


eds At d L if; 
<| aea®-Ggpame<aee (>: 





Having thus established conditions (7) and (h) we can now prove the follow- 
ing inequalities (50) and (51) which hold when «=a. _ By condition (c) we 
have 


ly, 


|P(4, @)| < carp gare < Gare (a>1), 





and by condition (@) we can find a positive constant A, such that 

[o(a, a)(< (0S¢=1) 
Denoting by A the greater of the two quantities V/a’t? and A, we have 
(50) IP(a,a)|< (a=0). 


Similarly from conditions (A) and (g) we see that a positive constant C’ can 

be found such that 

(51) |b.(4 a)|< (aZ=0). 
We shall next prove that the integral (48) is absolutely convergent for every 


positive value of a. By Lemma 1 there exists a positive constant J such that 
in the interval x = a we have 


MN 


| F(@) (4, x)| Sapo 


f dx 
l 
a wv ne, 


is convergent, the absolute convergence of (48) and the existence of /’(a) for 
values of a > 0 follow at once. 


We have from (35) 


F(a) =| f(#)$(a, x) da: =| [2S'(%) + aS"(x)] b(a, x) dx. 


Consequently 


Since also the integral 
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Integrating twice by parts we get 


F(a) = [S(w)$(a,")]i + [eS (a) $(4,")]7 —[S@)ad,(%,%)]7 
-{- S(x) ! (a, x) dx +f S(x)[b,(a, x) + xb" (a, 2) ] dx. 


Now from the definition of S(2) both S(a) and S’(a@) are zero. As x 
becomes infinite, S’(a) approaches zero by Lemma 6 and S(a#) by hypothesis 
approaches S. From condition (c) we see further that for all positive values of 
a, (a, x) approaches zero as x becomes infinite. 

Combining (49) with conditions (c) and (f) we obtain next 


(52) 


lim [xp(a, x) ] = 0 ec = 0). 
lim [ 2h) (a, x) + up" (a,v)] =90 (a>0). 
Hence by Lemma 5 
lim [ed’(a, x) + ¢(a,x7)] =9 (a>0), 
from which it follows that 
lim [xd (a, 2)] =0 (a>0). 


The quantities in brackets in equation (52) therefore disappear, and we have 


(53) F(a) =— | S(w),(a,0)de+ fo S(a)[!(0, ») + a6"(a, x) ]de. 
Put 
S(x) = 8+ (x) 
so that 
lim e(x) = 0 
and then substitute in (53). We obtain 
F(a)=—8 [ $.(an)de+ 8 [~ [6:(a,2) + 0b%(a,0)}dx 
(54) i A : 
-{ e(x) ' (a, x) dee +f e(x)[ b/ (a, x) + xp" (a, x) |da. 
But 
f $.(a, #)de = — $(2, @) (a0), 


f CP.(a, #) + 28% (a) ]de = [bi (a, 2)]2 = — ag (a, a) (2>0). 
Consequently (54) reduces to 
(55) H(a)= (2, a) S— ad’ (a, a)S+ [ e(n)ap'(a, aw)da (a>0). 
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By condition (d) 
#:(0,2)=0, $0, 2)=0, 


and therefore the right hand member of (55) reduces to S when a= 0. Since, 
by condition (b), ¢”(a, x) is a continuous function of a for all values of « = 0 
our theorem is proved if we can show further that the integral in the right hand 
member of (55) is uniformly convergent in the interval a = 0. 

Given an arbitrarily small, positive quantity, 6, let us choose m>a@ and 
such that 
porte} 
(56) \¢(?)| 0 yd pla en 





(z=m). 


Consider first values of a in the interval 0 <a. Let s = c/a and pw and v 
be any two quantities such that 


mS=p<cv. 
Three cases must be considered 
(A) MoS <D, 
(B) vs, 
(C) jt = &. 


Beginning with (A) we write 


(57) fo @esi(a )de— f a [= Rewns 


By condition (e) we have 


IR) <n ff op (a, w)de Sy f ap,’ (a, ©) dx. 
But ‘ i 


f e6y(0, w)du = sh’(a,s)—ad’(a,a)—$(a,8)+ $(a, a) 


and consequently, in view of (2), (c), (50), and (51), 


Ac n)de| S| 9! (a, s)| + lad’ (a, a)| +|$(a, s)| + |6(4, @)| 





I N L N 
rap TOON ay ep me ee ee 


Hence 


Tes N 
(58) Rl <a| 5400+ opt KI]: 
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From condition (f) we have for F,, 
L 
R= [ |e(x)ad’ (a,w)\de<n fo alte op 
Wea ain ae 
alee | i 
Combining (57), (58), and (59) and using (56) we have 
v | 
[eed 2) de) = | 2, + |B, 


a | (ete e + petre(aC+ K) te*l- 5 


pore 


(59) 





For case (2) we have 


f(a) 82(a, 2) de <a f 2d(a e) = nf 2d2(a a) da 








|= +pe*e(aC + EK) +e |< 5 
7) ° 


porte 


L N 
<a| G+0C+ sat K | = 


We have finally for case (C’) 


[ead (a ad! s ["e(2)26i( 2) |e 


i Cae Ff piney &: pe L CL 5 
<nf sage le So [ Bee ea Toc Notte 
Hence in all three cases 


(60) (o> nZmj0<a<e). 








f e(w)x8e(a v)dx|<6 


iv 
For a = 0 we have 


[ e(o)291(0, »)de = [" e(x) [0] dv <8 (ua). 


Finally, by taking for g the greater of the two quantities a and m, and by 
combining the results just obtained we have 


fe )28%(2, 2) ae <6 


and our theorem is proved. 

We assumed in Theorem IV, for the sake of simplicity of proof, that q was 
greater than zero. That this assumption really places no restriction upon the 
generality of the theorem is shown by the following corollary : 


(v>4= 93 «=0), 
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CorotLary. Tf, in Theorem IV, a is any constant, and the convergence 
factor $(a, x) satisfies conditions (a), (6), (c), (d), (e), and (f) for 
© =b, where b is any positive constant, and conditions (a) and (d) for 
a =x =D), the theorem holds without change. 


Let 
il Uf (ae) ae each 


We have 


if [rayasda= sf fr eyasdn © [fr 8)aBaa 
=i f [ r@rasdn [ [ra)asaa + 5 [Ada 


=i f [ reasdnt® [ [e(a)—v@ylda 42", 


and consequently 


Satim = [ ["7(8)dBda—tim > [° ["F(8) asda + A 


r= 


or 


tim =f ["f(8) Baa = SoA 


{ s(@)ae 


is summable and has the value (‘S— A). Therefore by Theorem IV the integral 


[ F(@) (a, a) da 


is absolutely convergent for all positive values of a, its value G'( a) is continu- 


Hence the integral 


ous for such values, and 


lim G(a)= S—A. 
Hence ae 


(61) f r@ sea a ) dos +{ T(x) $(a, «)dx ={- s(2)$(a, a) dae 


is absolutely convergent for all positive values of a. 
Let 


[1(@)$ (a, ») de = Ha). 
Then , 
H(0)= | f(#)$(0,2)de= [ f(w)de = A. 
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We have by (61) 


F(a) = [ f(x) $(a, w)de= H(a)+ G(a), 


and since H(a) and G(a) are continuous for all values of «> 0, F(a) is 
continuous for such values. Moreover, since (a) and G'(a) each approach 
a limit when « = + 0, so also does #’(a) and we have for that limit 


lim F(a) = H(0) + lim G(a)=S. 
a=+0 a=+0 


$5. Convergence factors in convergent integrals. 


Theorem IV is applicable to convergent integrals since by Theorem III every 
convergent integral is summable. As in the case of series, however, less re- 
striction can be placed upon the convergence factor, as is shown in the following 
theorem : 

THeoreM V. Jf the function f(x) is finite and integrable in every finite 
interval lying in the interval x = a, where ais any positive constant, and the 
integral 


(62) fs e)ae 


converges to the value A, then the integral 


(68) f[ s(®)$(a, 2) de 


will be absolutely and uniformly convergent for all values of «= 0 and 
therefore will define a continuous function, provided the convergence factor * 
(a, x) satisfies the following conditions for x = a: 


(a) f(a, x) is continuous in (a, x) (a=0), 

(0) fp. (a, x) exists (a=0), 
aN 

(c) |P(%, &)|<ate atte ho th) 


* That the integral (63) converges more rapidly than (62) can be shown by a method precisely 
analogous to that suggested for series in a previous footnote (see page 307) since for a given value 
of a, an m can be determined such that 


|S $= )9( a2) de] <| fP pea an 


326 C. N. MOORE: CONVERGENCE FACTORS [April 


(¢) $,(4, 2) =0* (05200), 
L 
(f) | PAA ot) ee reas (a>0), 


where NV, p,c, and L are positive constants. 
We must first derive from the given conditions the following further condi- 
tion which holds for « = a: 


(9) \d(a,2)|< & (a=0), 


where £ is a positive constant. 

We know from condition (e) + that ¢(a, 2), for a given value of a, either 
decreases or remains constant with increasing x as long as xa does not exceed c. 
We have then 


(64) $(a,4) = $(4,0) = $(a,5) (O<2a<c). 


a 


But by condition (a) we can find a positive constant JM such that 


\P(a,a)|< iM (0<a<e/a), 


c F4\f 
#(75) | <a 


so that if we take as A, the greater of the two quantities J/ and N/c'*? we 
have by (64) 


(65) |p(a,x)|<K, (O<aa<e). 


and from condition (c) 


For wa = c we have from condition (c) 


N 
(66) \$(2,2)|S4,=K, 


> 
: (ta 6). 


For a = 0 we have from condition (d) 


(67) 6(0,2)=1. 


* This is the only condition that is not satisfied by the convergence factor of Theorem IV. 
We may substitute for it the condition 





(e) ¢,(a, 7) =0 (0S2a5c). 


If (e) (or ( e )) holds for all values of 2 and a, (f) is unnecessary. 


t If we substitute (e’) for (e), the inequality signs in (64) are reversed but this does not affect 
the reasoning. 
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Hence if we choose A greater than either of the quantities A, and 1, we have 
from (65), (66), and (67) 
p(a,0)<K (a=20). 


Let 6 be an arbitrarily small positive quantity. Since ¢(a, x) by condition 
(a) is a continuous function of a for all values of a= 0, our theorem will be 
proved if we can show that a positive quantity ¢ exists such that 


| v | 
(68) [Fob (a0) del <8 (v>p2q;a=0). 
lu | 
Determine m > a and such that 
v | Ps 
| nae SS 
(69) || Fe)as| <1 7 (v>p=Zm). 


We first consider values of a>0. Integrating by parts we get 


[roe nl se[nee] [Leo 


= oa») fr(o)de— f"| fs e)ae| 6.(a, w) de. 


Let s = c/a and let » and v be any two quantities such that 


(70) 


mE=pecv. 


Three cases must be considered : 


(A) BOSSY, 
(B) vp=s, 
(C) b= s. 


Beginning with (A) we write 


(71) [| J tena |e nae [4 [= B+ By 


By virtue of (69) and conditions (e) and (g) we have for A, 


(72) R= | freee ]a(are) decaf [— $/ (a,x) ]dx 


=17[6(4,4)—$(4,8)]=n|$(a,4)| + 2/6(0,8)| <2Am 
(o> eEm; 0<a<<). 





Trans. Am. Math. Soc. 22 
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From condition (f) we have for &, 


R= [ | [sere |e: (a, v)|de<n fo ede 


=F =| < yee 


~ par |, ~p(sa) pe? 


(73) 





From (70)-(73) we get 
Lf 2) (a 2) ae) = |8(4, ») [7 @)do| +121 + |B 
2Kp 4} 2Kn ee = 


pe? pe? 
For case (4) we have 


Sf frome lee ode =f")| [reves] b. (a, n)| de 
<n f° [-$(a2)] drm nf 6(25) — (a4 8)] <2 


which combined with (70) gives 


freee ») de 


Finally we have for case (C) 


| [ Feyae |e: (a 2) ae =| | f re)ae |o(a2) Ab 
L 


al L pS: 
<n f | P. (4, v)|de<n J ig Sof xt gp O% <1 hcp? 


which combined with (70) gives 


des 3 Kpe? 
<|$(a, 0) [flw)de| + Ky < 8Ky = 9 OE <8. 




















e)$ (ay 0)de| <]o(a,») ['fe)de| +055 


L L + Kpc? 
<a| aot teh <e. 


A pe? 


Hence in all three cases we have established the inequality (68), g being taken 
equal to m. 

For a = 0 the integral (63) becomes the integral (62), and since the latter is 
convergent, we can choose m, such that 


[reo v)de = fra) < 8 (y>nZm,). 
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To establish the inequality (68) we have now only to take q equal to the 
greater of the two quantities m and m,. 

Theorem V has been proved under the assumption that @ is greater than zero. 
As in the treatment of summable integrals, however, the theorem can easily be 
extended to the case where @ is any constant. We shall show this by proving 
the following corollary : 

Corotiary. Jf, in Theorem V, ais any constant and the convergence factor 
(a, x) satisfies conditions (a), (6), (c), (d), (e), and (f) for « = b, where 
b is any positive constant, and conditions (a) and (d) for a=u=d, the 
theorem holds without change. 

Let 


[ Fo)ax LG 
We have : 
Ae ft e)ae = [feaz i [ t(@)ae 
Lames 
[ s(@)ae= year 
Hece We Thee. 


[ f(@)$(a #)de = (a) 


is absolutely and uniformly convergent for all values of «= 0 and therefore 
defines a continuous function for such values. 


Then 


[reece nde + f f(x) d(a, v)de= f° f(x) o(a, vies 


is absolutely and uniformly convergent for all values of a= 0 and therefore 
defines a continuous function for such values. 

The convergence factor e~** satisfies the conditions of Theorem V. Hence if 
the integral 


if “ef an) da 


is convergent, the integral 
I eta)? F( xe) doe 


converges uniformly in the interval a= 0. If now we set 


ek-«) — m, e*=m 
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we have the theorem : 
If the integral 
if mi f(x) de 


a 


is convergent, then the integral 
{ m= f(x ) da 


converges uniformly in the interval 0 =m =m,. 


This theorem is due to Bonnet (cf. Liouville’s Journal, vol. 14°(1849), 
p. 250). 
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GENERAL THEORY OF APPROXIMATION BY FUNCTIONS 
INVOLVING A GIVEN NUMBER OF ARBITRARY 
PARAMETERS* 


BY 
JOHN WESLEY YOUNG 


Introduction. 


The following is a special case of the problem to be considered in this paper : 
Given a function ¢(a) of the real variable x, continuous on a finite interval 
(a,b); to determine the polynomial p(a) of given degree n, which gives the 
closest approximation to the given function ¢ on the interval (a, 6). This 
problem becomes definite only when the meaning of the phrase ‘ closest approxi- 
mation ”’ has been precisely stated, and the meaning adopted will depend on the 
ultimate object in view. 

TCHEBYCHEV seems to have been the first to consider this problem.+ He 
regarded that polynomial as giving the best approximation, which rendered the 
maximum of | p(«) — }(#)|, as @ varied over (a, 0), as small as possible. A 
different point of view would lead one to seek a polynomial of the given degree 
which rendered as small as possible the expression 


[ (w- oye, 


[ \p—s\ae, 


etc. In all of these cases, and in the more general ones to be referred to pres- 
ently, the problem consists in the determination of a set of parameters a, of a 
function f(@; a, @,---,@,) of the real variable x, such that the maximum 
of | f(a)|, as @ varies over a given interval, shall be as small as possible. 


* Presented to the Society April 28, 1906 (under a different title) and September 4, 1906. 
Received for publication September 4, 1906. 

+ TCHEBYCHEV, Sur les questions de minima qui se rattachent a la représentation approchée des 
fonctions, Bulletin de la Société phys.-math. de l’Académie impériale des 
Sciences de St. Pétersbourg, vol. 16 (1858), 145-149; Mémoires de l’Academie 
impériale de Sciences de St. Pétersbourg, vol. 9 (1859), pp. 201-291. 
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or the expression 
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This problem TcHEBYCHEV himself (loc. cit.) seems to have regarded as the 
general type of problem connected with the approximate representation of func- 
tions, although he seems to have done little with this general problem beyond 
stating it. He confines himself to a detailed discussion of the case where the 
function f takes the form p(x) — (2), or r(x) — d(x), where p(a) is as 
before a polynomial of given degree, and where 7(2) is a rational function of 
which the degrees of the numerator and denominator are prescribed. The 
parameters a, referred to above are then, of course, the coefficients of the various 
powers of w. The fact that the degrees of the polynomials are prescribed, 
i. e. the number of arbitrary parameters, is essential to this type of problem. 

Certain generalizations of the problems treated by TCHEBYCHEV at once 
suggest themselves. On the one hand, the functions p(«) or r(x) might be 
replaced by any function of a given class © of functions g(x; a), a, ---, 4,). 
On the other hand, the form of the function f to be considered might be made 
more general. In the case actually discussed by TcHEBYCHEY, f was simply 
g—¢, where ¢ was a given continuous function. Both generalizations are 
included, if we identify f with a function Ug, where Ug denotes the result of 
operating on g with some functional operation U. If then there exists a set 
of parameters a, which renders the maximum of | Ug|, as & varies over a 
certain given finite interval, as small as possible, we will call the resulting func- 
tion g a function of approximation in the class © with reference to U. 

The fundamental theoretical problems that now present themselves are as 
follows: 1) Given an operation U and a class ©, does a function of approxi- 
mation in © with reference to U/ exist? 2) What are necessary and sufficient 
conditions that a function in © be a function of approximation in © with 
reference to U/? 

TCHEBYCHEV has given answers to these problems (loc. cit.) for the special 
cases already attributed to him, where Ug has the form g — ¢, and where g is 
either a polynomial or a rational fractional function of a specified kind. His 
methods, which lack the degree of rigor required at this day, have recently been 
revised by KIRCHBERGER,* and still more recently BorEL+ has given elegant 
proofs of those theorems of TcHEBYCHEV which relate to polynomials of 
approximation. 

It is the object of the present paper to give a two-fold generalization of 
TCHEBYCHEV’s theorems ; the latter will be found as special cases of our theory 
($5, a). The method followed is largely that of Boren. In §1 we state the 
general problem with the necessary precision and prove the existence of a solu- 
tion under very general conditions. In §§ 2, 3, 4, restricting ourselves to the 





* KIRCHBERGER, Uber Tehebychefsche Anniherungsmethoden, Dissertation, Gottingen, 1902; 
in abstract, Mathematische Annalen, vol. 57 (1903), pp. 509-540. 
t+ BorxEL, Legons sur les fonctions de variables réelles, etc., 1905, pp. 82-88. 
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case in which the parameters enter linearly into the functions g and to the 
ease where we have Ug = g — ¢, we prove again the existence of a solution, 
derive necessary and sufficient conditions which a solution must satisfy, and 
prove that the solution is unique. The results of these sections are summarized 
in Theorems 4 and 5. Theorem 4 will be found to express a characteristic prop- 
erty of a general class of “ functions of approximation,” which seems to have 
been recognized hitherto only for the case of polynomials and rational functions 
of approximation. After considering in § 5 certain special cases of the theory 
developed in the preceding sections, we extend the theory further in §7 to 
include the case in which Ug has the form Vg — ¢, where V is any one-valued, 
distributive operation. This makes possible the application of the theory to the 
approximate representation of functions restricted only to satisfy certain func- 
tional equations of a general form; some of these are referred to in § 8, where we 
obtain as an illustration a theorem concerning the polynomial of approximation 
of given degree for a linear differential equation with constant coefficients. In 
§ 6 we show how the problem may be formulated analytically. 


I. THE PROBLEM IN GENERAL. 
§1. The general existence theorem. 


Let f=f(x) =f(%; a, a,, a, ---, a,) be a function of the real variable x 
and n + 1 parameters ee subject to the following conditions A : 

Al) f(@; a, 4, 4, +++, @,) shall be defined as a one-valued and continuous 
function of its arguments ‘for every « of a finite interval (a, b) and for aw real 
finite values of the parameters a,.* 

A2) For every positive number M there shall exist an VV, such that if the 


relation 
LF (3 45,450, °--, @,)| = 


be satisfied for all values of x on (a, 6), then the parameters a, all satisfy the 


relations 
ja, = (t=0,1,2,---,n). 


Now suppose the parameters a, to be undetermined but fixed. As x varies 
over (a, 6), |/| will attain its maximum value m at least once. This max- 
imum m(a,, @,, @,,°-+, @,) by Al) is a continuous function of the a,. Hence 
as the a, vary over all real finite values, m certainly has a lower bound mu which 
is either positive or zero. Our problem is to ascertain whether there exists a 





* Throughout this paper the word interval will always imply that the endpoints are included. 
This condition A1) could, moreover, for the purposes of this section be stated more generally by 
defining f(a) merely on a set of points Z on (a, )), with the restriction that E be perfect. 
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finite set of parameters a, for which this lower bound is actually attained, i. e., 
such that we have 


M1 (Xq5 Oy Oey 8 5 2) 


If such a set exists, we will call it a minimizing set of parameters for f. 
The problem of determining such a set of parameters would seem to arise in con- 
nection with most, if not all, problems of approximation by means of functions 
with a given number of arbitrary parameters. 

The question concerning the existence of a minimizing set of parameters can 
be answered in the affirmative. For, if we choose any particular set of param- 
eters, say @,, @,, @,,°--, @,, and denote m(a,, a, a, ---, @,) by MU, we 
know that u is at most equal to 17. We can then without loss of generality 
confine ourselves to functions f# such that we have throughout (a, 6) 


i= Ie 


But condition A2) requires, then, that there exist a number V such that all the 
parameters of f satisfy the relations 


(1) la\=NV ({=0, 1, 2,-++, )- 


Hence the parameters may be restricted to the finite closed domain defined by 
the relations (1), and in this domain the function m(a,, @,, a,, ---, @,) attains 


a a. Hence 


its lower bound pw for at least one set of values a,, o,, 4, ---, @, 


we have 

THEOREM 1. There exists at least one minimizing set of parameters for 
any function satisfying conditions A. 

As an immediate corollary of this theorem, we obtain an existence theorem 


13 


for the very general class of approximation problems referred to in the Jntro- 
duction. Suppose there is given a class of functions, g(x; 6,, 6,, 6,,---, 5,), 
with the arbitrary parameters b,, such that a function g is fully determined as 
soon as the values of the parameters 5, are fixed. Then as we have seen, the 
problem of determining, on a finite interval, that function g which will give the 
best approximation to a given function (or to a function satisfying a given func- 
tional equation) leads to the determination of a minimizing set of parameters 
for a function Ug, where Ug denotes the function obtained from g by some 
functional operation U. If then we identify the function Ug with the function 
J jast considered, Theorem 1 gives the desired information concerning the exist- 
ence of a solution. The parameters b, of g will in general be the parameters 
a, of f= Ug. However, it should be noted that in performing the operation 
U some of the parameters 6, may disappear, and new arbitrary parameters may 
be introduced. The parameters 6, which actually appear in Ug we will call the 
effective parameters of g with reference to VU. Obviously in applying the con- 
ditions A to Ug the effective parameters b,, together with whatever new param- 
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eters may have been introduced, play the role of a,s. Any function g, the 
effective parameters of which have the values belonging to a minimizing set for 
Ug, we call a function g of approximation with reference to U. We have, 
then, 

THEOREM 2. There ewists a function g of approximation with reference to 
the operation U, provided f = Ug satisfies conditions A. 


II. FUNCTIONS OF APPROXIMATION FOR GIVEN FUNCTIONS. 
§ 2. Another form of the existence theorem. 


We now assign to the function f of the preceding section a more explicit but 
still very general form. We suppose given a set of n + 1 functions, 


85> $i5 S55 a9 $i 


of the real variable «. The function s, we call the elementary function of 
rank 7. By means of some or all of these functions s, we form a new function, 


S, = 4,8, + 48, +++ + 4,8,, 


which we call an S-function of rank 4, if s, is the elementary function of high- 
est rank occurring in S,. By allowing the parameters a, to assume all real 
finite values we obtain the class of S-functions of rank not higher than ’, which 
we will denote by S,. It is clear that S, is contained in G,, if 7 is less than hk. 

We suppose, further, that there is given a function ¢ of «. The function 
y = S, — ¢ is to play the role of the function f of the preceding section. The 
functions s, and ¢ are subject to the following conditions B: 

B1) The functions s, and ¢ are one-valued and continuous at every point of 
(a, 0). 

42) If one parameter a, is different from zero, the function S,, does not 
vanish at more than / points of (a, b). 

£3) For no set of parameters a, does the function y= S,— ¢ vanish at 
every point of (a, 0). 

Condition 62) requires a word of explanation. It implies that each point x, 
of (a, 6) at which S, vanishes can be enclosed within a finite interval through- 
out which (except at «,) S, is different from zero. There are then two cases to 
consider. If S, changes sign as x passes through «,, we call x, a simple zero of 
aye 
In applying condition 62) every double zero must be counted twice.* 

We restate the discussion in terms of the new symbols as follows. As x 
varies over (a, 6), the function |y| = | S,— |, continuous on (a, 6), attains 
its maximum value m at least once; m= m(da,, @,, @,, +++, @,) 18 a continuous 


if S, does not change sign as x passes through «,, we call «, a double zero. 








* Tf a or b is a zero of S;, it counts as simple. 
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function of the parameters a,. For we may vary the a, by a sufficiently small 
amount to insure that throughout (a, 6), where we have 


(1) Y = 4,8 + 4,8, + 4,8, +--++4,5,— 9, 


y, and hence m, will change by less than e. We seek to determine a function v 
ti 
In ©, 5 


yaa er aH) S$) at &, 8; 3 a, 8» au a aF a, 8,9 


such that m(a,, %,, %,-+--, %,) shall be equal to the lower bound yu of m; in 


13 
other words, we seek a minimizing set of parameters for y. If such a minimiz- 
ing set exists, we call >> a function of approximation in S, for >. 

We have thought it desirable to state these conditions B independently of 
conditions A, in order that the remainder of the discussion might gain in unity. 
It is not difficult to show now, however, that conditions B imply A, and hence 
establish the existence of a solution to our problem. This we shall do by show- 
ing that for all functions (1) satisfying a relation |y| = MW (J being finite 
and greater than ), each of the parameters satisfies a relation 


|@,| = N,, 
where the af are finite numbers. 


We note first that a function 
S, (a) = 2, 4; 8;(%) 
I= 


may be determined and is indeed uniquely determined by its values c, at n + 1 
distinct points & (h=0,1,---,) on (a, 6), i. e., by the equations 


Cre S05) (h=0,1,-:+, 7). 
=0 
For the determinant ; 
|s,(&,) | (Jj, h=0,1, +--+, n), 


does not vanish; otherwise a function S, not identically zero, would exist 
which vanishes at the n +1 points &,, in contradiction to B2). Denoting by 


nr 
ST es 2 4)8,(#) 


that function in SG, which has at the &, the values c{” given by the equations 
c, = 0 (i+ h), 
etal 


we can express any function S, having any values c, at &, by the formula* 


S,(#) = Doe, SO(x) = DE Dieais, (a). 
i=0 i=0 j=0 


* This is a generalization of LAGRANGE’s formula of interpolation. 
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Now any function S) satisfying the relation 


| S,.(@) — $(@) 
| S.(v)| =M+ 2, 


=a 





satisfies the relation 


where is the maximum of |¢(a)| on (a,b). But, by the formula just given, 
every function Scan be written in the form 





8,(2) =D 8 n(&:) S?(@), 

or 
DD a,8,(%) = 2 8,(#) X Dale) aae 
Hence we have : . a 
a= ra S.( Eas 
and so a 
|a,| = (4+ r) 2. | a5) | =) 

provided 

S (x) — o(«)| = M. 


This gives the desired condition. Hence we have the following result : 
THEOREM 38. There exists a function of approximation in ©, for $, pro- 
vided conditions B are satisfied. 


§ 3. A necessary condition for a function of approximation in S,. 


We have just shown (Theorem 3) that there exists at least one function of 
approximation in ©, for ¢ under conditions B. Let this function be >>, and 


as before denote >>. 1.4. Then |y| attains its maximum yp in at least one 
point of (a,b). Let x be any point for which y= yp and x” any point for 
which y= — pm. The sets [x] and [2], consisting of all points a and x” 


respectively, are evidently closed since y is continuous on (@,06). Further, 
we may determine a number 26 such that the oscillation of y in any interval of 
length = 26 will be less than a positive ¢, less than w. The distance of any 
point a from the nearest x” will then be greater than 26. Hence it is possible 
to divide the interval (a, b) into a finite number of adjoining subintervals, 

Ty, Ibe Le Sih 9 Ls 
such that no L, contains points of both the sets [x] and [x], and such that 
one of two consecutive intervals L, will contain points of [x ] and the other 


will contain points of [x]. Moreover, the points ¢, ©, ,---, &_, which 
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divide (a, 6) into the intervals L, must be chosen distinct from any of the 
points x’ or #”, and this evidently is always possible. 

The above discussion will apply to any function in ©, , and it should be noted 
that the number p of intervals Z, is fixed for a given S,. But we can now 
prove the following condition : 

A necessary condition that a given function in ©, be a function of 
approximation in S, for > is that the number of intervals L, exceed n+ 1. 

We shall show that under the hypothesis p = n+ 1 we can so construct a 
function S in ©, that the maximum of |S — ¢| on (a, db) is less than pw. 
Let 

lhe = Co Sorter ei ia teee te ae C,—1 Sy—1 
be a function in ©,_; which vanishes at each of the points ¢, (t= 1, 2, ---, p —1). 
That such a function exists is shown by an argument similar to the one given on 


p. 836, which makes it clear that only the ratios c,:c,:---:¢, , are determined 
by the conditions thus far imposed on 7’_,. We may then write 
Te La 


where 7”, is fully and uniquely determined, but where 7 is any arbitrary 


1 
constant.* 
Now, since 7’, vanishes at p —1 different points on (a, 6) and since by 
2) it vanishes nowhere else, it follows that 7, _,, being continuous, changes 
sign as # passes from one interval L, into the next, and only then. We then 
determine the sign of 7 so that 7’, 
taining a point « and negative within every interval Z, containing a point «”. 
Make every a’ the center of an interval 7 of length 6 and every x” the center 
of an interval J of length 6, and let A’ be the set of points on (a, b) not 
included in any Jor J. Then the upper bound wp’ of | >) — ¢| on & is cer- 
tainly less than ». Now choose |7| so small that |Z, ,|=|||7Z)_,| is less 
than the smaller of the numbers ~ — ¢ and  — wp’ at every point of (a, b). 


is positive within every interval L, con- 


In any interval J we now have 


p—e<y,—b Sh 
and 
0 < VE or << ld coat €, 
since no J contains a point ¢.. Whence throughout any J the relation 
0<r.- Le 
is satisfied, and similarly in any interval J 


O ck pie eas 


*If p—1, simply take 7,_; equal to 7. 
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Finally, at every point of A’ we have 
S—¢lSe and (PT cu—ey 
IX, — 24 — Ol <B- 


Hence the function S,= 2), — Z,_,, which is in ©, under the hypothesis 
p =n-+1, is such that at every point of (a, >) the relation 


|S,— 6] <4 
holds, which is the desired result. 


and therefore 


§ 4. The sufficiency of the condition and the uniqueness of the solution. 


~~ 


Conversely, let 3°, be any function in S, for which the necessary condition 
of § 3 is satisfied. There exist then at least n + 2 points 


©, LX, U3 V+ CU, 
on (a, 6) at which we have 
| en (2%) — P(e) | = # (s=1,2,---,+2), 
Yn (%) — 6(%.) = — [Ln (Fett) — PCM) J (#1, 2, +5 941). 


Now suppose there were another function 


and 


/ y / / 
a, = 48, + 4,8 ts + 4,8, 


in S,, such that on (a, 6) the maximum value of | >>’ — ¢| were less than, or 
even merely equal to, uw. Then the function 


ee 2? ae Pc 


would be alternately positive (or zero) and negative (or zero) at the points ~,. 
But this would require the continuous function >, — 0’ to have on (a, 6) at 
least 2 -+ 1 simple zeros (or their equivalent, if double zeros occur), which by 
£2) is impossible, unless all the parameters of 


Par Don = (% — ,) 8 + (a, —a,)s, —e Pac ap Wed eet 9 


vanish. But this requires >>, and 5°’ to be identical. Hence we reach, in con- 
nection with the result of § 3, the following conclusions : 

THEOREM 4. A necessary and sufficient condition that a function >), in 
S, be a function of upproximation in S, for $ is that the number of inter- 
vals Ls exceed n+1. 
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THEOREM 5. There exists one and only one function of approximation in 
ow 7 p 4 } * 
S, for a function d. 


§ 5. Special cases of the general theory. 


a) The theorems of Tchebychev on approximation by polynomials and 
rational functions. 

If in the preceding theory we place s, = x", that is, if we identify the class 
S, with the class of polynomials of degree not higher than n, we are led at 
once to the results of TCHEBYCHEV already referred to in the Introduction. 
Theorems 4 and 5 then give: 

There exists one and only one polynomial of approximation of degree n 
for any function d on any given finite interval throughout which > is con- 
tinuous ; and a necessary and sufficient condition that a given polynomial of 
degree n be a polynomial of approximation of that degree is that the number 
of intervals L, exceed n+ 1. 

A similar result was proved originally by TcHEByCHEV + for the case of a 
rational function (a), in which the denominator D(a) is fixed and the 
numerator is of prescribed degree n. We need here only to place s, = x'/D(«) 
to obtain his theorem, which is analogous to the one just given. Conditions 
B will be satisfied provided no root of D(x) = 0 lies on (a, 6). 

b) Approximation by finite trigonometric series. 

If we place s, = cos ix, our functions S, assume the form 


C = a, + a, cos x + a, cos 2x + --- + a, cosna. 


n 


Such a function satisfies the condition B2) concerning the number of zeros, pro- 
vided the length of the interval (a, b) does not exceed 77. For every function C, 
can be expressed as a polynomial in cos a of degree not higher thann. If ¢ also 
satisfies 63), Theorems 4 and 5 will apply to the approximate representation of 
a given continuous function by means of functions of the form C’,. Other types 
of trigonometric series having similar properties are as easily obtainable. 

c) Other special types of functions having similar properties might be dis- 
cussed, but it hardly seems worth while to go any further into details. Series 
of Legendre polynomials and series of hyperbolic functions are perhaps the 
simplest that suggest themselves, for which the crucial condition 62) can be 
readily satisfied. The possible application of Theorems 4 and 5 appears to be 
wide, in view of the general character of the available classes S_. 





* Since the above was written, a special case of this theorem, concerning the representation of 
functions by finite trigonometric series, has been announced by M. MAURICE FRECHET, Sur l’ap- 
proximation des fonctions par des suites trigonométriques limitées, Comptes Rendus de 1’ Aca- 
démie des Sciences de Paris, vol. 144, no. 3 (January 21, 1907), p. 124. Cf. also § 5b) 
above. 

T Loc. cit. 
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§6. Analytic formulation of the problem. 


Conditions B are sufficient to give an analytic formulation to the problem of 
determining the function of approximation in © for a given continuous func- 
tion ¢, in case the functions S, and ¢ possess derivatives as to # which 
are one-valued and continuous everywhere except at a finite number of points 
T,5 T 5 ***, T, On (a, 5), with the property that for every 7, there exists an e, 
such that 


d 
lim (@ — 7,)* - ae [S,(7)—$(v)] =0. 


For Theorem 4 implies the existence of n + 2 points 


W1 5 Wo cae wi 3 Unto 
on (a, 6) for which we have 


|, (",) — 6(%,)| =» (i=1, 2, ---,n+2). 


Since at these points S — ¢ is either a maximum or a minimum, we have 
also 


eps s yo when x =@,, 


except possibly when one of the points ~, coincides with a, T,, 7,, +++, T,, or 0. 
If then we place 


g(v) =(e@—a)(%—7,)1(@—7,)2---(a@—7,)*(@— 3b), 


a function of approximation in SG would have to satisfy the following system 
of equations: 


d 
(S,-—¢)—w=0, g(e)z (S,—¢)=0, (2-5 i=1, 2, ++, n+2). 


These 2n + 4 equations contain just 2x + 4 unknowns, namely, the n + 1 
parameters @,, the n + 2 quantities ~,, and the quantity «4. Among the sets of 
parameters satisfying this system must occur the set a, giving the function of 
approximation. 


Ill. FUNCTIONS OF APPROXIMATION FOR FUNCTIONAL EQUATIONS. 


§ 7. Hautension of the theory. 


The results obtained in the previous paragraphs may be extended readily to 
the problem of finding functions of approximation for a certain general class of 
functional equations. If we have given a functional equation U(y)=0 anda 
class of functions g(@; a, @,, +--+, @,), we define a function of approximation 
Jor U(y) =9 in the given class to be a function g which renders the max- 
imum of |U(q)| on (a, 6) as small as possible. 
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Theorems 4 and 5 may be extended to include this type of problem under 
the following conditions : 
We suppose given a set of m + 1 elementary functions, 


tos ts tes ere hit tn) 


and form, in a way precisely analogous to the one previously used (§ 2), the 


various classes T, of functions 7’, of rank not higher than /, 


T,=a,t,+@¢4,4+-:-4+4,1, (Ke 0 al Boone 


We suppose given further a function $(a), and a functional operation V 
which is effective in a single-valued distributive * way on the functions of T_, 
the resulting values V(Z) being themselves functions of one variable. Our 
treatment in §§ 2, 3, 4 applies to the case now under consideration in which, in 


view of the distributive character of V, the function U(q) has the form 
Via a, V(t) + a V(t) ater AAS fe tt 


But this function has the same form as the one already considered in §§ 2, 38, 4, 
if we identify V(¢,) with s,, and V(Z,) with S,. If then we restate conditions 
B with the substitutions just indicated, and call the new conditions C’, we may 
extend Theorems 4 and 5 to the new type of problem. Before doing so, how- 
ever, the following remarks should be made regarding the details of the contem- 
plated extension. 

If any of the V(¢,) (¢=0, 1, ---, m) are zero identically on (a, 6), the cor- 
responding parameters a, are non-effective (cf. §1). Only the effective param- 
eters of a 7, play any essential part in the discussion, and hence in stating 
condition C’2) (corresponding to £2)) the number & must evidently be replaced 
by e, —1, where e, is the number of effective parameters of 7’, with respect to V. 

If in any function 7’, we place equal to zero all the non-effective parameters 
with respect to V, we call the resulting function reduced with respect to VV. A 
reduced function contains just e, terms and all the parameters occurring in it 
are effective. In extending our theory we must be careful to specify that the 
functions 7, with which we operate are to be reduced functions, whenever this 
is necessary ; as, for instance, in the determination of the functions 7’) satisfy- 
ing the relations V( 7"?(&))=1 or 0, according as we have t=j or 1+) 
in the extended existence theorem (cf. p. 386). 





* A functional operation A is said to be distributive, if we have A(a+6)=A(a)+A4(() 
and A (ca) =cA(a), for every constant value c and for every two functions a, § in the realm 
of definition of A. Cf. PINCHERLE, Funktionaloperationen und -gleichungen, Encyklopadie 
der Mathematischen Wissenschaften, vol. 2 A 11 (1906), p. 767. In our case we have 
the notion of an operation which is one-valued and distributive with reference to a class of func- 
tions, nothing being specified concerning its behavior or existence for functions not in the class. 
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The treatment of this more general case, which evidently reduces to the one 
first considered when V is the identical operation (i. e., V( 7) = 7), is 
throughout essentially identical with the treatment already given in detail for 
the simpler case. The conditions C’ may now be stated thus: 

C1) The functions V(¢,) (¢=0, 1, 2, ---, m) and ¢ are one valued and 
continuous at every point of (a, b). 

C’ 2) If one effective parameter a, is different from zero, the function V( 7’,) 
does not vanish at more than e, — 1 points on (a, 5). 

C3) For no set of parameters a, does the function y = V( 7’) — vanish at 
every point of (a, b). 

A function 7, which renders as small as possible the maximum of | V(7,)—¢| 
on (a, 5) we call a function of approximation in T with reference to V and >. 
The extended theorems then are as follows: 

THEOREM 6. A necessary and sufficient condition that a function T. in T,, 
be a function of approximation in ZI, with reference to V and ¢ is that the 
number of intervals M, exceed the number of effective parameters in T,. 

Here the intervals J/ are constructed with reference to the function V( 77) — ¢, 
just as the intervals L, were constructed with reference to the function S, — ¢. 

THeorEM 7. The effective parameters of a function of approximation in & 
with reference to V and ¢$ are uniquely determined ; i. e., there exists one and 
only one reduced function of approximation in © with reference to V and ¢. 


One or two further details concerning the proof of Theorem 6 require men- 


m 


tion. If as in the previous treatment we denote by Cs $5 °7* 5, the points 
which divide (a, ©) into the p intervals JZ , it is necessary to construct a func- 
tion 7, which vanishes at the p — 1 points ¢, and nowhere else on (a, 0) (ef. p. 
338). This is clearly possible, provided there exists anumbere,=p. That such 
a number does exist is readily seen from the fact that the sequence of numbers 
e,(t=0,1,---, m) contains each of the integers from 1 to e,, at least once; 
ty, 41=@ +1 according as a,,, 
an effective parameter. The proof, following exactly the lines previously laid 


for we evidently have e,,, = e, or e is not or is 
down, then leads to the determination of a function 7, satisfying the relation 
|\V(Z7,,)—V(7,)—¢|<wu. But since V is distributive, this implies the rela- 
tion |V( 7 — T,)—$| <u, and 7 — 7, under the hypothesis p =e, is a 
function in T, which serves to establish the necessity of the condition under 
consideration. The latter remark applies also to the proof of the sufficiency of 
the condition. To go through all the details of the proofs of the last theorems 
appears superfluous. 

It is readily seen also that the analytic formulation of the problem given in 


§ 6 may be extended at once to the present case. 
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8. Application of the extended theorems. 


In seeking functional equations to which Theorems 6 and 7 apply, we should 
notice that a particular form of equation is prescribed, viz., V(y) — ¢ = 90, where 
y is the unknown function of « and where V must be distributive. Beyond this 
it is only necessary that conditions C’ be satisfied. The variety of distributive 
operations is very large. As examples of interest we may mention those which 
give rise to linear differential equations with constant or variable coefficients, 
linear difference equations, linear integral equations, ete. 

As a special case, we may consider the following : 


Let 
d’2 a’ 
(1) oqo t gaat ti Fey —$(#) = 0 





be a linear differential equation with constant coefficients c,, (c, + 0), and let 
the class T be the class of polynomials of degree m. It is clear that condi- 
tions C’ will be satisfied, provided ¢(a) is not identical on (a, 6) with any 
polynomial of degree equal to (or lower than) m. We have then, from Theorems 
6 and 7, 

THEOREM 8. There exists one and only one polynomial of approximation of 
degree m for any linear differential equation (1) under the conditions specified, 
and a necessary and sufficient condition that a given polynomial of degree m 
be a polynomial of approximation of this degree is that the number of intervals 
M, exceed m +1. 


PRINCETON UNIVERSITY, 
September, 1906. 





ON DERIVATIVES OVER ASSEMBLAGES * 


BY 
E. R. HEDRICK 


$1. Introduction. 


The notion of upper and lower derivatives was introduced by Du Bots- 
ReEyMonpD and Drini;+ they have been extensively studied by these writers, by 
ScHEEFFER, + Baire,§ LEBESGUE|| and others.{ It is the purpose of this 
paper to study a concept which will be called the derivative with respect to an 
assemblage, and to extend the known results concerning derivatives, ete. 

A proposition which results from this study is that the existence of a con- 
tinuous assemblage derivative insures the existence of the derivative in the usual 
sense (theorem 4, §5); this has been made the center of discussion on account 
of its beauty and applicability. Some further steps are taken, but the evident 
extensions, some of which are immediate, have been reserved for possible future 
presentation. 


§2. Upper, lower, and assemblage derivatives. 


Given a function f(«) defined ** at the points of an interval a=x=b,++ we 
may extend the notions of continuity, oscillation, approach to limits, and so on, 
by considering only those values of x which belong to any given assemblage 7’. 
Consider in particular the ordinary difference quotient 


(a +h)—f(x) 
: 





Q(2,h)= 


* Presented to the Society (New York) April 28, 1906. Received for publication January 23, 
1907. 

t See for example Du Bois-REYMoND, Mathematische Annalen, vol. 16 (1880), p. 115; 
DINI, German translation : Grundlagen fiir eine Theorie der Functionen einer reellen Grosse, etc. 

tActa Mathematica, vol. 5 (1884), pp. 52, 183, 279. 

? BAIRE, These, Sur les fonctions de variables réelles, Annali di Mathematica, ser. 3, vol. 
3 (1899) ; and Legons sur les fonctions discontinues, 1905. 

|| LEBESGUE, Sur l’intégration et la recherche des fonctions primitives, 1904. 

{ For example, PAScH, Mathematische Annalen, vol. 30 (1887). I shall refer also to 
BoREL, Legons sur les fonctions de variables réelles, 1905. 

** In this paper it will be understood that the functions used are single valued at points at 
which they are said to be defined. 

tt The function may be defined, not for all points of an interval, but for points of any 
assemblage which includes £. 


845 
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If # is dense at x, both to right and left,* four numbers will be obtained by 
taking the greatest and least limits of Q@(a#,, 4) as h approaches zero from the 
right hand or from the left hand respectively ; these will be called the upper 
[or lower] right hand [or left hand] derived numbers,+ with respect to # 
and will be denoted by 


Diz) f (%)s Dyin) fF (%q) >» Diz, f (%)s Dye) f (%)- 


For example, if M[a,,d, #, Q(x,, )] denotes the upper limit of Q(x,, 1) 
for values of / in the interval 0 < h = d for which x, + h lies in #, then 


Din) f(%,) = lower limit { U[x,,d, #, Q(x, h)] } 
d=0 


If these four derived numbers are all equal, we shall call their common value 
the derivative with respect to HL, and we shall denote it by Dx) f(x). If # 
contains no points to the left [right] of x, Di,) and D,x) [ Diz) and D,,;) | are 
meaningless, in which case they are to be neglected in the preceding definition. 

We may now state a fundamental theorem : 

THEOREM 1. Jf f(a) is defined and continuous for all points of an inter- 
val (a, —€, &%, +¢€) about x= ~«a,, there exists an assemblage H. dense at x, 
on the right, for which the derivative of f(x) at x, with respect to E', exists 
and has any preassigned value » between D'f(x,) and D, f(x,), the upper 
and lower right-hand derived numbers with respect to the continwum, i. e.: 


Deny f(%) = FAA, BR ee Grad BN A? 9 
Dx F(%) = Hs UN Foy), Se A Oy J | 


The truth of this statement is quite obvious from the continuity of Q(a,, h) 
since @(a,, 4) actually takes on for some h <d any value between its upper 
and its lower limits in the interval 0<h<d. The cases \= D or X= D” 
are included even when D. = + o, ete. 

In any case, if f(a) is merely defined, an assemblage Z, exists for which 
Dx f(e) = D'f(x).— And evidently the theorem holds when D"f(2), ete. 


are taken with respect to any assemblage 1 whatever, instead of with respect to 


[or also 


the continuum. 
If the derivative of f(«) exists at a point « = a, with respect to each of a 
jinite number of assemblages #,, /,, ---, 4, and has the same value for each 





* See DINI, loc. cit., p. 244; BoREL, loc. cit., p. 28; LEBESGUE, loc. cit., p. 67, etc. These 
definitions are usually given only for the case in which Z£ is the continuum. 

Tt We shall allow the ideal values oo for D”, etc., except when specifically excluded. In 
most instances the word limit, without special mention of such possibilities as D” —=— oo, will 
be used to avoid long circumlocutions. 

t But not necessarily any value between Df (x0) and Dr f(xo). 
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of them, the derivative of f(a) exists for the total assemblage =’ formed by 
combining the given assemblages and has the same value; but this is not always 
true if the number of given assemblages is infinite. In fact, given a continuous 
function f(«), all the values of « in an interval about x=, can always be 
arranged into a sequence of assemblages 1, /,,---, #,, --- for each of which 
the derivative of /(«) exists and has the same value, which may be chosen at 
random as any number between D’f(x,) and D, f(x,) [or D’ and D,]. * 

On the other hand, a necessary and sufficient condition that the derivative of 
a function f(x) defined in any interval exist with respect to the total assem- 
blage =/ at a point «=~,, is that the derivative of f(a) exist at x= a, 
and have the same value with respect to each of the component assemblages // 
(finite or infinite in number) and that the corresponding oscillation o»(%,, @) 
approach its limit zero uniformly, i. €., |@n)(%,a)|<¢€ whenever |d| <6 
where 6 is independent of the assemblage / under consideration. Or again a 
necessary and sufficient condition that f(a) have a derivative at «=, with 
respect to any assemblage #7 is that the derivative of f(a) should exist and 
have the same value for every possible sequence in H. 


§ 38. The law of the mean. 


Various generalizations of the law of the mean have been stated in terms of 
the four fundamental derived numbers.+ All of these are special cases or cor- 
ollaries of the following somewhat more general statement: 

THEOREM 2. Let f(x) be defined on an assemblage H. If f(x) is at a 
maximum with respect to H at a point x« =x, of H, i. e., if f(x) = f(x) for 
all x in H, then 


Diz) f(%) = Dye f(%) = 9 = Dey f(%) = Dry f(%) 


where E is any subassemblage of H for which x, is a limiting point. 

The proof is immediate since M[a,,d, H, Q(x, h)], for example, is not 
positive for sufficiently small positive values of d; hence the lower limit of JZ, 
that is D7, f(#,), 1s not positive. 

This theorem, combined with theorem 1 and with the well-known theorem 
that any continwows function actually assumes its maximum on any closed 


assemblage, leads to many corollaries. Of these corollaries I shall mention only 
the following : 





* These and the following statements immediately result from theorems on limits for assem- 
blages in general ; see for example my paper: On a Function, etc., Annals of Mathematics, 
2d series, vol. 7 (1906), p. 177. 

+See for example LEBESGUE, loc. cit., p. 70, etc., where a rather complete summary of the 
usual theorems is given; and BOREL, loc, cit., p. 28. 


Trans. Am. Math. Soc. 24 
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Corotiary A. Jf f(x) is defined in an interval* a =a = b and if there 
exists at each pointa =x <b an assemblage BR, having points near x to the 
right and, such that Dx» f(x) exists and is positive, then f(x) is at a max-, 
imum, if at all, at b. 

It is understood that #, may be chosen differently at each point x. If f(x) 
is at a maximum atw=hk,a =k <b, then De f(x) = 9 by theorem 2. 

CoroLuary B. (folle’s theorem.) If f(x) is defined in the interval + 
a=x=b and of f(x) is at a maximum or at a minimum atx=x,, 


(a<a, < 6), then 
L202] 


where L and 1 are respectively the upper and lower limits of Da f(x) [or 
of Daf ()] in the interval a=x=b, where h,[ L,] is a random 
assemblage at the right [left] of x, for every « for which aS=u<b 
fae =b]. 

For if, for example, Dp) f(x) > 9 (i. e., if J > 0), f(w) is at a maximum at 
oe = 6b, by corollary A. 

A consideration of the usual function 


$(x)= f(x) —f(a) — Cet, 


Fhe) ae) 
b—a 
leads to an important corresponding generalization of the Law of the Mean, of 

which a special case is well known: tf 
CoroLLaRy C. (Law of the Mean.) If f(a) is defined and continuous 
in the interval a = x = b, then 


un Diets 





where I and 1 are the upper and lower limits, respectively, of the values of 
Dn, f (x) in the interval, where fh, is an assemblage chosen at random as 
above, and differently for each value of x. 

It is now clear that the upper and lower limits of any fixed set of right- 
hand assemblage derivatives D.,) f(a) in any interval are the same as those for 
any other such set, or for any left-hand set; in particular they are the same 


* Instead of interval we may read perfect assemblage, in which case the maximum lies at a right- 
hand boundary point. 

t Or in a perfect assemblage, if x) is an interior point. 

{See LEBESGUE, loc. cit., p. 70. The theorem as stated usually applies only to the four funda 
mental members. The theorem here stated seems not much more general until it is noticed that 
R, may be chosen and then held fixed, independently at each x. It should be noticed that these 
theorems really apply to cases in which D:r,) f(x) does not exist ; if it does not we can choose 
a new Rx, say R.; so that D(r{) f(z) exists and has any desired value between Dez, and D,:z,). 
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as the upper and lower limits of any one of the four fundamental numbers 
in the same interval.* For a subinterval (a,, 5,) surely exists for which 
[.£(o,) —7(4,)]/[4,—,] is as near LZ (or /) for any preassigned set of 
Dn f(x) as we please. It follows that the upper and lower limits of any fixed 
set of Dn) f(«) as the interval (a, >) enclosing «, is diminished toward zero in 
any manner, that is the maximum and minimum of any fixed set of D.,) f(a) at 
any point « = @,, are always the same; hence the oscillation of any fixed set 
of Dr f(x) is the same as that of any other fixed set.t 


§ 4. Determination of a function by given assemblage derivatives. 


A well known method ¢ may now be used to prove the following proposition : 
THEOREM 8. Jf Dp f(%)=9 for some right-hand assemblage R, at 
each point x of an interval a = & = b in which f(x) is defined and continuous, 
J (@) is @ constant. 
For let 
d(x)= f(x) +A(a— a), (4>0), 


W (2) =f(%) —A(a— a); 


then Dx o(%)=A> 0 and De W(x) =—2A<0 for a=x <b; hence ¢(x) 
is at a maximum at « = } and (2) is at a minimum at « = 0; that is, 


(6) = $(x) = f(x) = v(x) = (0d) (aSx<b), 
S(O) +r>(6—-a)E f(x) =f(b)—A(b—a@)  (asz<b). 


It follows that f(«) differs from f(6) by at most the arbitrarily small quantity 
A(b—a). 
Since 


or 


Doe Ai(@) +F2(2)] = Dan fi (©) + Dani (®) 


if Diz) f,(@) and Dx) f,(@) both exist, we may conclude that if f(a) and 
J,(#) are each continuous in an interval a=x= and if Day f(®)=Dar fi (@) 
where (#,) is the same for f,(«) and f,(x), but is possibly different for any 
two values of «, then f,() =f,(~) + const. In case the ordinary derivative of 
one of the functions, say f,(«), exists, we shall have Dz, f,(@) = df, (x) /dx 
for any #2, whatever; hence in this case it is sufficient to know that 


Deny F(x) = Uf,(x)/dx, where #, is wholly unrestricted. 


* Compare DINI, loc. cit., p. 264, etc. ; LEBESGUE, loc. cit., p. 71. The usual statements 
hold only for the four fundamental numbers. 

+ The obvious consequences of this remark will not be dwelt upon here. It may be remarked 
that theorem 4 results at once from this ; but the total argument necessary is more complex than 
that which follows. Again the upper and lower integrals of any fixed set of Dir, f(x) are 
evidently equal to those for any other set, in particular for any of the four fundamental numbers 
and these various functions are integrable whenever any one set of Dyr,) f(x) is so. 

{See DInt1, loc. cit., p. 113. 
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These statements may be somewhat generalized by using a slightly different 
proof, following that of SCHEEFFER or that of LEBESGUE, who have stated sim- 
ilar theorems with respect to the four fundamental numbers.* These methods 
lead to the result: if f(a) is defined and continuous in an interval a =a =b 
and if Din» f(x) = 9 for some assemblage Rk, which has points near x to the 
right, for all x in the interval except at the points of a countable} assemblage 
E,, then f(a) is a constant; or again, H need only be of measure zero if we 
also know that the two right-hand fundamental numbers are not both + c or 
both — oo at points of #.t The proofs, being similar to those given by 
ScCHEEFFER and LEBESGUE (I. c.) are here omitted. It should be noticed that a 
continuous function is determined by a knowledge of D.p)f(%) for all except 
the points of H. A large part of LeBpescuer’s work may be slightly generalized 
—§in some cases the generalization being an essential one—by means of these 
remarks. One such case will be treated in the next section (p. 352). 


§ 5. Continuous assemblage derivatives. 


From what precedes we may easily deduce the result : 

THeorEM 4. Jf f(x) is defined and continuous in an interval a=a <b, 
and if some right-hand assemblage f, ewists at every point «x such that 
Dn, f(©) = b(x@) exists and is continuous, then the ordinary derivative 
df(a)/dx of f(x) exists and is equal to d(x); that is, the existence of a con- 
tinuous right-hand assemblage derivative insures the existence and continuity 
of the ordinary derivative. § 

For, if Dz» f(@) = 6(#) exists and is continuous, then the integral 


xe 
H(0) = [ o(x)de, 
a 
exists, is continuous, and has a derivative in the ordinary sense which is 


dy(w) 











~~ dx ==a<h( 2) (a<a<bd), 
(2) _ - 
dx orbs aes! 


where (7) indicates the right-hand derivative in the ordinary sense. Hence 
f(«) and (2) are two continuous functions for which 


* SCHEEFFER, loc. cit., p. 282; DINI, loc. cit., p. 274. Both methods are given by LEBESGUE, 
loc. cit., pp. 76-78. No essential change in method is necessary. 

+ What is really proved is that the assemblage E may be any assemblage whose power is less 
than that of the continuum. 

{ This is slightly more general than to say that not both are infinite. 

2 For the similar result for the four fundamental numbers, see, e. g., DINI, loc. cit., p. 267. 
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dip (x 
Dip yf (e) = Dip (e) = aa ) Ciao < 6). 
It follows that 


J(«@) = (x) + const. (asx<b), 


and hence /(#) has an ordinary derivative. 

Several corollaries suggest themselves. One restatement deserving mention 
is the following: If a continuous curve 7 = oe) can be drawn which passes 
between 7 n= Pin?) ands ==) I (®), 1. e@., ¥, = y¥ = Yp, at every point of an 
interval @ = a= 6 in which f(x) is continuous, then f(#) has an ordinary 
derivative equal to ¢(2) in that interval. For theorem 1 shows that this state- 
ment is equivalent to theorem 4. 

As mentioned in the footnote, p. 349, this theorem also results from the fact 
that the oscillation of any set of D.p)f(«) is the same at each point as the 
oscillation of any of the four fundamental numbers. Indeed the continuity of 
any set of Dp f(x) = $(2) at a single point x =a, insures the existence of 
the ordinary derivative at that point, for the oscillation of Dp f(a) atv =x, 
and therefore the oscillation of the function @(«,,/) is zero at the point h = 0 .* 

Resuming the argument of $3 we may write 


a (PJ aS) = 
L= BEG l 


where Z and / are the upper and lower limits of Diz) /f(#) for a continuous 





(azsa< 20), 


function f(«) in the intervala =x =b. Therefore 
Pee) |= > 7 8)—f(a) |= =ziC8—a)b] 


where the sums indicated are extended over any finite set of subintervals in the 
interval a =x=b. Passing to the limit we have 


[Duo flw)de = fe) —f(a)= [Day f(w)de (aS+=0), 


whenever the upper and lower integrals q° and exist, which is surely true, 
for example, if D.p,f(«) is limited, i. e., if f(a) is continuous and not both 
D' f(x) and D, f(#) are + 0 or — 2% at any point. If now 


[ Danfa)de— f Dp J (") ae, 


i. e., if Dir» f(«@) is integrable in the RreEMANN-Caucny sense, in which case 
any assemblage derivative is also integrable and has the same integral, the pre- 





* However the derivative may still be discontinuous at = x or even not defined near x = xy 
in this case. 
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ceding inequalities become equations; hence we may say that if f(a”) is con- 
tinuous in an interval a=u=b and if a right-hand assemblage RL, exists 


(a=a<b) for which Dx f(x) exists and is integrable, then 


[ Day fo)de=f(@) — f(a) (arb); 


that is, the indefinite integrals of Dp» f(x) coincide with its primitive func- 
tions.* 

In order that f Dx» f(v) dx exist, D.,) f(x) must be continuous except at 
an assemblage of points of measure zero. Since the ordinary derivative of /(« ) 
exists at every point where D,,) f() is continuous, it follows that if D.x f(«) 
is integrable, f(x) has a derivative except at points of an assemblage EF’ of 
measure zero, and 








2 a 1 fon 
if Dip, SF (#) de = TS) ay — f(a) + const. (S25), 


wv 


it being understood that the second integral is taken neglecting the points of 
H. It is easily seen that this is the actual state of affairs whenever D.,, f(x) 
exists and is continuous except at points of an assemblage / whose power is less 
than that of the continuum; or also whenever D.,) f(x) is limited everywhere 
and is continuous except at points of an assemblage / of measure zero. 

Finally let us consider a fived assemblage F at each point a of an interval 
a=x=b in which f(2) is continuous. For example, let & be a fixed sequence, 
i. e., let be the sequence 


e+t+h,, x+t+h,, «+h, --, eth, eee (A>), 


where the sequence (h,, h,, h,,---,,, +--+) 1s the same for every value of x. 
Then the sequence of continuous functions 


Q( a5 Iy)s Q(t he)s 21 Q(t hy)s 


has as its limit D,») f(#) whenever D,») f(#) exists; and the upper and lower 
limits of Q(a, h,) are in any case equal to the upper and lower limits of 
D" f(x) or of any other assemblage derivative, in any interval. Suppose that 
Dx) f(@) exists for the fixed assemblage & ; then by a theorem due to BAIRE + 
Dn) f(#@), since it is the limit of a sequence of continuous functions, is point- 
wise discontinuous on every perfect assemblage. But if D.», f(@) is con- 
tinuous, the derivative of f(2) exists in the ordinary sense. 





* This generalizes a result given by LEBESGUE, loc. cit., p. 81. See also DUBoIS-REYMOND, 
loo. cit., p. 115 ; PAsoH, loc. cit., p. 153. : 

+See BAIRE, These, loc. cit., p. 62 or also Lecons sur les fonctions discontinues, p. 98. A simpler 
proof is that given by LEBESGUE; see BOREL, Lecons, note II, p. 149. 

{That is, the function is continuous at least once in every interval. 
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TueEorEM 5. Jf there ewists any fixed sequence EF (or other assemblage) for 
which Dp) f(x) ewists, then that derivative is pointwise discontinuous and 
moreover the derivative of f(x) exists in the ordinary sense at all points of an 
assemblage of the second category. * 

For Barre has pointed out that a function which is pointwise discontinuous 
is continuous at points of an assemblage of the second category. | 

It is not difficult to see that if the above sequence Q(x, h,) converges to a 
continuous limit, the convergence is uniform, and the converse is obviously true.+ 
In case it does, the ordinary derivative of f(a) exists, is continuous, and has the 
same value as D.p) f(x). This convergence is closely allied to what D1n1 called 
simple uniform convergence t in the case of any sequence of continuous func- 
tions; but the result in this case is much more far-reaching on account of the 
special nature of sequences which arise from the process of attempted differen- 
tiation. For whereas the simple uniform convergence of Dnt is sufficient but 
not necessary for the continuity of the sum of any given sequence, and whereas 
moreover it is necessary to assume that the given sequence converges, we may 
announce the result : 

THEOREM 6. <A necessary and sufficient condition that the quotient Q(x, h) 
approach a limit and that that limit be continuous in an interval a = w Sb is 
that Q(x, h) should be simply uniformly convergent § in that interval ; i. e., 
that there should exist a fixed sequence (h,,h,,---,h,,---) for which Q(x, h,) 
converges uniformly. 

In the preceding statements it is evident that the numbers h, need not be 
constant; if they merely are continuous functions of x all the statements made 


still hold. 


CoLuMBIA, Mo., 
January, 1907. 





* An assemblage is of the first category if each point of it belongs to at least one of a cowntable 
set of non-dense assemblages. Otherwise it is of the second category. BAIRE, T’hése, p. 65 ; 
Legons, p. 87. 

¢ See my paper in the Annals of Mathematics, 2d series, vol. 7 (1906). 

{See D1nI, loc. cit., p. 147. The statement is equally applicable of course to the convergence 
of any function F(z, h) as h approaches zero. Forif F(x, h) approaches a limit ¢(~) ash 
approaches zero and if a sequence of values of / can be found for which F(x, h;) converges uni- 
formly, then ¢(2) is evidently continuous. I shall say that F(2,h) has simple uniform con- 
vergence if A; exist for which F(2, Ai) converges uniformly. 

2 This does not here postulate that Q(x, h) itself approaches any limit whatever. 





GEOMETRIE PROIETTIVE DI CONGRUENZA E GEOMETRIE 
PROIETTIVE FINITE* 


DI 
BEPPO LEVI 


In una nota} presentata a questa Societa il 22 Aprile 1905 e pubblicata 
nelle Transactions nell’ Aprile 1906 i sigg. VEBLEN e Bussey hanno por- 
tata la loro attenzione sopra la possibilita di costruire uno spazio contenente 
un numero finito di punti ed in cui valga una geometria proiettiva per la quale 
siano conservate le principali proprieta dell’ordinaria geometria proiettiva 
lineare.{ ssi hanno pure analizzato qualcuno dei caratteri speciali a tali spazi 
e ne han data una rappresentazione analitica generale, raccogliendo infine, in un 
ultimo paragrafo, una bibliografia abbastanza vasta di lavori che pit. o meno 
hanno attinenza all’argomento trattato. 

Pare di qui che agli autori sia sfuggito un cenno assai rapido, ma sufficiente- 
mente esplicito, che sopra queste geometrie e sopra altre assai pit. generali io 
diedi fin dal 1904 in una Memoria sopra i “ Hondamenti della metrica proiet- 
tiva” §; ond’io chiedo alla Societa il permesso di ricordare qui brevemente i 
punti della mia memoria che si riferiscono alla questione, aggiungendo ancora 
alcuni sviluppi che non mi paiono privi d’interesse. 

La definizione analitica delle geometrie trattate giustifichera pienamente il 
nome generico che io ho qui attribuito loro di geometrie proiettive di congruenza. 





* Presented to the Society October 27, 1906. Received for publication October 21, 1906. 

} Finite projective geometries. 

t Cfr. particolarmente, loc. cit., 24, pp. 245-247. 

@Memorie della R. Accademia delle Scienze di Torino, ser. 2, vol. 54 (1904) ; 
y. il no. 21, La geometria protettiva, pp. 42-44. 

Solo dopo che anche il presente articolo era gia stato scritto ebbi esatta conoscenza della Nota 
dello HESSENBERG: ‘‘ Ueber die projektive Geometrie,’’ Sitzungberichte der Berliner 
mathematischen Gesellschaft (28 Gennaio 1903), la quale é pur ricordata dai sigg. VEB- 
LEN e BussEy (loc. cit., §9, p. 258). Mi @ debito percid di riconoscere allo HESSENBERG larga 
parte della priorita qui reclamata, poiché in quella Nota egli afferma con precisione 1’indepen- 
denza della geometria projettiva lineare dalla nozione di ordine, e la dimostra per l’appunto 
colla costruzione di geometrie projettive finite dei tipi che—seguendo i sigg. VEBLEN e BUSSEY 
—si chiamerebbero (come sara tosto ricordato) PG'(2, p)e PG(2, p?). Eglirileva pure (come, 
independentemente, 6 avvenuto a me) che in geometrie projettive in cui manchi la nozione 
d’ordine, divengono possibili configurazioni che sono impossibili nell’ordinario spazio projettivo : 
—cosi la configurazione d’un quadrangolo completo coi tre punti diagonali allineati, nella 
G (2, 2) ed anche in piani contenenti infiniti punti (Cfr. il testo, n. II). 

Le osservazioni dello HESSENBERG non invadono pero per nulla il campo delle ulteriori con- 
siderazioni che sono oggetto del presente scritto. 
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I. Nella citata Memoria, dopo aver stabiliti, in base ai postulati ammessi, i 
teoremi di Desargues e di Pascal, onde risultd possibile, seguendo il sig. Hil- 
bert, di riferire lo spazio geometrico ad un sistema di coordinate proiettive, io 
osservava : * 

‘Mi piace di rilevare come il concetto di ordine degli elementi di una forma 
di prima specie non abbia avuto fin qui alcuna parte nella istituzione della nostra 
geometria e non abbia pit alcuna ragione di averne in seguito, in tutto lo 
sviluppo della geometria proiettiva. . . . E essenziale notare che, per questa 
costruzione della geometria proiettiva, non é necessario che,” nella corrispondenza 
che la rappresentazione per coordinate stabilisce fra i punti degli assi coordinati 
dello spazio geometrico ed i numeri del campo numerico, “a espressioni aritme- 
ticamente irreduttibili fra loro di questo campo numerico corrispondano punti + 
diversi dagli assi . . .; bensi € necessario soltanto che a punti diversi corri- 
spondano numeri o espressioni fra loro aritmeticamente irreduttibili. . . .” 

Mediante note operazioni geometriche le quali, sugli assi di uno spazio proiet- 
tivo, permettono di costruire il punto la cui coordinata relativa all’asse con- 
siderato e la somma, la differenza, il prodotto od il quoto delle coordinate rela- 
tive a due altri punti assegnati { si possono cioe “costruire tutti 1 punti degli 
assi corrispondenti agli elementi del campo di razionalitaé che ha per base un 
sistema di segni aritmetici (numeri) § corrispondenti a quanti si vogliano punti 
fissati arbitrariamente sugli assi. Ora si puo supporre che due elementi di 
questo campo, fra loro aritmeticamente irreduttibili, rappresentino.tali succes- 
sioni di operazioni geometriche che conducano allo stesso punto finale. La dif- 
ferenza di questi due elementi aritmetici rappresentera allora il punto 0” (ori- 
gine delle coordinate). ‘“L’insieme di tutti gli elementi rappresentanti questo 
punto 0 costituisce evidentemente un modulo con coefficienti appartenenti al 
campo di razionalité sopra nominato ; e rappresentano uno stesso punto tutte e 
sole le espressioni di questo campo di razionalité congrue fra loro rispetto a tal 
modulo. Il prodotto di due punti p, g non sara mai lo 0 se non é 0 almeno uno 
di essi.” Il modulo nominato sara cioe primo. 

In tutto quanto segue chiamerod questo modulo i/ modulo fondamentale della 
geometria. 


II. I sigg. VEBLEN e BussEy si occupano precisamente di questi spazi in 
cui le coordinate omogenee dei punti sono gli elementi di un campo di Galois 
G'(p”); sono cioe i sistemi di polinomi in una variabile x a coefficienti appar- 





*L.c., p. 42-43. 

+Nel testo citato in luogo di punti eassi si parla di raggi e piani coordinati; cid perché quelle 
frasi si riferiscono ad una geometria nella stella. 

tCf. HinBertT, Grundiagen der Geometric, 37 24-26, ovvero la mia Memoria, no. 17. 

@ Forse l’uso che io ho fatto di questa parola ‘‘ numeri’’ pud aver diminuito la veduta della 
generalita del concetto nella mente del lettore. 
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tenenti al campo di integrita naturale,* congruenti rispetto al modulo che ha per 
elementi fondamentali un numero primo p e un polinomio dato in x di grado n, 
a coefficienti interi (che si possono sempre supporre < p) irreduttibile rispetto al 
modulo ». Anche per essi i polinomi che costituiscono il modulo rappresentano 
il punto 0. La geometria di un tale spazio di & dimensioni chiamano una 
PG Cle, %p*) 

Si vede come il mio punto di vista comprenda quello dei sigg. VEBLEN e BUSSEY 
come caso particolare, ma sia assai piu generale del loro. E scegliendo conve- 
nientemente il modulo fondamentale si puo costruire uno spazio proiettivo che, 
conservando tutte le proprieta lineari che provengono dai soli postulati di 
appartenenza (Verkniipfung), goda ancora di proprieta ben differenti dallo 
spazio ordinario (in particolare vi manchi la nozione di ordine) pur possedendo 
infiniti punti. Perod nemmeno é sfuggito a me il caso particolare notevole pre- 
sentato dallo spazio con un numero finito di punti:} 

“In particolare, se il campo di razionalita considerato e il campo naturale 
generato dal solo elemento 1, mediante le operazioni di addizione, sottrazione, 
moltiplicazione e divisione, gli elementi rappresentanti lo 0 saranno tutti quelli 
della forma (i/k)n, dove n @ un numero primo e & non é divisibile per .” 
Sopra ciascun asse, ciascun punto sara rappresentato dall’insieme dei numeri 
razionali che differiscono fra loro per numeri della forma (h/k)n, ovvero—e 
cio avverra per un solo punto (il punto all’ oo) su ciascun asse —dallinsieme di 
tutte le frazioni irreduttibili il cui denominatore @ multiplo di 7». 

Data una frazione irreduttibile p/q il cui denominatore non sia multiplo di 
2, Sl possono sempre trovare due numeri interi positivi /,/, tali che g/ —nh=p 
e quindi, p/gy=1—(h/q)n. Secondo la definizione sopra esposta, Vintero / 
rappresentera lo stesso punto che la frazione p/qg. rai simboli numerici rap- 
presentanti un punto determinato, diverso dal punto all’ oo, di un asse coordi- 
nato, esistono dunque sempre dei numeri interi; e poiche rappresenteranno 
ancora lo stesso punto i numeri / e / + An, ove A &@ un numero intero qualunque, 
positivo o negativo, potranno sempre questi numeri supporsi 20e <n. Ne 
risulta che la retta possiede nella nostra geometria un numero finito (n +1) di 
punti. E il caso che i sigg. VEBLEN e Bussry rappresentano con PG (k, 2). 
“Se in particolare si fa n = 2, si otterrd uno spazio proiettivo. . .” in cui 
i] quarto armonico dopo tre elementi dati coincide con uno di questi tre.§ 





*Il fatto che, alla mia considerazione di un campo di razionalita, si sostituisce qui quella di 
un campo d’integrita dipende da cid che i sigg. VEBLEN e Bussey si riferiscono ad una rappre- 
sentazione per coordinate omogenee, oppostamente a quanto avviene nella mia Memoria. 

{ Spetta perd ai sigg. VEBLEN e Bussey il merito di essersi posto il problema di definire 
tutti gli spazi proiettivi finiti e di averlo risolto caratterizandoli nei PG(k, p”) sopra ricordati. 

{V. la mia Memoria citata, p. 43. Nelle linee seguenti della stessa p. 43 si ritrovano le 
stesse considerazioni che qui seguono, in una esposizione che qui parrebbe meno opportuna al 
Vintelligenza. 

§ Cfr. la Nota dei sigg. VEBLEN e Bussey, 23. 
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L’esempio offerto dal sig. FANo per dimostrare l’indipendenza della proposizione : 
il quarto armonico dopo tre elementi dati & distinto da ciascuno di essi, dai 
postulati di appartenenza e una realizzazione geometrica di questa costruzione 
analitica’’; onde questo mostra che, in mancanza di quel postulato “ molte pro- 
posizioni non diverrebbero erronee, ma illusorie.” * E la costruzione analitica 
esposta mostra che tal singolarité non @ per nulla legata al nwmero dei punti 
ammessi alla retta; essa pud presentarsi anche in uno spazio d’infiniti punti.t 


III. Le geometrie proiettive di congruenza, mentre permettono di scoprire 
fatti nuovi, conciliabili colle ipotesi fondamentali della geometria proiettiva, 
danno pur modo di interpretare in un campo reale, anche costituito d’un numero 
finito di punti, fatti che negli spazi proiettivi ordinarii possono verificarsi solo 
nel campo complesso. 

Come le considerazioni che seguono mostreranno con maggior precisione, 
questo @, in larga misura, un riflesso naturale della teoria dei numeri algebrici 
del KRONECKER, per la quale ogni numero algebrico (reale 0 complesso) viene ad 
identificarsi con una congruenza fra elementi razionali. 

Un notevole esempio si e presentato nella mia Memoria nella considerazione 
di una geometria piana del tipo ultimamente descritto con n = 3: + il piano pro- 
iettivo @ allora costituito di 13 puntie si compone di 18 configurazioni di 9 
punti identiche alla configurazione dei flessi di una cubica, la qual configura- 
zione, come si sa, & impossibile in un ordinario piano reale. 

Sopra un fatto dello stesso ordine hanno portato la loro attenzione i sigg. 
VEBLEN e Bussry: si sa che, sulla retta complessa, cade in difetto la proposi- 
zione fondamentale di v. SraupT che una corrispondenza armonica in cui tre 
punti coincidano coi loro omologhi @ necessariamente Videntita; fu questo il 
punto di partenza per interessanti ricerche del Prof. SrGRE sopra quelle cor- 
rispondenze armoniche che egli chiamo antiproiettivita e che risultan dal pro- 
dotto di trasformazioni proiettive e di una trasformazione per coniugio.§ Ora 
un fatto analogo si riproduce nelle geometrie finite dei sigg. VEBLEN e Bussey. 
Essi osservano infatti || che i punti d’una retta di una loro geometria si riuni- 
scono in catene (analoghe alle catene di v. SraupT), i punti di ciascuna delle 
quali si deducono razionalmente da tre punti assegnati qualsiansi della catena 
medesima: seguendo i nominati autori, se pit catene esistono su una stessa 





*Cfr. la mia Memoria pag. 43-44. 

7 Cfr. la nota (3) a pié della pag. 43 nella I/emoria citata. 

tL. c. no. 31—Un piano metrico di 9 punti e un piano protettivo di 13—pp. 53-56: questo 
esempio presenta una particolare importanza nella dimostrazione della compatibilita e delle 
dipendenze dei postulati della metrica e di quelli della geometria proiettiva. 

§ SEGRE, Un nuovo campo di ricerche geometriche, Atti della R. Accademia di Torino, 
1890. 

|| L. c., §5, pp. 249, 250. 
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retta, queste si aggruppano in sistemi pit vasti (2-catene) contenenti ciascuna 
tutte e sole le catene, combinazioni lineari di due catene del sistema (e queste 
due catene hanno, in generale, due punti comuni—distinti o coincidenti); se 
i punti della retta non appartengono tutti alla stessa 2-catena, esistono ancora 
sulla retta sistemi lineari pit vasti di catene (8-catene) e cosi via: tutti i punti 
di una retta di una PG'(k, p”) costituiscono in tal modo una n-catena. Orai 
sige. VEBLEN e Bussey mostrano che al teorema di v. STAUDT si puo sosti- 
tuire quest’altro: Una corrispondenza armonica sopra una retta di una 
PG(k, p") non pud avere piu din +1 punti fissi non appartenenti alla stessa 
(n —1)-catena senza ridursi allidentita.* 

Questa proposizione stabilisce pero per il numero dei punti fissi un limite molto 
superiore al reale. Jo mi propongo di dimostrare, nelle pagine seguenti, che 
essa puo esser sostituita con un’altra assai pit precisa. 

Mi permettero anzi di svolgere al riguardo alcune considerazioni generali, da 
cui si vedra come si apra qui un largo campo di ricerche algebrico-geometriche. 


IV. Sia m una retta di un qualsiasi spazio proiettivo: assegnati arbitraria- 
mente sopra la retta tre punti a, b, c, si puo sempre—al pit mediante una sosti- 
tuzione lineare i cui coefficienti siano espressioni razionali nelle coordinate dei 
tre punti a, b, c—assumere la retta m come asse coordinato e fare in modo che 
le ascisse dei tre punti a, b,c, siano rispettivamente 0,1, 1(= o).7 Seallora 
€ @ lascissa di un punto mobile della retta, ¢(&) l’ascissa del punto corrispon- 
dente per una determinata trasformazione armonicat che tenga fissi i punti 
a,b,c, noto§ che la ¢(&) deve essere una funzione di & che soddisfi alle 
equazioni funzionali 


1) o(&€+7) = $(&)+ (7), 


PS) eles 


Reciprocamente ogni funzione ¢ soddisfacente alle equazioni (1) definisce una 
trasformazione armonica della retta che muta in sé i punti a,b,c. Invero 
dalla 1* delle (1) segue 


$(€)= (E+ 9)=4(&)+ 4(0) 
$(0)=9; 
(4) = (E+ 4) = (E) + O(4) 


onde 


*~ Li ¢., 4°65, p- 250. 

Tt Do la preferenza al segno } sopra al segno © perché non nasca alecun dubbio sulla validita 
dei presenti sviluppi per geometrie finite 0, in generale, geometrie nei cui punti non abbiano 
Tappresentazione tutti i numeri reali. 

t Cioé una trasformazione biunivoca della retta in sé, che muti gruppi armonici in gruppi 
armonici. 

§ DaRBoux, Sur le théoreme fondamental de la géométrie projective, Mathematische 
Annalen, vol. 17 (1880), p. 55 (Vedi p. 56-58). 
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e quindi, poiche non é costantemente ¢(&) = 0, 
Oy laats 
(1)=9(1?)=[$(1)]? segue (1) =1, 


infine da 


e da 


$(9)=¢(1—1)=¢4(1)+¢4(-1) segue allora ¢(—1)=-—1. 


Si ha inoltre 
(E+ 0)*] = $(E + 0° + En) = [$(E)]? + [b(n) } + 26 (En) 
= [$(E) + $(n)]? = [$(E)]? + [6(0) ]? + 26(E) $(n) 
$(En) = $(£)b(n). 


onde 


Dalle due relazioni 


o(€+n)=$(&)+¢(n), $(&n) = $(E) O(n) 


segue che, se &, 7, €, --+ sono ascisse di punti qualsivogliano della retta, e 
JS (&, 7, &---+) una loro funzione razionale a coefficienti razionali, 


In questa relazione (2) sono comprese le (1) come caso particolare: essa pud 
quindi sostituirsi al loro sistema. Se allora €, 7, €, @ sono tali che 


(En o0) = —Il, 


la (2) ei dice che 
CU ee e728) | —[O() b(n) ale e( ei; 
LO(f) o(7) 6($) (9) J =—1, 


con che si prova che la trasformazione considerata @ armonica. 


ossia 


VY. Cio posto si consideri una geometria proiettiva tale che le ascisse dei 
punti generici della retta m siano funzioni razionali a coefficienti razionali delle 
ascisse di un certo sistema di punti. Solo per ragion di semplicitai e per le 
applicazioni successive supporremo che questi punti siano in numero finito.* 
Indicheremo inoltre, dora innanzi, i punti della retta m e le loro ascisse cogli 





* L’ipotesi del numero finito di punti razionalmente independenti non é per nulla essenziale ; 
tra l’altro potrebbero i coefiicienti, anziché essere razionali, appartenere ad un determinato campo 
ortoide (KONIG, Einleitung in die allgemeine Theorie der algebraischen Grossen, Leipzig, Teubner, 
1903, p. 7-8), per esempio, esser semplicemente reali. Perd l’ipotesi della razionalita dei coefti- 
cienti é necessaria per qualcuna delle considerazioni seguenti ; qualche altra chiede poche ovvie 
modificazioni nell’ipotesi contraria. Inoltre molte delle conseguenze che da quanto segue possono 
trarsi divengono illusorie se non si ammette almeno che l’aggregato dei punti razionalmente 
independenti possa essere ben ordinato. 
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stessi simboli. Si potra, sopra la nostra retta, determinare una base minima . 


1 


Ue 0’ 


Ne A hig cre ess 
di punti fra loro razionalmente independenti, tali che ogni altro punto sia 
un’espressione razionale a coefficienti razionali di essi. La relazione (2), insieme 

sigAtes ia a ches SO Bis | 
colle condizioni ¢(0)=9, ¢(1)=1, ¢(4)=14, che possono considerarvisi 
incluse, definira allora la funzione ¢ per tutti 1 punti della retta tosto ch’essa sia 
definita nei punti w,, #,,---, @, per modo che, detti Y,, X,, ---, X, i punti 


corrispondenti, —il che si potra rappresentare colla scrittura 


(3) X,=4(2,) Gai 
—avvenga che: 

1°. Ogni relazione algebrica la quale leghi 1 punti x, sia pure soddisfatta se 
alle x, si sostituiscano le X, e reciprocamente ogni relazione algebrica fra le X, 
sia soddisfatta pure dalle ~,. 

2°. I punti 


1 


0, 0? 


Lge eA eee 
costituiscano a lor volta una base razionale (che sara necessariamente minima) 
pei punti della retta, per modo che ciascuno di questi si esprima razionalmente 
mediante essi. 

Nella condizione 1° é evidentemente inclusa quest’altra, che: 

3°. Se un medesimo punto si esprime razionalmente in due modi differenti 
mediante le «,(0 le X,) le due espressioni che risultano dopo la sostituzione (38) 
(o la sua inversa) risultino ancora equivalenti. 

Invero, l’equivalenza di due espressioni razionali f,(1, 7, %,, --:, 2,), 
f,(1, %,, ~,, +++, #,) si traduce in una relazione algebrica, f,— f, = 0, fra le a, : 
allora, a causa della condizione 1°, sara pure 


6 Vy Kye as ere eee LX Cee ee 


VI. Il supporre che fra gli elementi di una base razionale minima passi una 
relazione algebrica /(1, x,, x, ---, v,) = 9, equivale a considerare una geometria 
di congruenza; equivale cioe a dire che l’espressione #’(1, x,, ”,, ---, @,) 
rappresenta lo 0 ed appartiene quindi al modulo fondamentale della geometria.* 
Inversamente una geometria di congruenza il cui modulo fondamentale sia inte- 
ramente costituito soltanto da polinomi si puo considerare come rappresentante 
di una geometria avente una base razionale, fra i cui elementi sussistano le rela- 
zioni algebriche che si ottengono uguagliando a 0 tali polinomi. La cosa é 
differente quando del modulo fondamentale faccia parte un numero (necessaria- 


* E questo il concetto fondamentale della teoria di KRONECKER dei numeri algebrici. 
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mente intero e primo); e tal differenza appare ben naturale se appena si osserva 
che, nel primo ¢aso, l’ammissione di un modulo fondamentale equivale ad ammet- 
tere che taluno dei punti razionalmente independenti @ pero scelto per modo che 
da questi si pud ottenere il punto 0 mediante una determinata successione di 
operazioni razionali (proiezioni e sezioni), mentre nel secondo caso l’ammissione 
del modulo fondamentale influisce effettivamente sul concetto di retta (e cioe sul 
concetto delle operazioni razionali fondamentali: proiezioni e sezioni), per modo 
che per una determinata successione di tali operazioni, effettuate su punti fissati 
a priori, perché le dette operazioni abbiano senso determinato (i punti 0, 4, 1), 
riconduce da essi al punto 0.* In ogni caso, basta ritornare sul significato e 
sulla deduzione della (2) per riconoscere che, nel caso delle geometrie di con- 
gruenza, in essa l’uguaglianza va ora sostituita con una congruenza rispetto al 
modulo fondamentale. Si chiami J questo modulo, e si osservi che ciascun 
punto X’, sari rappresentato da una classe di espressioni razionali nelle ,, con- 
grue fra loro rispetto al modulo JZ; il problema della determinazione di una 
trasformazione ¢ equivale allora a determinare una sostituzione 


(4) X,=,(%;,) (mod. I) (2,931,202) 7) 
tale che 

1° trasformi ogni polinomio del modulo M (in cui alle variabili x, si pen- 
sino sostituite le corrispondenti X,) in un polinomio del modulo medesimo. 

2° 4 punti 0,4,1, X,,---, X, costituiscano una base razionale dei punti 
della retta. 

La prima condizione mostra che il modulo fondamentale della geometria, ri- 
spetto alla base 0, 4,1, X,,---, X,, si otterra sostituendo semplicemente le 
lettere X alle w nei polinomi del modulo fondamentale relativo alla base 
0,4, 1, ~, ---, % 3 indicando con M il risultato di questa sostituzione, la 
condizione 2°si potra enunciare chiedendo che la trasformazione (4) abbia una 
inversa univocamente determinata 


(4’) v= pee) (mod. M). 


VI. Le w, e le X, erano fin qui simboli rappresentanti punti razional- 
mente independenti della nostra retta. Si interpretino ora per un istante come 
variabili. Quando del modulo JZ non faccia parte un numero, la condizione 
ch’esso sia primo (n°. I) si traduce nel fatto che appartengano ad esso tutti e soli 
i polinomii che, uguagliati a 0, determinano, nello spazio di coordinate w,, iper- 





*T casi gid ricordati della G(2, 2) in cui esiste una terna armonica di punti e della G(2, 3) 
in cui esiste la configurazione dei 9 flessi d’ una cubica, chiariscono in modo evidente questa 
osservazione. Come in un piano di soli punti razionali (e quindi reali), i punti delle nostre 
geometrie si ottengono con sole operazioni razionali (projezioni e sezioni) dai punti di coordinate 
0, 1, 1: ma punti che per tal generazione risulterebbero necessariamente distinti nell’ ordinario 
piano reale, vengono ora a coincidere. 
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superficie passanti per una determinata varieta irreduttibile (razionalmente).* 
Segue allora che la trasformazione (4), in cui si sostituisca il segno=al =, 
rappresentera una trasformazione algebrica di questa varieta in se, la quale, a 
causa della esistenza di una inversa univoca (4’) sara pure birazionale. Inversa- 
mente ogni trasformazione birazionale a coefficienti razionali della varieta rappre- 
sentativa del modulo fondamentale in sé definiraé una sostituzione (4) la quale 
mutera una ipersuperficie per essa varieti in una analoga ipersuperficie, e quindi, 
operata sopra un polinomio qualunque del modulo, lo mutera in un polinomio del 
modulo. E questa sostituzione ammettera una inversa (4’): per ottenerla si con- 
siderino le espressioni razionali delle « nelle X che, sulla varieta rappresenta- 
tiva del modulo M, definiscono la trasformazione inversa della (4): saranno 
esse i secondi membri WV della sostituzione (4°): invero il prodotto delle due 
trasformazioni X,= y,(2,), x, = V,(-X; ) sara una trasformazione X;, = 0;(X7,) 
la quale, quando le X} si interpretano come coordinate di un punto generico 
della varieti rappresentativa del modulo, deve ridursi all’identita, cosicché deve 
essere 
@,(X,) =X, (mod J’) 

dove M’ ® il modulo J scritto nelle variabli X’ in luogo delle ~.+ Quindi ad 
ogni trasformazione birazionale a coefficienti razionali della nominata varieta 
in se corrisponde una trasformazione armonica della nostra geometria. Varra 
quindi il teorema di vy. StaupT quando la varieta rappresentativa del modulo 
fondamentale non ammetta trasformazioni birazionali a coefficienti razionali in 
se. 





*Invero, non potrebbero tutte queste ipersuperficie avere a comune una varieta riduttibile, 
altrimenti apparterrebbero al modulo polinomi prodotti di altri non appartenenti ad esso, in 
quanto rappresentano ipersuperficie passanti per Je singole parti soltanto di essa varieti. D/’altra 
parte, per un noto teorema del sig. HILBERT ( Ueber die Theorie der algebraischen Formen, Mathe- 
matische Annalen, vol. 36 (1890), p. 474; KONIG, Hinleitung in die allgemeine Theorie der 
algebraischen Grossen, p. 366) tutti i primi membri delle equazioni delle ipersuperficie per una 
varieti determinata costituiscono un modulo. Né, nel caso nostro, potrebbero le forme del 
modulo M corrispondere a una parte soltanto delle ipersuperficie per la detta varietai comune, e 
nemmeno potrebbe tal variet’ comune venir a mancare, poiché ancora per un teorema dello 
HILBERT ( Ueber die vollen Invariantensysteme, Mathematische Annalen, vol. 42 (1893), p. 
320; Konia, l. ¢, p. 399) ed uno del LASKER (Zur Theorie der Moduln und Ideale, Mathe- 
matische Annalen, vol. 60 (1905), p. 30; SEVERI, Su alcune proprieta dei moduli di forme 
algebriche, Atti della R. Acc. delle Sc. di Torino, 1906), una conveniente potenza di un 
polinomio qualunque nel secondo caso, 0 rappresentante un’ ipersuperficie per la varieta con- 
siderata nel primo, deve appartenere al modulo: ma il modulo non sarebbe primo (0, pit 
direttamente, non sarebbe soddisfatta la proprieta fondamentale del nostro campo numerico, 
che un prodotto sia = 0 solo se @ nullo qualcuno dei fattori) se al modulo potesse appartenere 
una potenza di un polinomio, e non il polinomio medesimo. 

{Invero, posto OC Xp aa (X},)/0;(X;,), il polinomio 6;(X;,)—X;6,(X;,) dovra 
rappresentare una ipersuperficie passante per la varietd considerata e dovra quindi appartenere 
al modulo M’; quindi 6, (Xj) =X4;0;(X,,) (mod M’) e, poich? certamente 0; (X;,) non 
appartiene ad 7’, 0; (X;,) = Xy (mod D7 )s 
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Una interpretazione delle condizioni 1° e 2° nel caso che il modulo contenga 
un numero presenta assai maggiori difficolta. 


VIII. Ci volgiamo ora al problema da cui siamo partiti: Suwpponendo di 
considerare una geometria finita, in cui quindi il modulo fondamentale sia 
della forma 


M=[p, #,(#)] 


ove pe un numero primo e I (x) un polinomio in x a coefficienti interi,* di 
grado ne irreduttibile rispetto al modulo p, qual @ il numero massimo di 
punti &,, &, ---, &, tali che il verificarsi della relazione $(&,) = &, per ogni 
k =i non abbia per consequenza $(&,,,) = €,,,, ma il verificarsi dell’ ugua- 
glianza 


$(§,) = ey 


per tutti questi punti abbia per consequenza che la trasformazione armonica 
definita dalla $ é Videntita ? 

In tal modo deve infatti interpretarsi la generalizzazione del teorema di 
v. STAUDT, perche @ ben facile vedere che esistono sulla retta punti tali che 
ogni trasformazione armonica ¢ che tenga fermi al solito i punti 0, 4, 1 e uno 
di essi @ senz’altro Videntita: tale @ per esempio il punto x, dove x é la lettera 
ordinatrice dei polinomi, 0, se si vuole, una radice primitiva del campo di 
Galois; e solo pud dubitarsi che possano esistere trasformazioni armoniche ¢ 
le quali spostino questi punti, tenendo pero fermi altri punti della retta, oltre 
i punti della catena che contiene i punti0,4,1. Per risolvere tal questione 
occorre che ricordiamo anzitutto aleune proprietai dei campi di Galois: 

Se & e un elemento di un campo di Galois G(p”) che non sia un numero 
intero, l’insieme dei polinomi interi in &,, ridotti rispetto al modulo JZ che 
definisce il campo, costituisce un campo di Galois G'(p™) [che si potra indicare 
con (1, &,)] contenuto in G(p"), ed il numero n’ é divisore din. Se poi &, e@ 
un nuovo elemento di G'(p”) non appartenente a G'(p”), Pinsieme dei polinomi 
interi in &, &,, ridotti rispetto al modulo J/, costituird un nuovo campo di 
Galois G'(p””) [che si potra indicare con (1, &, &,)] contenente G'(p”) e con- 
tenuto in G'(p") per modo che n”’ sara divisore di n e n’ divisore di »’.+ 

Si osservi ora che se una trasformazione armonica ¢ trasforma &, in se 





*Sempre quando al modulo appartiene un numero p (necessariamente primo) tutti i coeffi 
cienti dei polinomi che costituiscono gli elementi de] campo numerico considerato possono sup- 
porsi numeri interi per le osservazioni gia fatte al No. II. 

7 Cfr. Dickson, Linear groups with an exposition of the Galois Field theory, Leipzig, 1901, 
pp. 50e51. Per riconoscere l’esattezza di queste affermazioni basta osservare che se 4 é un ele- 
mento non appartenente al campo di Galois & (p”), un campo di Galois contenente 2 e G(p” ) 
conterra almeno i p’+! elementi somme degli elementi di G(p” ) coglielementi AA(0=A<p), 
e se, oltre queste somme, contiene un altro elemento /“, ne conterra pure p’+? ottenuti combi- 
nando in simil modo / con questi p’+! e cosi via. 

Trans. Am. Math. Soc. 25 
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stesso, trasformera in sé tutti gli elementi del campo (1, &,), e se trasforma in 
se ancora &,, trasformera pure in se tutti gli elementi del campo (1, &,, &,) e 
cosi via. Ne risulta che il numero dei punti E, definiti nel precedente enunciato 
@ minore o uguale al numero dei termini della massima successione di numeri 


‘ wt ur 
EWA TS pid) 


(>1 ¢ =n), ciascuno det quali sia divisore del sequente ; altrimenti detto, @ 
minore o uguale al numero dei divisori primi din. 

Ma si puod aggiungere che questo massimo & sempre raggiunto, cosicche al 
‘minore od uguale,” si potra sostituire “ wguale” senz’altro. Si osservi infatti 
che, nel caso presente in cui gli elementi della nostra geometria analitica appar- 
tengono ad un campo di Galois G'(p”), le condizioni 1° e 2° imposte alla 


trasformazione (4) equivalgono a dire che 
(5) X= 2” (mod I) (OSv<n). 


Invero la X, dovendo essere radice della congruenza #’,(”) = 0 (mod JZ), 
dovra avere la forma (5)* e d’altronde l’inversa della (5) sard data evidente- 
mente da X?"” = a" =a (mod J/).+ Si corrisponderanno per la trasforma- 
zione ¢ gli elementi w”” e X"; e sara 


A = Pl c= ot 
quando 
uw ( p” —1) = 0 (mod p"—1). 
Ora il massimo comun divisore di p” —1 e p"—1 é della forma p'—1 ove 
v= Il',n =I ed l’ e X sono primi fra loro; ed il pit piccolo valore di w per 
cul questa congruenza é soddisfatta rende w(p'—1)=p"—1.  Reciproca- 
mente, scelto arbitrariamente / divisore di» e posto n = JA, l’ primo con A, y= Ul’, 
esiste un w= (p"—1)/(p'—1)e quindi <p"—1 tale che u(p”—1)=0 
(mod p" — 1) e quindi X“ = x". Segue che condizione necessaria e sufficiente 
affinche la trasformazione (5) lasci fermo qualche punto ad ascissa non numerica 
e che v ed n abbiano divisori comuni: se/ é il massimo comun divisore di v ed 
resteranno fissi tutti 1 punti del campo di Galois (1, 7") ove «= (p"—1)/(p'—1): 
sara questo un G'(p'). 
Fissata quindi arbitrariamente una qualunque successione 


NR Bel berger ey (3 (n’>1) 
di diwisori di n tali che ciascuno di essi sia uguale al precedente moltiplicato 


per un numero primo, si pud ad essa far corrispondere una successione di 


campi di Galois 


Gn"); G (pip enG (a eames (pa) 


* SERRET, Cours d’algébre supérieure, 5™° édition, 1885, T. 2, p. 180. 
Cf. Dickson, l. c., p. 11; SERRET, 1. c., No. 346, p. 132. 
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dei quali Vultimo sia il campo totale dei punti della nostra retta, e ciascuno 
dei quali contenga tutti i precedenti ; ea ciascuno G(p"”) di questi campi si 
possono far corrispondere trasformazioni > tali che tengano fermi tutti % 
punti di G( pr”) (e quindi i punti dei campi precedenti) ma spostino ogni 
punto dei campi successivi, che non appartenga a questi. Una data d sara 
una $” tosto che essa tenga fermo un punto di G( p"”’), non appartenente a 
G( pr”), e sposti un punto di G(p"*”). Dato n™ il numero delle 6 
differenti & il numero dei numeri primi con n/n e minori di esso. 

Per assicurare che una > si riduce allidentita occorre verificare al piu che 
essa tien fissi tanti punti, ciascuno razionalmente independente dai precedente- 
mente considerati, quanti sono i divisori primi del numero n. 

Particolarmente notevole @ il caso in cui m sia primo; allora, qualunque sia 
Yelemento & di G(p”), non numero, il campo (1, &) @ il campo totale G(p"); 
quindi se $(&) = &, sara, per ogni altro elemento 7, 6(7)=7. Sen é@ primo 
una trasformazione armonica che, oltre ai tre punti 0,1/0, 1 tenga pur fermo 
un punto qualunque non appartenente alla catena di questi tre sara sempre 
Videntita. | 

TORINO, ITALIA, 13 Ottobre 1906. 


COLLINEATIONS IN A FINITE PROJECTIVE GEOMETRY* 


BY 


OSWALD VEBLEN 


In the paper by Mr. Bussey and myself on Finite Projective Geometries it 
was shown } that in a PG@(k, p") any transformation of the form 





ms / ppm pn Lo Ae apm 
(1) a aire eae te ly F inp C4 (f= Dern ie) 
Af in 7 apm apm yin pm —— 5 ’ ; 
v4 G41 1 wy a G44 2 ws uF SE G41 k+1 etd 


where m is zero or an integer less than 7, is a collineation. As a result of Dr. 
Levi's article { it is possible to prove the converse proposition, namely, that 
every collineation in PG (k, p") is of type (1). The following argument con- 
nects this theorem directly with our former article. It will be sufficient to give 
the argument for the case, k = 2. 

A projective collineation, § or, in other words, a linear transformation, is 
determined by the quadrangle into which it transforms the quadrangle (001), 
(111), (011), (101). It follows that an arbitrary collineation is the 
prodtict of a projective collineation by a collineation which leaves these four 
points invariant. The latter type of collineation may be called antiprojective, 
in the language of SEGRE. || Its existence is proved by the existence of trans- 
formations of type (1) where m + 0. 

An antiprojectivity, by its definition, leaves invariant the points of the x, axis 
for which x,/x, is 0, 1, or oo, and, therefore, all points of the chain determined 
by these three, namely, all points whose coordinates are integers modulo p. 
From the quadrangle-construction for addition and multiplication and the fact 
that a collineation transforms a complete quadrangle into a complete quadrangle 
it follows that if three points of the x, axis for which w,/«, is a, b, and c respec- 
tively are so related that 





* Presented to the Society December 28,1906. Received for publication November 16, 1906. 

{ These Transactions, vol. 7 (1906), p. 252. 

t Page 354 of this number of the Transactions. To our former list of works relating to 
finite geometries we add references to this paper of LEVI, Geometrie proiettive di congruenza e 
geometrie protettive finite, and to an earlier paper, Yondamenti della metrica proiettiva, Memorie 
della R. Accademia delle Scienze di Torino, ser. 2, vol. 54 (1904), and also to a book 
by G. ARNOUX, Arithmétique Graphique. Les espaces arithmétiques hypermagiques, Paris, 1894. 
ARNOUX applied his ‘‘ arithmetic spaces,’’ which may be identified with our EG(k, p), to con- 
struction of magic squares. 

§ These Transactions, vol. 7 (1906), p. 253. 

|| Cf. Levi’s remarks on page 357. 
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at+b=c or ab=c, 


then the points, with coordinates (a), 6(b), #(c), into which they are trans- 
formed are so related that 


PGR Oya Gee) or. bl ale Gh) — p(c). 
In other words the transformation of the points of the x, axis effected by an 
antiprojectivity is subject to the conditions : * 


(2) $(a) + $(b) = (a+); 
(3) $(a)-$(b) = $(ab): 
(4) $(0)=0, $(1)=1, db (m) =o. 


If e is a primitive root of the GF'[ p” | then every mark of the field may be 


written in the form 


k 
che 


Pe p= Lele} |i. 
Hence if ¢(e) =e”, then $(e*) = e™ = (e*)” and 


But by (8) 


BCG) = 20. 
If & is a primitive root of the GF'[p] then 
o(k)=k. ‘ 


Hence m must be of the form p’} and therefore, as a transformation of the points 
of the x, axis, an anti-projectivity is given by the equation 


, 


1 


Peal ae rp? 
OG (OF 


ape 
we wy 


and the number of antiprojectivities, exclusive of the identity, is m — 1. 
An antiprojectivity is, however, completely determined by the permutation it 
effects among the points of the x-axis. For by projection from the center 


(101) this permutation determines the only possible permutation of points 
on the fixed line x, =«,. But a collineation is completely determined by the 





* This derivation of (2) and (3) applies to any desarguesian geometry, whereas the proof of 
(3) given by LEVI assumes the commutativity of multiplication. This is because LEVI defines 
an antiprojectivity of a line as a transformation which changes harmonic throws into harmonic 
throws. The two definitions have not been proved identical in cases where multiplication is 
non-commutative. DARBOUX’s proof of the fundamental theorem of projective geometry 
amounts to showing that conditions (2), (3), (4) are satisfied in the case of ordinary number 
only by the identical transformation. 

+ Similarly if the marks of any GF[ p” ] included in the GF[ p” ] are required to be invar- 
iant, ¢( x) —,(v")’, From this consideration are derived the results of the last section of Dr. 
LEVI’s paper. 
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permutations of the points of two fixed lines. There are thus n —1 antipro- 
jectivities of the plane. Since the following are evidently n — 1 distinct anti- 
projectivities they must therefore be all the antiprojectivities of the plane: 


l , pl 
eee 

’ 0 bal rn Din 
ws vs 


e 
8 


w 


x 


i ~ 
= 3 


| 


(5) 


The most general collineation is now evidently a product of (5) by the most 
general linear fractional transformation and that product is of type (1). It 
follows as a corollary that the order of the collineation group of PG(k, p”) is 
the order of the linear fractional group L/'(k + 1, p”") multiplied by n. 


PRINCETON, N. J., 
November 13, 1906. 
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GEOMETRY IN WHICH THE SUM OF THE ANGLES OF EVERY 
TRIANGLE IS TWO RIGHT ANGLES* 


BY 
R. L. MOORE 


In his article Die Legendre schen Sitze tiber die Winkelsumme im Dreieck,t 
DeuN has shown what may be stated precisely by the aid of the following 
abbreviations : 

FZ_, denotes all those theorems of geometry which are logical consequences of 
HILBeErt’s axiom-groups I, II, III, IV, viz., his axioms of association, of order, 
of parallels, and of congruence respectively. 

HT__,_,, denotes all those theorems of geometry which are logical consequences 
of HILBERT’s axiom groups, I, II, IV. 

S denotes the assumption that the sum of the angles of every triangle is two 
right angles. 

What Denn has shown is that H_, does not follow from TS andes ee L 
wish to show that, nevertheless, if 7_,_, and S are true of a space, then either 
this space is a H7_, space or it is possible so to introduce ideal points that the space 
thus extended will be a H/_, space, these ideal points, moreover, being such that 
no one of them is between two points of the original space. 

One might state this a little more suggestively, if less accurately, as follows: 
«* While the parallel postulate, III, and thus all of that part of Hilbertian 
Geometry which follows without use of his ‘ Axiom of ARCHIMEDES’ and 
‘ Vollstindigkeit Axiom,’ can not indeed be proved from his other postulates 
I, I, 1V with III replaced by S, nevertheless it can be shown that a space 
concerning which these postulates (I, IJ, IV, S) are valid must be, if not the 
whole, then at least a part, of a space in which III also is true.’’§ 





* Presented to the Society (Chicago) April 22, 1905, as part of a paper entitled Sets of met- 
rical hypotheses for geometry. Received in revised form for publication December 26, 1906. 

tMathematische Annalen, vol. 53 (1900), pp. 404-439. 

{ This may be stated precisely as follows: If ABC is a triangle and Cis between B and £ then, 
in the angle ACE, there ie a point D such that X AOD =x BAC and X DCE=X ABC. 

2 This result has an interesting connection with our spatial experience. Statements have been 
made to the effect that, since no human instruments, however delicate, can measure exactly 
enough to decide in every conceivable case whether the sum of the angles of a triangle is equal 
to two right angles (unless the difference between this sum and two right angles should exceed 


369 


370 R. L. MOORE: THE ANGLE-SUM OF A TRIANGLE [July 


Let us first establish a number of preliminary theorems. The theorems of 
H_,_,, are assumed and I shall take for granted, sometimes without giving exact 
reference, certain of those definitions and theorems of HILBERT’s Festschrift 
which are founded on his axiom groups I, II, IV. Reference will also be made 
to Hatsrep’s Rational Geometry (R. G.) in case of theorems for which 
demonstrations without use of HitBert’s III are therein indicated. 

For simplicity let us confine ourselves to one plane. 

THEorEM I. Jf two straight lines, a and b, are perpendicular to each 
other at a point O, then every straight line, c, in the plane ab, has a point 
in common with either a or b. 

Dem.* This conclusion of course holds if c coincides with a or 6. If it 
does not coincide with a or 6, then it has (cf. HiLBertT’s Theorem 5 and defini- 
tion following IV, 8 and Theorem 9) a point C’ within one of the four right 
angles into which a and 6 divide the plane ab. There exists a point A on that 
ray of this angle which belongs to a and a point B on that ray thereof which 
belongs to b. ‘There is (cf. R. G., art. 47, theorem) a point D on ¢ such 
that OD is perpendicular toc. On c there are two points, / and 2’, such 
that DE” = DE = OD (cf. Hivpert’s IV, 1 and IV, 2). Then (as may be 
seen with help of S), the angle DOZ is one half a right angle and the angle 
EF’ OD is one half aright angle. Accordingly the angle #’ OZ is a right angle. 
Hence it is easily seen (cf. R. G., arts. 51 and 148) that # and Z” can not 
both be within the right angle 4O8. Therefore c, which contains both # 
and #’, has a point within, and a point without, the angle 4O8 and thus 
must cut either OA or OB. 

THEOREM 2. Jf O lies between A and C and also between B and D, and 
if X AOB is a right angle and Xx ABD=xX ACD, then there is a circle 
passing through A, B, C, and D.+ 

Dem. There exist (cf. R. G., 47, 51 and Hitsert’s IV, 4) perpendiculars 





a certain minimum amount), it is therefore impossible to settle the question whether our space 
is Bolyai-Lobachewskian or Euclidean even though it be granted that it is one or the other. 

Now the geometry which I wish to show to be a consequence of H_«a—» and S is one concerning 
whose resemblance to Euclidean space one may say even more. One may say (possibly a little 
roughly) : ‘‘ While, as DEHN has shown, it is indeed true that a space of which H_a—» and S were 
true would not necessarily be strictly Hilbertian (in the sense of H_.), neverthless no human being 
confined therein could ever distinguish it from a Hilbertian space even though he were supplied 
with instruments which could decide for him whether any two segments were exactly equal.”’ 

*  Dem.’? means an indication of a demonstration. Likewise ‘‘ by theorem ’’ does not neces- 
sarily mean that this is the only theorem used in the demonstration. Similar statements may be 
made about the use, in this paper, of the words ‘‘ therefore,’’ ‘‘hence,’’ etc. 

Capital letters of the English alphabet designate points. 

The sign ‘‘ =’? means ‘‘is, or are, identical with.’’ 

+ This theorem gives a sufficient condition that three given points should lie on a circle, also 
a sufficient condition that 4 given points should lie on a circle. 
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LE and MF’ to AC and BD at their middle * points H and F’ respectively. 
As LE cannot meet BD (cf. R. G., art. 47), according to Theorem 1 it must 
meet /'M at a point A. Now, by S and Theorem 1, the perpendicular to AB 
at its middle point must meet either AZ’ or AF’. Suppose it meets AF’ at a 





point S. Then SD = SB=SA (by definitions of a right angle and of a per- 
pendicular, H1LBER1’s Theorem 10, and statement preceding Theorem 13). So 
there is a circle with S as center passing through 4, B, and D. By R. G.,, art. 
51, XSAD=xXSDA and XSAB=xXSBA. It may then be seen, even 
without further use of S, that SAD and SAB are acute and hence SA is not 
perpendicular to AC and therefore, by R. G., art 158, that the circle which 
passes through A, B, D must have another point P in common with AC also 
that X DPA = x DBA (cf. S and R. G., art. 183); but this, in view of the 
hypothesis that ¥ DBA = x DCA, is impossible (cf. R. G., 66) unless P is 
C’. The cirele therefore through A, B, and D passes also through C’. Simi- 
larly if the perpendicular to AB at its middle point met “A it would follow 
that there would be a cirele through A, /, and C, and this circle would neces- 
sarily pass through D. 

Convention. A point O, two straight lines perpendicular to each other at 
this point, a point J on one of these lines and points @ and S on the other, such 
that O is between @ and S, are selected once for all and considered as fixed 
throughout this discussion. 

As an aid to the exhibition of an analytic geometry I wish to develop a cal- 
culus of those rays (half lines) which start from J towards the O-side of LA 
where JA is perpendicular to OZ. These rays are called “leftward rays.” If 
a leftward ray cuts QS it is called a “cutting ray.” Small letters of the 
English alphabet are used to denote cutting rays. 





* See R. G., articles 82, 64 and 66. 
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If M is a point of YS, | Z| means JT where 7 is a point of the ray OQ 
such that OM = OT. 

The ray ZO is designated by the symbol 0 (it isa “zero ray”). If J’ isa 
point on the ray OQ such that OJ’ = OJ, then the ray JJ’ is designated by 
the symbol 1 (it is a “unit ray’). 

Definition 1 (sum of two cutting rays). If Z and Mare two points (or the 
same point) on QS, ray JZ + ray [M means ray JN where J is a point of 
QS such that OV = OL + OM in the vector sense. 

Definition 2. If LM and LW are two leftward rays, then “ /M> IN” 
means that JV precedes LM in the sense JS —JO— JQ; and “JM< IN” 
means JV > JM. 

THEOREM 8. Jfaand B are two leftward rays, then of the three statements 
a>B,a=£8,ora<B8 one and only one is true. Ifa<B and 8B <y, then 
Oi eky 

THrorEM 4. The set of all cutting rays is a commutative group with 
respect to the operation of addition (+). 

Dem. See Definition 1. 

Definition 3 (quotient of two cutting rays). If Z and J are points of the 
straight line QS and JM is a point of ray OJ such that OM = OM’ and if 
IN isa ray such that ¥ OLIN = x OM'L, if further LV lies on the Q- or the 
S-side of OI according as MZ and JZ are on the same side, or opposite sides, of 


O, then JZ /IM= IN. 





Definition 4 (product of two cutting rays), ab = c if and only if c/a =b. 

THeEoreM 5. If a/b=c/b, thena=c. 

THEOREM 6. b/1=bandbx0=0. 

THEOREM 7. If a/b =c/d, then bfa=d/c. 

TueorEeM 8. Jf A, B, C, Dare points on QS and A and B are on the 
same side or opposite sides of O according as C and D are on the same side 


6 
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or on opposite sides of O, then the existence of four points A’, Bb’, C’, D’ on a 
circle and another point O' such that O' is between B’ and C”’, and between A’ 
and D', angle A’O'B' is a right angle, OA = O'A’*, OB = O'R, OCz=OTC, 
and OD = O'D,, is anecessary and sufficient condition that [A/IB =IC/ID. 

Dem. Use Definition 3 and Theorem 2. 

THEOREM 9. Jf a/b=c/d, then a/e =b/d. 

Dem. Use Theorem 8. 

THEOREM 10. Jf a/b=c/d and aje=f/d, then b/e=f/c. 

Dem.* Consider three cases — 

I. Suppose |6;<|e|. Evidently there exist an m such that b/n = e/d, and an 
« such that b/« = e/c whence also b/e =ax/c (see Theorem 9). Now a/f=e/d 
(see hypothesis and Theorem 9), so that a/f=6b/n. Also b/e = n/d (see 
Theorem 9), therefore n/d =«a/c and thus, by Theorem 9,v/n=c/d. But 
since, by hypothesis, a/b = c/d, we have a/b =a/n. But from a/f=)b/n, 
by Theorem 9, a/b = f/n and thus «/n =f/n; therefore, by Theorem 5, 
e=f. But as b/e =<2/c, it follows finally that b/e = f/c. 

II. Suppose e< 0b. Use similar reasoning to show that e/b =c/f and 
thence conclude (by use of Theorem 7) that b/e =//c. 

III. Suppose e= 6. In this case, by Theorem 5, f=c and by Theorem 9 
the theorem is true. 

THEOREM 11. Jf ab=2x} and a'b'=ab, then a/a’=6'/b; and conversely, 
if ab =x and a/a' = b'/b, then a’b’ = ab. 

Dem. 1. If ab =~ and a‘b’ = ab, then, according to Definition 4, x/a = b 
and x/a’ = 6’. According to Theorems 6 and 7 1/b'=a'/x and 1/b=a/zx. 
Hence, by Theorem 10, 6'/b = a/a’. 

Il. If ab=a and a/a’=b'/b, then, by Definition 4 and Theorem 2, x/a=6/1. 
Hence, by Theorem 7, a/x=1/b and therefore, by hypothesis and Theorems 10 
and 6 and Definition 4, « = a’b’. 

THEOREM 12. Jfab= «x, then ba=ab. 

Dem. If ab =x, then, by Definition 4 and Theorem 6, x/a=b/1. Hence, 
by Theorems 9 and 6, x/b =a. Therefore, by Definition 4,ba=a. But 
since, by hypothesis, ad =a, ba=ab. 

THEOREM 13. Jf ab=2,(ab)c=y, and bc =2z, then a(bc) =(ab)c. 

Dem. According to Theorem 11 this proposition will be established if it is 
proved that ab/a=bc/c. Now according to Definition 4 and Theorem 6 
ab/a=b/1. Likewise be/e = 6/1. So ab/a=be/c. 

THEOREM 14. Jf ab=ax,ac=y, then a(b-+c)=ab+ac. 

Dem. Use S in connection with 2nd figure on page 34 of HILBERT’s Grund- 
lagen der Geometrie (2nd edition). 





* The suggestion of this demonstration I am unable at present to trace to its source. 
Ti. e., ab is a cutting ray. 
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THeorEM 15. Jf |a| <1 then for every b, ab exists as a cutting ray. For 
every c there exists x such that |\cx| <1. 

If |a| <|6| and Oz exists as a cutting ray, then |ax|<|bx|. Given d,e, 
k,e+0,k+ 0, then there exist d’, e’ such that |d’| <<|k|, |e’| <|&|, and 
dje=d' /e’. 

THEeorEM 16. Jf|a|, ||, |e], |d| are all less than 1, and if a/b =e and 
cld=f, then a/b + c/d = (ad + bc) /bd. 

Dem. According to hypothesis and Definition 4, a= be, c= df; and by 
hypothesis and Theorems 15, 12, 18, and 14, ad + be = (be)d + b(df) 
= d(be) + b(df) = (db)e + (bd) f = (bd)e + (bd) f= bd(e +f). This 
gives, by the use of Definition 4, (ad + bc)/bd =e +f=a/b+c¢/d. 

TueorEeM 17. Jf |a|, ||, |c|,|d| are all less than 1, a/b=e, c/d=f 
and ef =y, then ac/bd = ef. 

Dem. By hypothesis and Definition 4, c= df, a = be and, by hypothesis and 
Theorem 15, ac =(be)(df). Hence, by hypothesis, Theorems 15, 12, and 13, 
ac = (bd) (ef), and from this, by Definition 4, ac/bd = ef. 

THEOREM 18. Jf |a|, |b], |c|,|d@]|, |a’|, |6’], je’|, jd’| are all less than 
1, and if afb=a'/b',c/d=c'/d’, then (ad + bc)/bd = (a'd' + b'c')/b'd’. 

Dem. By hypothesis and Theorems 15 and 11, ab’ = ba’ and ed’ =dc’. 
Hence (see Theorem 15) (ab’ )( dd’) = (ba’ )( dd’) and ( cd’ )(bb') = (de’) (00'). 
Hence, by Theorems 12, 18, and 14, (ad)(b'd’) + (bc)(b'd')=(bd)(a'd’)+(bd)(b'c’) 
and thus, by Theorems 12 and 14, (ad + bc)b'd' = bd(a'd'+ b’c’ ); therefore 
by Theorem 11, (ad + bc)/bd =(a'd’ + b'c’)/b'd’. 

THeorEM 19. Jf |a|, |b], |c|, |d], |a@’|, |8'|, Je], |d’| are all less than 1 
and afb =a[b and c/d=c'/d’, then ac/bd =ac'[b'd. 

Dem. According to Theorems 15 and 11, ab’ = ba’, cd’ = dc’, whence fol- 
lows (see Theorem 15), (ab’)(cd’) = (ba’)(dc’). Hence, by Theorems 15, 12, 
and 18, (ac)(b'd') = (bd)(ac’) and thus, by Theorem 11, ac/bd = ac'/b'd. 

Definition 5. Jf either there is no e such that a/b =e or there is no f 
such that c/d=f, then a/b x c/d means a'c'/b'd’ and a/b+c/d means 
ad + b’c/b'd’ where a’, b,c’, d’ are in absolute value less than 1, and 
a/b=a [0 and c/d=c'/d. 

THEOREM 20. a/b x c/d=ac/bd and a/b+c/d=dd + U¢/bd where 
ad,b,¢,d are all less than 1 in absolute value and a/b’ =a/b and 
c/d =c/d. 

Dem. See Theorems 16 and 17 and Definition 5. 

Lemma. Sf vb, ac and (@b)c are cutting rays, then ab/a'c = b/c. 
































Dem. (vb )c=(ba’)c_ by hypothesis and Theorem 12, 
= 0100) by Theorem 138, 
== G0 by Theorem 12. 


Hence, by Theorem 11, ab/a’c = b/c. 
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TuHeoreM 21. Jf b and d are different from 0 and a and c are any cut- 
ting rays, then there ewist x and y (y +0) such that afb +a/y=c/d. If 
alb+a/y=e/d and a/b + w/z=c/d, thena/y=w/z. 

Dem. Use Lemma and Theorems 15, 4, 20, 11. 

THEOREM 22. Jf a,b, and d are different from 0 and c is any cutting ray, 
then there exist x and y such that a/b x.x/y=e/d. If a/bx x/y=e/d 
and a/b x w/z=c/d, then x/y = w/z. 

Dem. 1. By Theorem 15 there exist a’, 0’, c’, d’ all less than 1 in absolute 
value, such that a/b =a'/b'",c/d=c'/d. By Theorems 15, 20, 18, 11, and 
Lemma, a/b x U’c'/a'd' = a(0'e')/b( ad’) = (ab’)c'/(bd )d =e /d. 

Il. Suppose a/bx w#/y=c/d and a/bx w/z=c/d. By Theorem 15 there exist 
a, b,c, d, x, y’, w, 2, all less than 1 in absolute value, such that a/b = a’/0b, 
c/d=c/d, x/y=2/y, w/z=w'/z. By hypothesis and Theorem 20, 
ax /by'=c'/d and aw/bz=—c'/d. Hence, by Theorems 15, 11, 12, 18, 
(ad )x =(b¢')y and (ad')w' = (b'c’)z’. Hence, by Theorems 12 and 11, 
x/y=bcfad=w/z. Hencex/y = w/z. 

Convention. Any Greek letter denotes a/b where a and 6d are cutting rays. 

THEOREM 28. The set of all as is a number system for which Hilbert s 
Theorems 1-16 of $13 of his Grundlagen der Geometrie hold true with 
respect to +, x, and > as defined in this paper.* 

Dem. Hi.Bert’s Theorems 1-12 may be proved by use of my Theorems 
20, 6, 4, 21, 22, 12, 15, 14, 18, and Lemma to Theorem 22. His Theorems 
13-16 may be proved with the use of my Theorems 1-12 in connection with 
Definitions 1-5. 

Definition 6. The length of a segment AZ means the ray 77 where Z'is a 
point on the ray OQ such that AB = OT. 

The length of AB is denoted by “e( AB).” 

Lemma l. If in the triangles ABC, ABCO,xXA=xXA, XL B=EHLCB, 
4C=xC’, then 

e( AB) e( BC) e(CA) 


BUdeB yoare( BC") (OAs 








Dem. Use Definitions 6 and 38, Theorem 28, ete., in connection with 
Theorem 22 of Hrteert’s Grundlagen der Geometrie. 

Lemma ll. If BAC is aright angle, then e (AB) + ¢(AC)=e(BC). 

Dem. There is (cf. R. G., Art. 47) a point D on BC such that AD is 
perpendicular to BC. D is between B and C. Otherwise (as. may easily be 
seen, cf. R. G., Art. 66, etc.), either 4D and AC or AD and AB could 
not meet on the A side of BC’. According to S, ,ACB=xBAD and 





* See Definitions 1-5. 
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~CAD=xXABC. It follows by Lemma I, Theorem 23 and Definitions 6 
and 1, that 


&(AB)+ (AC)=e(BD)e( BC) + e(CD)e( BC) 
= {e(BD)Pe(CD)Pe( BC) = 6 ( BGs 


THEOREM 24, (Given a, B there exists y such that y = ¢ + PB’. 

Dem. This theorem is evidently true for the case in which a or B=0. If 
aand £8 are different from 0, then by Theorems 6 and 15 there exist a, b,c, 
d, all less than 1 in absolute value, such that a= a/b, B=c /d. By Theorem 
23 a + 6? = [(ad)’ + (bc)’]/(bd)’. But, by Theorem 15 and Definition 6, 
ad and be are lengths of segments. Hence there exists a right-angled tri- 
angle BAC such that the length of AB is ad and the length of AC is bc. 
According to Lemma 2, e?( BC’) = (ad)? + (bc)?. Therefore, by Theorem 23, 
a+ 6 = e( BC)/(bd) = [e(BC)/bd]’. 

Convention. Two straight lines OX and OF perpendicular to each other 
are selected as axes of coordinates. If P is any point and D and £ are the 
feet of the perpendiculars from P to OX and OF respectively, then «, means 
0,e(PL), or —e( PE) according as P is on OY, on the X-side of OY, or 
on the non-X-side of OY, and yp means 0, e( PD), or — e( PD), accord- 
ing as P is on OX, on the Y-side of OX, or on the non- ¥-side of OX. 

As a result of this convention we have the theorem: 

THEOREM 25. Every point P is represented by one and only one sensed 
pur of coordinates (xp, yp) and every sensed pair of cutting rays represents 
one and only one point. 

THEOREM 26. Given a straight line AB, there exist a, 8, y (a, B not 
both 0) such that the « and y of every point on AB satisfy the equation 
ace+ Byty=0. 

Dem. Use S, Theorems 1 and 23, lemma I, Definitions 6 and 1, also R. G., 
articles 47 and 49, and Hitpert’s axiom IV, 4, Axiom IV, 1, Theorem 11, ete. 

THEOREM 27. Jf B is between A and Cand x, + wp, then x4 <<X_ << Xe 
Or L4> kp >A. Lf Bis between A and Cand x, =p, then y,>Y2> Yo 
Or Ya CYB < Yo: 

Dem. Use Theorems 1 and'23, R. G., 47, and Hitpert’s Theorem 5 et seq. 

THEOREM 28. The length e( AB) equals V(x4—«3)+(Ya—Yu) and thus 
the relation e(AB) =e(A’B’) is a necessary and sufficient condition for the 
equality 





(%4—&,) + (Ya Yn) = (G4 — &e)Y + (Yar — Yer) 


Dem. Use lemma 2 in connection with convention preceding Theorem 25. 
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THEOREM 29. The ewistence of a, 8, y, 6 satisfying the relations 


— E + 
Cie Uy Ys 
“Va + B ~ Vor 4 BoA 

3 B 
Eg) ee ea Bn 
Pats A Vaca 


asta pees +6 
OM ie ee by) arama wi S See ) 
Md Ves BAT Ves 


B a 
Y= apt appt? 
is a necessary and sufficient condition for the congruence AB = A’ Bb’. 

In view of Theorems 23-27 and Theorem 29 it may be easily seen that one 
could proceed in a manner similar to that indicated by HILBERT in § 9 of his 
Grundlagen der Geometrie and show that all of his axioms hold true of our 
geometry, were it not for one obstacle, namely that there is not necessarily a 
perfect one-to-one correspondence between the set of all points and the set of 
all sensed pairs of a’s. If @ is not a cutting ray then (a, 8) does not corre- 
spond to a point in manner indicated in Theorem 25. 

It is natural then to fill up this gap by means of the following definitions : 

Definition T. Every sensed pair (a, 8) is called an ideal point and “ ideal 
point” means such a sensed pair; a and £ are called its coordinates. 

Definition 8.* An ideal straight line means the set of all existent points, 
real and ideal, whose coordinates satisfy an equation of the form ax+ 8y+y=90. 

Definition 9. If of the points A, B, C at least one is ideal then ABC 
means ©, > %,> Vo Or X4 << %,<% unless x, —2,, in which case ABC 
means Y¥4 > Yep > YoU Ya < YB < Ve> 

Definition 10. If oneof the points A, A’, B, B’ is ideal then“ AB= A’ Bh” 
means there exist a, 8, 7, 6 satisfying the relations 


C4 = es Uy 5 


a 8 
SS S| Ge 
Va + ~? Ve+ B 
a 


B 
ome an Van gee? 


Boat, a 
, — ee é, 
VAL We se zB C4 + yg gr9 pls t 


B i a es 
Y Br — Lp SSS Up 
Ve+ ee Vat # 
* In this definition and in what follows, small letters of the English alphabet are not always 
used, according to earlier convention, to designate cutting rays exclusively. 
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In view of Theorems 25, 26, 27, 29 and the corresponding Definitions 6, 7, 8, 
9 it is evident that our real and ideal points and straight lines form a system 
which, with respect to order, congruence and association, is related to our set of 
a’s as HILBerT’s geometry of § 9 of his Festschrift is related to his number 
system of that paragraph, and moreover in view of Theorems 23 and 24 it is 
evident that the set of a’s satisfy with respect to the operations of addition (+), 
multiplication (x), and the relation >, sufficient conditions to enable us to 
proceed according to the method indicated by HILBERT to prove that our 
geometry satisfies his axioms of groups I-IV. It remains to be shown that no 
ideal point is between two real points. This may be proved by use of Definitions 
T and 1 and Theorem 28. 

For helpful suggestions and criticisms the author desires to tender to Pro- 
fessor VEBLEN his grateful acknowledgment. 
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NON-DESARGUESIAN AND NON-PASCALIAN GEOMETRIES*t 
BY 
0. VEBLEN AND J. H. MACLAGAN-WEDDERBURN 


§ 1. The object of this paper is to discuss certain non-pascalian and non- 
desarguesian geometries. Beside their intrinsic interest, these geometries are 
useful in forming independence proofs for systems of axioms for geometry. 

In a previous paper ¢ it has been shown how to construct all finite projective 
geometries of three or more dimensions and all two dimensional projective 
geometries in which the Desargues theorem (cf. third footnote) is valid. The 
present paper supplements the other by showing the existence of non-desar- 
guesian finite geometries. It is to be noted that, since every finite linear asso- 
ciative algebra in which every number possesses an inverse is commutative, § 
therefore every non-pascalian finite geometry is necessarily non-desarguesian. 
Moreover, as has been shown by HESSENBERG,|| every non-desarguesian geom- 
etry is also non-pascalian, whether finite or infinite. 

A projective plane geometry is a set of elements called points, finite or infinite 
in number, subject to the following conditions : 

1. If A and B are any two points, there is («) one and (8) only one set of 
points called a line and containing both A and B. 

2. If wand b are any two lines, there is («) one and (8) only one { point con- 
tained in both a and 6. 

3. Each line contains at least three points. 





* Presented to the Society (Chicago), April 22, 1905. Received for publication, December 6, 
1906. 

+ As originally read, the paper called attention to the fact that HILBERT’s example of a non- 
pascalian geometry in his Festschrift did not satisfy his order axioms. The error however is not 
repeated in later editions of his book. This paper also contained a discussion of the non-pascalian 
geometry obtained by letting the codrdinates of a point be quaternions. As such geometries are 
discussed in the Abstrakte Geometrie of K. T. VAHLEN, Leipzig, 1905, this part of the paper is 
omitted. 

{ VEBLEN and BussEY, Finite projective geometries, Transactions, vol. 7 (1906), p..27T 
The reader is referred to this paper for references to the literature and discussion of the general 
problem of finite geometries. Condition VII of that paper is the ‘‘ Pascal Theorem ’’ and the 
paragraph following VII contains the ‘‘ Desargues Theorem.’’ 

§J. H. MACLAGAN-WEDDERBURN, A theorem on finite algebras, Transactions, vol. 6 
(1905), p. 349. 

|| G. HESSENBERG, Beweis des Desarguesschen Satzes aus dem Pascalschen, Mathematische 
Annalen, vol. 61 (1905), p. 161. 

{{ The condition 2( 3) is of course logically a consequence of 2(a) and1(f). 
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The geometry is non-desarguesian or non-pascalian if the theorems of 
DESARGUES or of PASCAL, respectively, fail to be valid. 

If the number of points is finite it is at once evident that every line contains 
the same number of points and that if m +1 is the number of points on a 
line, the total number of points is n?7++1. 

Conversely, if the total number of points is n? + n + 1 and the number of 
points on each line is » + 1 and every two points lie on one and only one line, 
it follows that every two lines have one and only one point in common. For, 
suppose the two lines a, 6 had no pointin common. A point of a would deter- 
mine with 6 n + 1 lines giving thus n(n +1)+1 points and, counting in the 
points of a, we should have at least n* + 2n points instead of n?+ +1. 

By a dual argument, if the number of lines is n? + n + 1 and the number of 
lines through each point is » + 1 and every two lines have one and only one 
point in common, it follows that every two points determine one and only 
one line. 

§ 2. Analytic geometries may be constructed so as to satisfy the given condi- 
tions if the coordinates are numbers of a number-system subject only to the 
following conditions : 

(1) The numbers form a commutative group under the operation of addition: 
that is, for any two numbers @ and 0 there is a unique number c such that 
a+6=c and a unique number d such that a+d=b=d-+4a, and there is a 
number 0 such that, for every 4, a+0=a=0 +a; further, addition is asso- 
ciative and commutative,* i.e.(a@+6)+c=a+(b+c)andb4+a=a+b. 

(2) For any two numbers a and 6 there is a unique number ¢ such that 
ab =c and if a + 0 unique numbers d, d’ such that da = b and ad’ = b; also 
0a = 0 = a0 for every a. 

(8) Finally there must be some sort of a distributive law. We shall use the 
following: c(a@+6b)=ca+cb. We shall not use for the present + the other 
distributive law (a + b)c = ac + bc, nor the associative and commutative laws 
of multiplication, nor shall we assume that there exists an identity element with 
respect to multiplication. 

A point is now defined as one of the systems of three coordinates 


(2) Oy Yi, 
(B) Ly d, 0, 
(Y) OUR A A s 


* The commutativity of addition is not an independent postulate. Cf. H. HANKEL, Theorie 
der complexen Zahlensysteme (Leipzig, 1867), page 32; E. V. HUNTINGTON, Annals of Math- 
ematics, vol. 8 (1906), page 25. 

+ Cf. however the last sentence of this @. 
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where ¢ is not equal to 0 and is the same for all points. There are n° + +1 
points in all if there is a finite number, n, of elements in the number-system. 
A line is defined as all points which satisfy an equation of one of the forms 


(1) ov + yb+e2c=0, 
(2) yv + 2c = 0, 
(3) ar ='0, 


where yf is not equal to 0 and is the same for all lines. There are n?>+ n+ 1 
lines altogether in the finite case. Further there are, in that case, n + 1 points 
on a line. For (8) is*satisfied by points of types (8) and (vy): in case c = 0 
(2) is satisfied by the n points of type («) in which y = 0 and by (7): in case 
ce + 0 in (2) if z= 0, then y = 0 and hence (7) is one of the points, while if 
z=, y must be equal to the solution of yy = — dc and w may have any of n 
values. The argument is similar for an equation’of type (1). A similar argu- 
ment will show that in the finite case the number of lines through a point 
isn+1. 

To show that our points and lines form a projective plane geometry it is 
necessary to prove that any two lines have in common one and only one point. 
.This requires the consideration of several cases. 

(a) Two lines of type (1): 

oy + yb +2=0, 


ay + yb’ + 2c =0. 
The coordinates of a point of intersection must satisfy the condition 
y(6—b')+2(e—c)=0. 


In case c = c’, 6 cannot be the same as 0’ (else the lines would be identical) and 
hence y = 0; the lines then have in common only the point (a, 0, ¢) where a 
is the unique solution of wy = — dc. In case c+c’ and b=0’, we have 
2=0,y=¢ and wis the solution of n»=— gb. In casec+c,b+ 0’ we 
have z = ¢ and hence y is the solution, say «, of y(b — b') = — d(c —c’) and 
x is the solution of wy = —(ab+¢c). On account of the commutative law 
of addition the values of x, y, and z thus found must satisfy the given equations. 


(6) Lines of types (1) and (2): 
op+yb+2=0, 
yy +e =0. 


The coordinate z cannot be zero, else y and « would also be zero. Hence z= ¢, 
y is the solution, «, of yx = — ¢c’, and & the solution of ap = — (ab + ¢c’). 
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(c) Lines of types (1) and (8): 
apy +yb+2=0, 
avr = 0. 


The codrdinate y cannot be zero since then x and z would both be zero. Hence 
y = ¢ and z is the solution of ay = — gb. 
(d) Two lines of type (2): 
yr +2c = 0, 


yw +2c=0. 


Any solution must satisfy the condition z(¢ —c’)=0orz=0. Hencey=90 
and x= ¢. 
(c) Lines of types (2) and (8): 


yy +2c=0, 
ay =. 
The only solution is (¢, 0, 0). 

This, according to the last sentence of §1, completes the proof that all finite 
number systems of the type described above lead to finite plane geometries. If 
the number system is not finite it is necessary to prove algebraically that every 
two points determine a unique line. If the other distributive law holds also or 
if multiplication is commutative this can be done by the analysis used above. 

§ 38. In order to construct a particular non-desarguesian geometry it is 
necessary only to adduce a particular number-system. The first class of systems 
which we shall use is due to L. E. Dicxson.* It is such that the number of 
elements in each system is finite and such that multiplication is associative but not 
commutative and the distributive law holds only in the form #(y +2) = ay + wz. 
Each system possesses an identity which in the analysis above may be taken as 
the common value of ¢ and y. These systems are discussed on pages 5 to 22 
of Dickson’s paper. A characteristic system of this type is the following. 
There are p*” elements, (a, 6), where a and 6 are marks of a field GF'[ p”], 
p being an odd prime. These elements obey the following laws of combination : 


(4,, b,) Ts (a, b,) ar (a, + As b, at b,) 
(5 b,) x (4,, b,) OF (4,4, me evb, b,, b, a, oe ea, b,) 


where v is a fixed not-square in the GF [p”], and e=+1 according as 
2 24 a] n n ; a 2 2 m—1)/2 
ai — vb} is a square or not-square, 1. e., € = (aj — vbj yr"? 


*L. E. Dickson, On finite algebras, G6ttinger Nachrichten, 1905, pp. 358-394. 


¢ 
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The simplest special case is where p” = 3. The algebra may then be thought 
of as having two units 1 and 7 and composed of all numbers of the form x + yj, 
wand y being integers modulo 3 and j?=—1. The system* is thus com- 
posed of nine numbers 0,1, 2, 7, 27, 1+j7,1+ 2),2+ 97, 2+ 2). 

It is not difficult (as the reader may, verify analytically) to find cases which 
show that the geometry founded on this number-system is non-desarguesian and 
non-pascalian. Instead of doing this, however, we shall now show how to get 
another geometry based on the same number-system. The new geometry is so 
constructed as to be capable of being explicitly exhibited in a compact form. 

Since the number-system is associative and distributive [in the sense, 
a(b +c) =ab-+ ac] the point (w, y, 2) may also be represented by 
(xa, Ky, «Kz),« +0. With this understanding a linear transformation changes 
points into points and, if their coefficients are. scalar, two transformations may 
be combined in the usual way.. They do not in general change lines into lines.+ 

Consider now the following transformation of period 13: 


A: C= +2, y = 20’, 2== 2y’ + 22’. 


Let A,, B,,---, G, denote the points (2,0,1),(2+27,j,1),(2+ 7, 27,1), 
(1+ 27,14+ 7,1), (j,2+ 27,1), (14+ 7,14 27,1), (2), 24+ 7,1) and let 
A,, B,,---, G, (k<18) denote the points derived from these by transforming 
them by the Ath power of A. In this notation, seven of the lines of our original 
geometry are: 

etytz=0:A,4A,4,4, 8,0, D,£,£,G,; 

ety+t2z=0: A,B B,D,D, £2, 2£,G,G,, 

e+y(27)+2=0: ACC LEFF, G,G6,G4,, 
* In this special case the distributive law has a very simple form ; namely 
(a+ bj )j=—aj—bp=b—q 


where neither a nor J is zero. Though the commutative law is not valid it is always true either 
that xy = yx or that zy = — yx. 7 

For the convenience of the reader in verifying computations, we subjoin the multiplication 
table : 








2 j 2) PER Lae ead 2 

1 2) J a A EON cine |) LF 
J 2 2 1 Re ge NO ea fl ake So oO Os 
2) ue 1 Oe Oya e kag 245 
LPI ata ke ag 24-7 2 27) a 1 
142); 2+j 242) 1+4+j J 2 1 27 
2 th re Ns eX ai a) 1 2 J 
Sg le fh a et soa oh oe Aig 7 a j 2 2 


+ For example, the transformation A changes (1, 0,0), (0,7, 1) (j,7, 1) which lie on 
wi +z=0 into (1, 2, 0) (1, 0, 2+2/), (14-J, 2j, 2+ 2j) of which the first two, but not the 
third, lie on (1+ 7)-+y(1+j7)+2=0. 
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e+ty(1l+j)+2=0: 4, BBD D, FF. F,G.G,> 
eot+y(2+2j))+2=0: A, BB B,C,C,#,#,F,F,, 
e+ty(14+2))+2=0: A,C.C,D,D,D, #,£,, Ff F;,, 
e+y(2+j)+2=0: A,B, B,C,C,C,D,D,G, G,. 


A and its powers give 84 other heptads of points which may be obtained by 
adding successively the integers 1, 2, ---, 12 to the subscripts of the points of 
each of the above lines, the resultant subscripts being, of course, reduced modulo 
13. The ninety-one heptads so obtained are the lines of a new non-desar- 
guesian and non-pascalian geometry. 

It is not difficult to verify a posteriori that this scheme does define a geom- 
etry. By trial we see that if two lines intersect in more than one point, then 
neither of these points can be of the form A, or B,. Further, the scheme is 
invariant under the following transitive substitution group: 


1, (BDG)(CEF), (BGD)(CFE), 
(BC)(DF)(EG@), (BE)(CD)(F@), (BF)(C@)(DE). 


Hence the same is true of the remaining letters. The other axioms may be 
tested in the same way. That the geometry is non-desarguesian and non- 
pascalian is proved by examples which are sufficiently indicated in the diagrams 
below. 





Fia. 1. Fig. 2. 


More interesting, however, than this tactical verification is the analytical proof 
that the 91 heptads derived by A and its powers from the lines B are the lines 
of a plane geometry. As in § 2, it is only necessary to show that any two 
heptads have one and only one point in common. It is a direct consequence of 
definition that a heptad is the set of points satisfying the equation, 


@( A), + Ay) + Y¥ (Gy, + Gq.) + 2( G3 + G5) + (0, + Yo,, + 20.) B= 0, 
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where @ is any one of the seven numbers of the system and @,, are the coefficients 
of any one of the thirteen powers of A. This equation may be abbreviated as 
follows : 


(1) va +yb+2ce+ (xa + yb’ +2c)B=0. 
Consider the intersection of this with 
(2) etyatez=0. 


In (1) and (2), « and 8 are the only coefficients which are not necessarily scalar. 
From (1) and (2) we deduce 


(3) y(2aa+6b)+4+2(2a+c)+ {y(2daa+0')4+2(2¢7 +c)}B=0, 


and shall now show that there is only one point whose coordinates satisfy (2) 
and (3) simultaneously. There are three cases. 
(i) 2a’ +c’ =0. In this case (3) becomes : 


(4) y{2aa+b6+4(2va+0')8}+4+2(2a4+c)=0. 


If the coefficients in (4) do not vanish identically, (2) and (4) have evidently one 

and only one point in common. On forming the powers* of the transforma- 

tion A we find that 2a+ c¢ and 2a’ +c’ cannot vanish simultaneously except 

for the identical transformation, and in this case the vanishing of the coefficient 

of y leads to a=. Hence except in this trivial case (4) is not an identity. 
(ii) 2a+¢=0. In this case 


y {(2aa +b) B+ 2a'a + U} +2(Qa +c) =0. 


Hence as in (i) there is one and only one point common to (2) and (8). 
(iii) 2a’ + ¢ = (2a+ ¢c)d +0, where d is scalar. Then (8) may be written 
in the form 


y{2(a+2ad")a+b4 2'd-'} + {y(2ava+b)d-" +2(2a+c)}(1+d8)=0, 


or say 
ye + (yf+29)y= 9. 


y(ey' +f) +2 =9. 


This is equivalent to 


_ * The first twelve powers have the matrices 


101 120 201 221 021 122 212 110 001 022 111 020 
200 202 210 102 112 012 211 121 220 002 011 222 
022 111 020 100 101 120 201 221 021 122 212 110 


and the thirteenth power is the identical transformation. 
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Hence, since g + 0, (1) and (8) and therefore also (1) and (2) have one and 
only one point in common. 

The point transformation A transforms lines of the new geometry into lines. 
Hence, if any two lines intersect in more than one point, the lines obtained by 
transforming these simultaneously by any power of A will also intersect in more 
than one point. But any pair of lines can, by transformation by a suitable 
power of A, be transformed into such a pair as has been considered above. 
Hence any two lines intersect in one and only one point. 

§4. On pages 381-394, loc. cit.,* L. E. Dickson has given another set of 
algebras which are available for geometrical purposes. ‘The following multipli- 
cation table (cf. (68), loc. cit., p. 8394) defines an algebra which satisfies the con- 
ditions of §2 together with the commutative law of multiplication and has an 
identity element. It therefore leads to a geometry. 


ie eng 
2 j b+ Bi 
j\b+ Bi — BR’ — 8bi — 28) 
Any number of the algebra is of the form a + di + ej, where a, d and ¢ are 
any marks of any field /’, not having the modulus 2, in which x? = b + 8x is 


irreducible. In such an algebra an equation of the form aw = 6b has a unique 


solution if a + 0. 
If 6 = 2, 8 =0 and F is the field of rational numbers this table becomes 





‘9 
i ieee 
jie ca 


Points and lines are defined as above, but as multiplication is commutative the 
equation of a line is more conveniently written in the form az + by +cz=0. 

That the geometry is non-desarguesian is shown by the following example. 
Consider the six pomts “A’==3(05'0, LU) 5) A oe (002.1 oe Be eee 
B ={4,9,.1),; C= (9,041). Geet) hese pouita en isalt man 
the lines x = 0, ~ — iz = 0, and « — jz = 0, which meet in the point (0,1, 0). 
The equations of the sides of the triangles ABC and A’B’C’ are as follows: 


AC: y=9, A'C’:y—Kw=0, 
AB: x—y=0, A'B’: w+ (1+ity)y/1T—(24+74+7)2/17T=0, 
BC: wx—(1—i)y—jze=0, B’'C':e@+y—(itj)z=9. 


*See also L. E. Dickson, Linear algebras in which division is always uniquely possible, these 
Transactions, vol. 7 (1906), p. 371. 
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If D, Hand F are the intersections of AC with A’C’, AB with A’B’, 
and BC with B’C’, the codrdinates of these points are: D=(1, 0,0), 
B= (w=y=8(1T /8+4 2147) /17T, 1) and # =[(—1+7+4 27) /3, (1+ 274+) /3, 1]. 
The equation of the line DH is y — 8(17/8 + 2i+/)z/171T = 0 and evidently 
does not contain /’. Hence D, # and / are not collinear and the geometry 
is non-desarguesian. 

In the same way by taking the six points A’ =(1,0,1), B’=(i,0,1), 
O’=(i4+j,0,1), A=(1,1,0), B=(i,1, 0), C=(j, 1, 0), it can be 
’ shown that the geometry is non-pascalian. 

The finite number-system of the present type with the smallest number of 
elements is obtained by letting /” be the GF'[ 3 | and letting 6=1 and 6=1. 
This however leads to a geometry with 28 points on a line and (27)’4+-274+1=T757 
points in all and has not been exhibited explicitly. 

§ 5. The number systems discussed above all have identity elements. The 
presence of an identity is not necessary for the analysis of § 2, and examples of 
number systems that lead to geometries, though lacking the identity, are not 
hard to find. Two simple cases are constructed as follows: 

Let e, and e, be two independent units. The systems under consideration 
consist of all numbers of the form ae, + be, where a and 6 are integers reduced 
modulo 2. Addition is defined by the equation 


(ae, + be,) + (ce, + de,)=(a+c)e,+(b+d)e,. 


The two multiplication tables are 











| €é, & @, € & 

(i ) €,/€, € 2&8, ‘i ) @ 18, & 6 
€,/2, & €,;€, €, eC, 

€,/@, €3, Cy €,/€, €, & 





where e, =e, + e,. In (7) multiplication is commutative and in both systems 
the two-sided distributive law holds. Each system gives rise to a geometry with 
five points on a line. Both geometries however turn out to be identical with 
P G (2, 2?) which is based on the Galois field, G/(2?). This suggests the fol- 
lowing theorem: There is only one projective plane geometry with five points 
on a line. 

To prove this consider the following Pappus configuration in which O, A, B, 
C, A,, B,, C, are distinct. Consider the lines DZ, HF, FD. These lines 
obviously cannot intersect the line OA in any of the points A, B, C; hence as 
there are only two other points on OA, D, /, and #’ must be collinear. The 
geometry is therefore pascalian. DESARGUES’s theorem may be proved in the 
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same way or it may be deduced from Pascat’s theorem. Now there is only one 
pascalian geometry for a given finite number of points on a line,* therefore 
there is only one geometry with five points on a line. 





FIG. 3. 


Thus a non-desarguesian geometry must have at least six points to the line. 
A number system which furnishes a geometry with this number of points is the 
following. Denote the elements by 0,1, 2,38, 4, and let addition be identical 
with ordinary addition modulo 5. Let multiplication be defined by the table: 





{our a 
LOR 2m Bret 
DU Aen Oo eT 
So. oleae 
4/2 4 1°8 





The element, 1, is a left-hand identity. All the conditions of § 2 are satisfied 
and we may conveniently take 6=w=1. The resulting geometry however 
turns out to be PG(2,5). The problem of determining a non-desarguesian »< 
geometry of minimum number of points to the line remains unsolved. , 





* Cf. these transactions, vol. 7 (1906), p. 247 and @ 1 above. 


[ Note added April 22, 1907. Dr. C. R. MAcINNEs has found by a tactical investigation that 
the only plane projective geometry of six points to a line is the PG (2, 5) and that there is none 
at all with seven points toa line. The latter result has also been found by SAFFORD, Ameri- 
can Mathematical Monthly, vol. 14 (1907), p. 84.] 





MODULAR THEORY OF GROUP-MATRICES* 
BY 
LEONARD EUGENE DICKSON 


1. The importance of the concept group-matrix in the theory of finite groups 
was recognized by DEDEKIND as early as 1880. The development of a general 
theory of group-matrices is due, however, to Fropentus, (Berliner Sitz- 
ungsberichte, from 1896 to the present). In particular, FROBENIUS has 
applied the theory to the representation of a finite group as a (non-modular) 
linear group. Since linear congruence groups are of importance in the theory 
of groups, particularly in questions of isomorphisms, and play a fundamental role 
in the applications of groups to the theory of functions and to geometry, the 
study of the representations of a finite group as a linear congruence group is of 
decided importance. 

It is here proved that, if p” is the highest power of the prime p dividing the 
order g of a group G’, the group-matrix of G' can be transformed, by a matrix 
whose elements are integers taken modulo p, into a compound matrix in which 
the submatrices to the right of the main diagonal have zero elements through- 
out, while the p” submatrices in the diagonal are identical. Let D denote one 
of the diagonal submatrices, so that D is a square matrix of order g/p"™. Then 
D 


in marked contrast to the non-modular theory, in which each algebraically irre- 


the group-determinant A of G is congruent to | D|?” modulo p. This result is 








ducible factor of A enters to a power exactly equal to its degree. 

It is shown in §8 that the group-matrices of all groups of order p” can be 
reduced to their canonical form modulo p by one and the same transformation. 

An interesting theorem on group-characters is obtained in § 11. 

Just as simplicity is attained in the algebraic theory only when certain alge- 
braic irrationalities are introduced to permit of the complete factoring of the 
group-determinant into algebraically irreducible factors, so corresponding sim- 
plicity in the modular theory can be attained only by the use of Galois imagi- 
naries (roots of irreducible congruences) in order to normalize completely the 
diagonal matrices Y ($10). It is therefore proposed to take as the field of 
reference the field /’ defined as the aggregate of the Galois fields GF’[ p"], 





* To be presented to the Society, September 5, 1907. Received for publication May 10, 1907. 
389 


390 L. E. DICKSON: MODULAR THEORY OF GROUP-MATRICES [July 


n=1,2,38,.---. Every equation with coefficients in #’, is completely solvable 
within /’ . 

When the modulus p does not divide the order of G, the fundamental 
theorems of the algebraic theory are also true in the field /”,, as was first pointed 
out in the writer’s paper in these Transactions, vol. 3 (1902), pp. 285-301. 
For the same case, the exposition of the algebraic theory by Scour (Berliner 
Sitzungsberichte, 1905, pp. 406-432) is valid in the field /” . 

When the modulus divides the order of G, the problem presents marked con- 
trasts to the algebraic theory. It is to this outstanding case that the present 
paper is directed, as also the companion paper, ‘ Modular theory of group- 
characters” (Bulletin of the American Mathematical Society, 
July, 1907). 

2. Let G be a group of finite order g ; let H be a subgroup, 


Hs Rot Os ocr Ae 


of order 2 and index g=g/h. Let e,=J, e,,---, e, be right-hand extenders 


of H to G, so that 
G= H+ He,+--.+ He,. 


Form the left-hand multiplication-table of G' with the operations 


er 345 €) 5 Bao, 8e0q9 * 2% 830, Bes SnCas ee stesey tree 


in the first row, and their inverses, in this order, in the first column. The body 
of the table is a compound matrix Jf with h’ matrices W/,; as its elements. 
The matrix in the ith row of matrices and jth column of matrices is 


(1) Mi if 8;*8, = 8. 
We have 
ke 8), 8,6, 
(2) Mo = (e-"926 \ oe | Fae Pe eee eee 
OA Seite, e; 8,8, 


If H is a subgroup of order h of a group G, the body of the multiplica- 
tion-table of G may be exhibited as a compound matrix whose h? submatrices 
M,, have the same relative arrangement as the elements s, in the multiplication- 
table (s;'s,) of H. 

To the h elements s, of a group H we make correspond / independent vari- 
ables x,. Then the group-matrix of {7 is 


(3) (®7,,) (ijl, =, A}: 


3. Let p” be the highest power of p dividing the order p*g of a group G, 
and let #7 be a Sylow subgroup of order p”. 
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It will be shown in § 5 that there exists a matrix (b,,) which transforms the 
group-matrix (3) of H into a matrix whose diagonal elements are congruent, 
modulo p, to )’x,,, and whose elements to the right of the diagonal are congru- 
ent to zero. Then, if Z denotes the unit matrix of order g, the compound 
matrix (b,,J) transforms the group-matrix of G', arranged as in § 2, into a 
compound matrix, each of the p” submatrices in the main diagonal being con- 
gruent to 


pt 
(4) Daan) (r,c=1,°:,@), 
1 


c 


while each submatrix to the right of the main diagonal has all its elements con- 
gruent to zero modulo p. Hence we may state the following 

THEOREM. Jf p” is the highest power of p dividing the order of a gyoup 
G', the group-determinant of G is congruent modulo p to D?”, where D is the 
determinant of the matrix (A). ; 

Consider the linear transformation 7’ on &, (i =0,1,---, p* —1) whose 
matrix is the group matrix of /,, with a convenient order for the elements ~,, 
in the first row ($5). When 7’ is expressed in terms of the new variables 


pr—l 9 
(5) Tne) (7 )é (i=0,1,---, pt@—1), 


j=t \% 


the coefficients being binomial coefficients, it takes the canonical form (modulo p) 
given above. The corresponding normalization of the transformation whose 
matrix is the group-matrix of G is accomplished by the introduction of the new 
variables 


pr—l1 fj 
(6) Niqts = B, leas (tee Update bg aaa 1 505g) 


j=t 


4, Matrix (4) has the important property that, in the terminology of FRo- 
BENIUS, it is @ matrix belonging to the group G. Removing the restriction 
that H is a Sylow subgroup, we obtain the matrix 


h 
0) X= (Det) (r,e=1,---,@). 
k=1 
We prove that matrix X belongs to the group G, viz., that 
(8) AVY=Z if DiPaY ers = 8, (RB ranging over G ). 


The element in the rth row and cth column of XT is 
q h h 
ve (2 yo Vez a) (=: Ye} va) — 2 » CRY RVs, ee ®erls.6.9 
j=! m=1 ==) ra | 


where ft = e—"s ¢€., 8, = 8.3, 


mJ 
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A second proof that matrix X belongs to the group G results incidentally 
from the following discussion which gives a (partial) normalization of the group- 
matrix of G by an algebraic transformation, in contrast to the (more complete) 
normalization in §3 by a modular transformation. The transformation on 
E,, ---, € , whose matrix is the group-matrix of G(§ 2) is 


(9) FG_nesr = > ie eee ye (4,j=1, Rear h; r, t=1, “ens ie 
jit 
Consider the functions analogous to (6) with 7 = 0: 
h 
0, = D5 Eunos (s=1, +=; q)e 
j=l 
Then 
h g h 
/ 
Fa a (ss ane Ej—pett = a (> ane) jest = dX (> Dates) ",° 
J; UR c= = (= 


Hence the variables 7,,---, 7, undergo a transformation whose matrix is (7). 
In particular, |X| is an algebraic factor of the group determinant of G’. 


5. THroreM. Jf G is a group of order p™, p a prime, with the operations 
g,; the group-matrix of G can be transformed* into one whose diagonal ele- 
ments are congruent to ix, modulo p, while the elements to the right of the 
main diagonal are congruent to zero. 

The proof is by induction from 7 —1 to 7. It proved in §7 for 7 =1. 

To apply § 2, let HZ be a subgroup of order p™*. Then g = p, and we may 
set e,- = e''(i=2, ---,p). By the hypothesis for the induction, the group 
matrix («, ) of 7 can be transformed into a matrix whose diagonal elements are 
congruent to >>, modulo p, while those to the right of the main diagonal are « 
congruent to zero. Let the transforming matrix be (a@,), 7,7 = 1, ---, p". 
Then, if 7 is the unit matrix of order p, the compound matrix (a, 7) will trans- 
form the group-matrix (,,) of G,, into a compound matrix, each of whose 
diagonal matrices D, is (T) for h = p™—, while the elements of the matrices to 
the right of the diagonal are zero. Now //,-1 is invariant in G,. Hence 
e~'s,e ranges over the operations of HZ where s, does, so that 


prt 


: ; els ,e, ee PN — » anon. 
h=1 


We introduce the abbreviation 


ptt 
(10) C, = Dy Us. 3 
Since e? belongs to H, we have 
(11) Tp = 0, - 


teP 





* The transforming matrix is given in 28. 
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Hence each diagonal matrix D, is the cyclic matrix 


a; a Ceo as o p-1 
(12) (o,c-r) = Fp Oo; a et i Oo ep-2 
ip ok Oe 


By §7, this matrix of the cyclic group of order p can be transformed into a 
matrix whose diagonal elements are congruent to 


pl pr 


5 TA Oe Wo, ’ 
i=0 j=l 


modulo p, while the elements to right of the diagonal are = 0. 

6. It remains to normalize the group-matrix of the cyclic group of order p 
by a transformation modulo p. Without increasing the difficulty of the prob- 
lem, we treat the cyclic group of order p”. We shall need two algebraic lemmas. 

The transformation, with binomial coefficients, 


gas q 
as) n=Z(1)6 G=0)1 490) 
jot 


has, algebraically, the following inverse : 

g—l1 * 
(14) £=2(-1)"(1)q, (i=0,1,---,g—1). 

jt 
This will be the case if, and only if, 

Bem as ORY (0) ee 
(15) (Ly (2) (f= 8 ut, to oitieny, 
j=t 
This well known formula (cf. Nerro, Combinatorik, p. 255, formula 43) is 
a special case of the following one, which is needed later : 
0 Ui 8) 


Oe Bod) s")= h—ay(." oso 


To evaluate Z’, we apply 


as |) 424) 


and obtain two sums P and Q. Making a similar replacement for (*”) in Q, 
we get 
= TEFEN (Ls om et _fr—1l\fi-1l+m 
jabedl 1 rans i-l ae i—1 
ap pai ") (; = i) 2 ) Z| (; ie i)( So), ) 


ee Je = 7 r—1, s—1° 
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Hence we have the recursion formula 


EL = —-#, 


mrs m, r—1, s—1* 


Thus for r =s, F, =(—1)’ Lnos_, and (16) follows. Forr—s=p>0, 


Buy, =(—1) En = (—1Y DE (-1)(8)=(- 1a -1y=0. 


For the case m = s, formula (16) may be obtained from formula (41), (NETTOo, 
loc. cit., p. 255), by replacing m,n, q,8s by 7, s,s—m, i—s+™m, respectively. 
7. THeorEeM. The group-matrix of the cyclic group of order p™ can be 
transformed into a matrix, given by (22), having congruent elements, modulo p , 
in every parallel to the main diagonal, the elements to the right of the latter 
being congruent to zero. 
The group-matrix of the cyclic group of order g is 


ede DS ok a Hee 
(17) Ars gS ee ee ee 
Gag © Gre SEs re 9 
Let o_, = 4,_,: Then A is the matrix of the transformation 
jet 
(18) f= 24.8, (f220,/1,>-*) 9-1 


Introducing the variables 7 by means of (13) and (14), we get 


g—1 eo etl ; 

(19) yas, ie ead ey a (— me) ee 
r=0 1=0 jas 

The value of y,, will be determined modulo p, for the case g = p”. 

For 0 =m=g-—1, the coefficient of a_, in (—1)’y,, is ec + ¢’, where c is 
the sum of the terms with 7 =i +m, c’ the sum with 7 =i+m—qg. 

Let first 7 =i +m. The minimum value of 7 is the greater of 0 and s—m. 
But, for m<sandi<s—m,(/)=0. Hence in c we may allow i to begin 
with the value zero. The maximum value of ¢ is the lesser of 7 and g —1—™m. 
Hence if m<g—v7, ¢ is given by (16). Next, let m=g—vr, so that 
i=g—1—m. Nowe will be unaltered modulo p if we allow 7 to take the 
additional values g —m+t(t=0,1,---,s—1), since 


yp™ + ¢ 
(7 : )=o (mod p ) (t<is<ipr). 


Indeed, there is no term 2° in 


(20) (1+ 2e*)(1+2)=(1+2)e"** (mod p). 
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Thus, if g -—r=Sm<g—r-+s, then g—m+s—1 =r, and ¢ is congruent 
to (16). Finally, for m = g —7r +s, ¢ +e’ is congruent to (16) in view of (21). 

Let nextj7=i+m—gq. Then i ranges from gy —m +s to 7, so that terms 
e occur only form =g—r+s. Fors<p™=g9,t<g@, 


) + Gaal ( ae) m te eh) (mod p), 


by (20). Hence ce = 0 if m<g—r+s; while form2=g—r+s, 
(21) qa Ss eo), ) (mod p). 
i=g—m+s U 8 


Therefore in every case the coefficient of a_ 
p to the sum (16). Thus 


q < m t 
m= 0(ifr>s), 7,5 (,",,)a. (ifr se). 


m=0 


_in(—1)’y,, is congruent modulo 


7 


Hence y,, = ,_,, (r=). Seta,=y¥,-. Then (19) becomes 


8 g—l 
(22) Ue 254,719 a,= a (i) a_,, (mod p). ; 

8. THEOREM. The group-matrices of all groups of order p", with a suitable 
order for the elements of the first row, can be transformed simultaneously into 
their canonical forms modulo p by the same transforming matrix. 

Employing the notations of § 5, we prove that the transformation 7’ on the 
variables €., whose matrix is the group-matrix (vy) of a given group G' of order 
p”, can be reduced to its canonical form modulo p by the introduction of the 
new variables (5), viz., that transformation (5) transforms 7’ into its canonical 
form. Then the matrix of (14), i. e., the inverse of the matrix of (5), will 
transform the group-matrix (vy) into its canonical form modulo p. The proof 
is by induction from 7—1 to 7. We therefore assume that the transforma- 
tion whose matrix is the group-matrix («) of the subgroup Hf of order p™—' can 
be reduced to its canonical form by the introduction of the new variables 


(23) ; n= (2)6 (¢==0,1,*-",.a=p™-!—1). 


j=i \t 


The matrix (a,,) of $5 is thus the inverse of the matrix of (23). Hence (a,,/) 
is the inverse of the matrix of 


(24) 7s =D Ae (420,152 *<, 45.80, sss ps y's 


It remains to normalize the diagonal matrices D, (k=0,1,---, «), each of 
Trans. Am, Math. Soc. 27 
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which is of the form (12). Hence by § 6 we introduce the new variables 
p—l 


(25) Mee p> (6), (k=0, IU ice a;i=0,1,:---,;p—1). 
j= 


Eliminating the n’s from (24) and (25), we get 


PS Nae 
(26) See, 3 r Z Cio (1==0, Ds aCe 1,+-:,;p—l). 
s=r m= 


To prove that (26) is equivalent modulo p to transformation (5), set 
i=IIp+r, j= mp+s. 
In view of the limits of the summation indices in (26), we have 
0=rSs=p-l1, 0=leam=Za (a=p7™—1—1), 


It therefore follows from the writer’s Dissertation (Annals of Mathe- 
matics, ser. 1, vol. 11 (1896-7), pp. 75, 76), that 


en ()=(2)(%) ~n 


The induction is therefore complete. 

9. We have now established the lemmas employed in the proof of the general 
theorem of §8. The problem of the ultimate canonical form modulo p of the 
group-matrix of a given group G of order p™g is therefore reduced to the 
problem of normalizing the diagonal matrices (4). One step of this normaliza- 
tion is readily effected in §10, the resulting matrix (34) having the desirable 
property that the elements of the non-diagonal submatrices are all zero. In 
particular, this normalization is complete if a Sylow subgroup of order p” is 
invariant in G. 

10. Let = be invariant in A,z,,, but in no larger subgroup of the given 
group G‘,7,. Set 


(988) K=H+He,+-.-+He,, G=K+Kf,+---+ Kf, (n=a/m). 


Then (4) may be exhibited as a compound matrix (Z,,) whose n’ elements Z,,, 
are square matrices of order m: 


pt 
dof = ( nut) (r, cs ses, m). 


k=1 
For r fixed, e>'s, and s,e>' range over the same set of elements. Set 


“-* pe 
(29) le PE gtahy (t=TI, €2,+++, em), 
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the m functions with 7 and j fixed being independent. Hence 


(30) E,= (o%,.) (r,c=1,++-,m). 


ij 
Now e~'e, may be given the form se, with sin H. Then 
(31) oi, = ail, (He, He,) = He,. 


Hence, for each i and j, E,, is the group-matrix of the quotient-group K/H. 
The order, m, of the latter is relatively prime to the modulus p. Hence by 
§ 1 there exists a matrix w, of order m and with elements in the field /,, which 
transforms £), into its ultimate canonical form C{,. Then the compound 
matrix 


jes VA 
(82) Ege, 


transforms the compound matrix (/,,) into (u-' #4) =(C,). Here the C; 
have simultaneously their canonical forms : 


e070 
(33) C,=|0 ci 0 ..- J}, 


v 


where c’’ is a square matrix, whose determinant is irreducible in #’,, and whose 
elements are linear functions of o'’, ---, o'/, with coefficients independent of 
t,j. Applying to (C,,) a certain transformation which merely permutes the 
variables, we get 


Ga07 20 


1 
(34) 0 C, 0 oO it) Ca-(e7) (7, J=1, -::,”). 


The problem has therefore been reduced to the normalization of certain matrices 
C, (“belonging ” to the group G) of order n, the index of Hx in the largest 
subgroup (of the given group G) in which Hx is invariant. 

If the Sylow subgroup /7,, is invariant in G, then mn = 1 and the normaliza- 
tion is complete. 

11. From the theorem in § 5 we readily derive an interesting result on group- 
characters. Let 7 be a group with the / elements s, and group-determinant 
A, defined as the determinant of matrix (3). Let G,, be any Sylow subgroup 
with the elements g, and group-determinant D. If we set 


(35) a, = 0 for every element s of H/ not in G,, 
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A becomes equal to an exact power of D. By $5, 


p™—1 


D= L’" (mod p), bs SE eee 
2=0 


In our field /”,, let © be an irreducible factor of degree f of A. Hence, under 
the assumption (85), ® becomes a function congruent to Z’ modulo p. The 
coefficient of 


(36) wT" Wy, (gi 1) 
in L/ is f. By definition the coefficient of (36) in @ is the character y(g;), 
while y(/) =f. We may therefore state the 

THEOREM. Jf x is the group-character defined by a factor, of degree f and 
irreducible in the field I’, of the group-determinant of a finite group H, then 
(37) x(g) =f (mod p) 
for every element g of period a power of p in H, 

The definition of characters is employed also for reducible factors. But 

b= O'O" implies y¥(9)=x'(9) + x'(g)- 

Fence (37) is true also of algebraic group-characters. 


THE UNIVERSITY OF CHICAGO, 
May 8, 1907. 


EXISTENCE PROOF FOR A FIELD OF EXTREMALS TANGENT 


TO A GIVEN CURVE" 


BY 


OSKAR BOLZA 


In a recent paper,t Professor Buiss has given sufficient conditions for a 
minimum of the integral 


ty 
(1) J=[ FUG ah aide 


with respect to one-sided variations. His proof is based upon the construction 
of a field of extremals tangent to a given curve. He establishes the existence 
of such a field first for the special case where all curves considered are repre- 
sentable in the form y = f(a), and then reduces the general case of parameter 
representation to the former by a point-transformation of the plane. 

The object of the following note is to give a direct proof for the existence 
of these fields which play an important part also in other investigations of the 
calculus of variations. t 


$1. The set of extremals tangent to a given curve. 


The terminology and assumptions concerning the function F’ being the same 
as in § 24 of my Lectures on the Calculus of Variations, we consider a curve 
of class C” 

€: w=8(a), y=J(a), 4,505 4, 
without multiple points, which lies in the interior of the region of the x, y- 
plane in which the function F is supposed to be of class C” for every 
(a, y') + (0, 0), and satisfies the inequality 





* Presented to the Society March 30, 1907. Received for publication February 27, 1907. 
+Transactions of the American Mathematical Society, vol. 5 (1904), p. 477. 
{ Compare LINDEBERG, Mathematische Annalen, vol. 59 (1904), p. 321. 
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(2) F [3 (a), 7(a), ¥(a), ¥(a)] > 0 in (A, 4,), 


where % = dx/da, 7 = dy /da. 

For simplicity, we suppose that the parameter a is the are of the curve © 
measured from some fixed initial point. 

Under these conditions it follows from the general existence theorems * for 
differential equations applied to the differential equation of the extremals + for 
the integral (1), that through every point P(a) of the curve € one and but one 
extremal ©, can be drawn which is tangent to © at P in such a manner that 
the positive tangents of the two curves coincide. For the parameter ¢ on the 
extremal © we may choose the are of the extremal measured from the point P 
so that for every value of a the point P corresponds on ©, to the value ¢= 0. 

If we vary a, we thus obtain a set of extremals 


(3) v= $(t, a), y=wW(t, @), 


for which the functions ¢, y have the following properties : 
1) The functions 
; ?, Pi3 v; Vr,» Vu, 


are as functions of ¢ and a of class C’ in the domain 
(4) 0=t=l, A,=a=A,, 


where / is a sufficiently small positive quantity independent of a.t 
2) The functions ¢, W satisfy the following initial conditions: 


$(0,a)=8(a),  (0,a)=9(a), 
$(0,a)=8 (a), (0,4) =9'(a). 


From (5) we obtain by differentiation 


(3) $,(0,a)=a (a), v(9,a)=y¥ (a), 
$.(0,4)=@"(a), (9,4) = 9"(a). 


(5) 


From these equations we derive for the Jacobian 


O(d. ¥) 
aU GAs sr a= a(t, a) 








* Compare Buiss, Annals of Mathematics, ser. 2, vol. 6 (1905), pp. 49-67. 

t Compare KNESER, Lehrbuch der Variationsrechnung, 2227, 29 and Bouza, Lectures on the 
Calculus of Variations, 3 25, b). 

t Compare the corollary given by BLIss in the article on differential equations just referred 
to, p. 53, at the end of section 1. 
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the result : 


(7) RUM aye Oy ACO eae 


r 


1 
? 


ar. 


if we denote by 1/r and 1/7 the curvature at the point P of the curve ©, and 
of the curve © respectively. 
We make the further assumption that 


along ©, and in order to fix the ideas we suppose * that 


yl 
(8) = eee 


From this additional assumption it follows that two positive quantities 7, </ 
and m can be determined so that 


(9) A(té,a)=tm 
in the domain ~ 
(10) 021=1,, A, =a=A,. 
For if we define the function y(t, a) for the domain (4) by the equations 
A 
sue : when ¢ + 0, 


X(t,a)= 
A,(0, @), when t= 0, 


it is easily seen that y(¢, @) is continuous in the domain (4), and since more- 
over ¥(0, a) > 0 in (4,4,), it follows that a positive quantity 7, =7/ can be 
assigned such that y(t, a) > 0 in the domain (10). If we denote by m the 
minimum of y(¢, @) in the domain (10), we obtain (9). 


§ 2. Proof that the set of extremals (3) furnishes a field. 
We now choose two quantities a,, a, so that 
A,<4,<4,<A, 


and propose to prove that under the assumptions enumerated in $1, a positive 
quantity k = 1, can be assigned such that the equations (3) define a one-to-one 
correspondence between the rectangle 





* In order that the curve © may furnish a minimum for the integral (1) with respect to one- 
sided variations on the left of ©, it is necessary that 1/7 —1/7 =0; compare Bouza, Lectures, 
p. 194. 
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IIA 


A: Ora 


K 


1 a 


in the t, a-plane and its image §S, in the x, y-plane. 

We suppose that it were not so; that is we suppose that, however small « may 
be taken, there always exists in A, at least one pair of distinct points whose images 
in the a, y-plane coincide. Reasoning then exactly as in the proof for the exist- 


t=K 





ence of a field which I have given in §34 of my Lectures for the case where 
A(t, a) + 0, we reach the result that under this hypothesis there would exist 
a point Il(¢ = 0, a =a) in the rectangle A, such that every vicinity of IT con- 
tains at’ least one pair of distinct points of A, whose images in the ~, y-plane 
coincide. 

We are going to prove that this leads to a contradiction with the inequal- 
ity (9). 

For this purpose we notice that our assumptions concerning the curve © 
imply * that %'(a), y’(a) are not both zero; let %’(a)+ 0, or as we may 
write on account of (6), 


GN Decor 00) 


We may then apply D1n1’s theorem on implicit functions to the function $(t, a) 
and the point ¢=0,a@=a. From this theorem it follows} that below any 





* Compare the definition of ‘‘curve of class C”’’ on p. 116 of my Lectures. 
‘+ Choose d > 0 so that ¢(t, a) is of class C’ and ¢.(t, a) +0 for |t| Sd, |a—a|Sd. Let 
A be the maximum of |¢,(t, a)|, B the minimum of |¢.(¢, a)| in this domain. Choose 


0<d,<dand 
o Bo 
o6<d,—ad, P< dq, 2’ 24° 


Compare PEANO-GENOCCHI, Differentialrechnung und Grundztige der Integralrechnung, pp. 138- 
141. 
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preassigned positive quantity 5 two positive quantities p and o can be determined 
having the following properties: If P’(t’, a’) and P”(t’, a’) be any two dis- 
tinct points of the vicinity (p) of the point II(0, «) for which 


(11) p(t, a )=G(t, a’), 


then in the first place ¢” + ¢’ (say t’ <¢”) and in the second place the two 
points P’, P” can be joined by a curve representable in the form 


a=a(t), t Stat; 
such that 


(12) }[t,a(t)] =O(, a’) for StS’. 

The function a(t) is of C’, and satisfies the inequality 
|a(t)—a’)|<o for ’ StSt’ 

and the initial conditions 

(13) a(¢.)= a, Cts) sence 

Differentiating (12) we obtain 

(14) $,[t, a(t)] +4, [t, a(t) ]a’(t) =0. 


On the other hand, it follows from the characteristic property of the point II 
that there exists at least one pair of distinct points P’, P” in the domain 


0=t<p, |a—al<p 
for which not only (11) holds but at the same time 


(15) eC a aa{ te 0). 
For such a pair of points the function W[¢, a(t)] is of class C’ in (¢’t’) and 


takes, according to (13) and (15), the same value for t= ¢’ andt=t’. Hence 
its derivative must vanish at least for one value ¢ = 7 between ¢ and ¢”: 


Cn a(t) |) + V7, a(t) ) a(t) = 0. 


Combining this equation with the equation derived from (14) by putting ¢=7, 


we obtain the result: 
aN) eae a(7)] =. 


But if we take p and o sufficiently small, the point ¢ = 7, a = a(7) lies in the 
domain (10); moreover, 7 is positive since 0=¢#<7t<?t". Hence we have 
indeed reached a contradiction with the inequality (9), and therefore the state- 
ment enunciated at the beginning of this section is proved. 
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The image & of the boundary of the rectangle A, is a continuous closed curve 
without multiple points. According to a theorem due to SCHONFLIES,* the 
point-set S, is therefore identical with the interior of & together with the curve 
& itself. 


THE UNIVERSITY OF CHICAGO, 
February 27, 1907. 





*Goéttinger Nachrichten, 1899, p. 282; compare also Osaoop, ibid., 1900, p. 94; and 
BERNSTEIN, ibid., 1900, p. 98. 





A NEW FORM OF THE SIMPLEST PROBLEM OF THE 
CALCULUS OF VARIATIONS* 


BY 
GILBERT AMES BLISS 


The simplest problem of the calculus of variations in the plane has been 
studied in two different forms. In the earlier one the curves considered are 
represented by equations 

y=y(@), 
where (2) is a single-valued function, and the integral to be minimized is 


(1) T=f fry, y)dx. 


In the later form, which seems first to have been studied in detail by WEIER- 
STRASS, the curves are taken in parametric representation 


(2) ee eh SNe), 
and the integral in the form 
(3) I= fF (x,y, % y,) ad, 


where the function /’ is positively homogeneous in the derivatives x, and y,. 
Both methods are open to objections, the former because it is inconvenient to 
apply to curves for which the function y(#) is not single valued or for which 
the slope becomes infinite. In fact, no complete discussion has been attempted 
for the problem of minimizing the integral (1) without restricting the functions 
y(«) to be single-valued and to have a finite derivative. The second form of 
the problem is complicated by the fact that in all the calculations involved the 
condition of homogeneity 


E(x, Ys Key KY,) = KEL, Ys %y Y,) (c>0), 


must be kept in mind and frequently applied. 

In a paper entitled A generalization of the notion of angle + the writer has 
introduced a third form of the problem, in which the integral involves only 
invariants of the curve (2) under change of parameter-representation. The 
integral there given is 

* Presented to the Society April 27, 1907. Received for publication April 8, 1907. 


+ Transactions of the American Mathematical Society, vol. 7 (1906), p. 184. 
405 


406 G. A. BLISS: A NEW FORM OF THE PROBLEM [July 


(4) I= [f(x y, 7)ds, 


where s is the length of are along the curve (2), and 7 is the angle made by 
the curve with the «-axis, which is defined by the equations 

; as : 5 
5 cos T = — 3 1 aa . 
i Ve+y Veit Yi 
The integral (8) may be easily put into the form (4), for on account of the 
homogeneity of /’, 


E' (2, Ys %5 Y,) = 1 (asy, Cos 7, Bn T)V ax? + y?. 


But in (4) the function f(a, y, 7) need not be periodic as is the case with the 
right member of the last equation. Besides this generalization, the advantages 
of having the integral in the form (4) are that one can use the parametric rep- 
resentation for curves and at the same time avoid the troublesome homogeneity 
condition connected with the Weierstrassian form of the problem. It must be 
admitted that the derivation of the important formulas is not in general as 
simple as is the case for the integral (1), but otherwise the advantages of both 
of the older methods seem to be retained. The new form of the problem is 
especially advantageous in connection with the inverse problem of the calculus 
of variations and its application to geometry as made by HameEL,* and in deter- 
mining the invariants of the problem under point transformations. 

In the paper by the writer referred to above only the Euler equation and the 
equations defining transversality, which were necessary in finding the generaliza- 
tion of angle, were developed. It is proposed here to complete the theory of the 
problem connected with the integral (4) by deriving the forms of the first and 
second variations and the functions which are commonly used in proving the 
necessary conditions in the calculus of variations. The derivation of the con- 
ditions themselves can be made as is usual in the books on the subject.+ 


§1. Zhe first variation. 


Suppose then that the integral to be studied is 


T= | f(2, ¥,7)Vxe2+ yrdt, 
where 
ds 


7 gta ice 
U Coty; dt 





* Uber die Geometricen in denen die Geraden die Kiirzesten sind, Mathematische Annalen, 
vol. 57 (1903), p. 231. 
+ See especially BoLzA, Lectures on the Calculus of Variations. 
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and where the function f(x, y, 7) is of class C’’* in a region 2 of (a, y, 7)-points 
having an interior. The curves considered will all be represented in the para- 
metric representation (2) where ¢ and ware functions of class C’’ and define 
values (x, y, T) lying interior to the region # for all values of ¢ in the interval 
t, =t=t,. As the value of 7 is to be well-defined for every value of ¢, it is 
evident that the expression «* + y? must be everywhere different from zero, and 
the curve will therefore be supposed to have no singular points. 
If the integral J is taken along one of the family of curves 


(6) C.:  w=¢(t,2), y=¥(t,2) 
where $(¢, a) and W(t, a) are of class C’” in the region 
t=t=t,, jal =k (k>0), 


and for « = 0 define the curve (2), then the value of J becomes a function J( a) 
which for a = 0 reduces to the value J taken along C’.. The first derivative is 


dl “ici fky ; U,Vae bt Ys Yar aia 
raat | fete + Sy Yo +F,T. +f on? +7? | va + yi dt. 





In this and following formulas literal subscripts denote partial differentiation, 
except the subscript s which means that there has first been a partial differen- 
tiation with respect to ¢ and then a division by s, = Vx? + 7’. 

After substitution of the value of 7, calculated from equations (5) and (6), the 
last equation becomes 


dT 


da 


al ane +f,Y, + (feos 7 —f, sint)x,, + (fsin7t +f, cosT)y,,}ds, 


or by the usual partial integration of the calculus of variations, 


me | { Px, + Qy,}ds + [(feost —f, sin tT) x, +(fsint +f, cos T)y, ]3, 


where 
d : 
Ua fs © (feos —f, sin), Q=S, — q,(F sin t +f, 0087). 


By an easy calculation P and Q are found to satisfy the relation 
Pos7t+Qsn7t=0, 
so that a new expression 7’ can be introduced by means of the equations 
gee UBiteT Q = —Tcos 7. 


* A function of class C™ is by definition one which is itself continuous and has continuous 
derivatives up to and including those of the nth order. The assumptions on f(2, y, tT) and the 
curve (2) insure the existence of all the derivatives used in the following developments. 


~ 
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The final form of the first derivative is then 


(7) a [ wTas + [(feos7—f, sin7)e, + (fsin7 +7, cos7)y, ]®, 
where 
(8) w= 2%, SiN T— y, COST, 


(9) Z(e,y,7,7,)=f,sn7—f, cost + f,, cost +f,,sn7+(f+f,,)7,. 
In case the curves (6) all pass through the two end-points 0 and 1 of the are 
C,, one sees readily by putting ¢ = ¢, or t = ¢, in equations (6) and differentiat- 
ing for a, that ~,, y, both vanish at the points 0 and 1, so that for a set of 
curves (6) all passing through two fixed points 0 and 1 the derivative dI/da 


has the value 
dT $1 
= I wTds, 
da F. 


where w and T are the expressions in (8) and (9) above. 

The function w depends upon the family of curves (6). But if w is given in 
advance, a family can always be found including the are C’ for a = 0 and hay- 
ing the given value w. It is only necessary to take curves in the form 
(10) w= (t)+a, y=rww(t)t+an, 
where & and 7 are to be determined by the equations 

Esin tT — ncosT=w, 

Ecost +7ysn7T=0. 
In particular, if w vanishes for ¢ = ¢, and ¢ = ¢,, the curves (10) will all pass 
through two fixed points. 

By methods well-known in the calculus of variations it follows then that any 


curve which joins two given fixed points and minimizes the integral I must 
be a solution of Euler’s differential equation 


(11) AUST sera = 


§ 2. The second variation. 


For the case when the end-points are fixed the second derivative d?Z/da’ can 
be calculated from the expression 


dl 


da 


ty pA er ts)! \. 
= i T-wVa+y dt. 
to, 
It is seen readily that the derivative of the integrand is 


RY Nip y¢- é NTE 
(12) w{ Tet Ly t Tire+ (StS) Ia} Ve ty + D5, (WV a+ a) 
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The value of this second derivative is desired for a= 0, that is, along the curve 
C. If C satisfies the first necessary condition for a minimum, 7’= 0, the term 
with the factor 7’ disappears. Furthermore from (9) and (5) 
(13) Le =fo+ Sie T, = («, cosT+ y, SIN T)T, — w,, 
o Up ( in cs fe 
LU isa i) i ca ose See v, COS T Og BL Te) To mn TOs 
Coats y; 


so that for a = 0 the expression (12) becomes 
d tenes ps ae 
(14) w T+ 0087 7, fi7, ) ta Ly +sint a fit, Vem die mre ut, 


where 


le anaes 


But along the curve C 
T ee Dies sin a T =0 
ety OS rad le cos T + pp sin ts sn7T=/,=0. 
When this equation and 
d if 
(2, +0075, fi, )sint — (2, +sin 79 fir, Joost = T. sin tT — T, cos t 


are solved for the parentheses and the results substituted in (14), one finds with- 
out difficulty 
ay 


da 


a=0 


(15) 


where 





Sa(%s eet. Te) = 1 SinT — TF cost — f, 7%. 


The latter part of (15) is derived from the former by a simple partial integration, 
the terms outside the integral disappearing because for fixed end-points w vanishes 
ats=s,ands=s,. These, however, are the well-known forms for the second 
variation, a factor «’/2 only being omitted, from which one derives the two fol- 
lowing conditions. 

LEGENDRE’s NECESSARY CONDITION. Zhe function f,= f+ f,, must be 
= 0 for a minimum, or = 0 for a maximum, at every point of a minimizing 
arc C. 

JACOBI'S NECESSARY CONDITION. Jf the arc C satisfies Euler's equation 
and if furthermore f, +90 along C, then a further necessary condition for 
a minimum or maximum is that no integral w of Jacobi’s equation, 


d 
fw — 7 fw, =9, 


exists which vanishes more than once in the interval s, = s < s,, the arguments 
of f,(x, ¥,7,7,) and f(x, y, T) in this equation being those corresponding 
to the arc C. 
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§ 3. Hilbert’s invariant integral and the E-function of Weierstrass. 


As soon as it is known that the are C’ is a solution of Euler’s equation along 
which f, + 0 and which satisfies Jacobi’s condition, the existence theorems for 
differential equations enable one to imbed C in a field of solutions of Euler’s 
equation. In fact, if a point 2 is taken near enough to 0 on C’ and having the 
order 201 with the points 0 and 1, then the solutions of (11) which pass through 
the point 2 will be a one-parameter family of curves which simply cover a portion 
of the plane in the neighborhood of the are C’.* Their equations can be found 
in the form 
(16) w= P(t, 2), y= b(t, a) (OSt=Telale. 
where the value ¢ = 0 corresponds to the point 2 on each curve, and where for 
a = 0 the are C’ itself is represented. Under the assumptions originally made 
upon the function f(#, y, 7) the functions ¢ and w will be of class C’’. 

In the field surrounding C’ the equations (16) are uniquely solvable for ¢ and a 
in terms of « and y, 

(17) t=t(ey), a=a(ary), 
and by implicit function theory these functions will be of class C’ at least. 
HILBERT’s invariant integral may be derived from the integral 


r= [ fe, 7,7) 08 


taken along any one of the solutions (16) from the point 2(¢ = 0) to a point 
corresponding to the value ¢. This integral is a function of ¢ and a, or by means 
of equations (17), a function of x and y in the field. If one takes the integral 


a U4 CLs or 
(18) I = ee ve a oy y,, du 
over any path 
(19) C: eo = ( U), apy (Ab), 


in the field joining two given points 3, 4, it is evident that its value will always 
be the same however the path is chosen. The integral (18) is indeed HILBERT’s 
invariant integral. It is desirable, however, to find more definitely the expres- 
sions for 0 //0x and OJ/0y. By steps like those of § 1 it is seen that 


ol fas et ae 
a a(t ys TVET H, 


OL 
ay = (fcost— f, sint)x%, +(fsin7 + f, cos 7)y,. 





*In the case when the function f(z, y, 7) is periodic with the period 27 in the family of 
solutions through the point 0 has the same property. See Briss, The construction of a field of 
extremals about a given point, Bulletin of the American Mathematical Society, vol. 13 
(1907), p. 321. 
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Since the curves (16) are all solutions of Euler’s equation the expression 7 
vanishes identically, while x, and y, vanish at the point 0, so that in equation 
(17) only the terms outside the integral sign at the point ¢ are left. It follows 
therefore that 


ol = Ot ; 3 
es Y>T)V 07+ Via, + [( feos T—/, sin 7) x,+(fsin T+ f, cos 7)y, | oe 


with a similar equation for the y-derivative. The integrand of H1ILBERT’s 
invariant integral (18) is evidently 


da 
du’ 


ry ae 
f(@, 9. T)Ve + Ue ea [(f cos 7 — f, sin T)x, + (f sin 7 + f, cos T)y, | 
which can be easily changed into the form 


(fecost—f, sin7)x, + (fsint +f, cos T)y, 


since 
i, at Se . 
V x + Y,=%,cosT+y,smT, 


dt da t a 
Oe Rs eel Ue en en 


If an angle o is defined by the equations 


v : 
= sino = Su 


Vepy Vety’ 





cos Cc = 





LTilbert’s integral may be written in the form 


I’ = f {f cos (o—7) +f,sin(o—T)} Vet ydu, 


where o and 7 are the direction-angles of the arbitrarily chosen curve (19) and 
one of the solutions (16) of Huler’s equation, respectively, at their point of 
intersection in the field. This integral has the fundamental properties that 
its value taken between any two points of the field is independent of the path 
over which it is taken, and on one of the solutions (16) of Euler's equation it 
has the same value as the original integral I. 

The latter property follows at once, since along an extremal o = 7. 

The Wererstrass /-function is the function 


E(x, y,0,7)=fcos(o—7)4+f,sin(o—7T)—f(a, y, c) 
occurring in the integrand of the difference 


(20) (6) —I°(C) = f EV ai + y2du, 
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taken along any curve C of the field. If the ends of the are over which the 
integration is taken lie on the are C, this difference has the value 


(21) 1(C)—I"(C)=1(C)-1(C) 


on account of the properties of J” above mentioned. 

By means of special variations WEIERSTRASS derived the following fourth 
necessary condition involving the /-function.* 

WEIERSTRASS’S NECESSARY CONDITION. Jf the arc Cis asolution of EHuler’s 
equation which minimizes the integral I with respect to any curve lying in 
a properly chosen neighborhood of C and joining its end-points, then the 
inequality 

E(x, y,o,7)=9 
must hold for every set of values (x, y, 7) corresponding to a point on C 
and for all values of o. In case there is a maximum E' must be = 0. 

It is well known that the four necessary conditions given above do not at the 
same time insure a minimum or a maximum. By strengthening the inequalities 
involved in them, however, new sets of conditions may be derived in various 
ways which with the help of a field and the equations (20), (21) can be proved 
sufficient. For the sake of completeness one of the theorems which define suf- 
ficient conditions is given here. 

If the are Cis a solution of Euler's equation along which Legendre’s and 
Weierstrass’s conditions hold in the stronger forms f, > 90 and EL > 0, and 
if furthermore Jacobi’s condition is satisfied not only in the interval 
s,=s <s, but also in s,=s Ss,, then a neighborhood of C can always be 
found in which this are actually minimizes the integral I. 


§ 4. Variable endpoints. 


In the preceding sections the formule derived were for the case of fixed end- 
points. When a minimizing are C’ is sought, however, which joins a fixed point 
0 with a fixed curve J, a new condition on the directions of C and D at their 
point of intersection must be satisfied and the Jaconi condition takes on a 
somewhat different form. For the purpose of deriving these conditions let the 
representation of the family of curves (6) be chosen, as is usually done, so that 
their intersections with the curve J all occur at the fixed parameter-value ¢,. 
Then the curve D is represented by the equations 


v= (t,, a), y= v(t, 2), 


in which a is to be regarded as the parameter. The integral J, taken over a 
curve of this set and regarded as a function of @, has the first derivative 


* See Bouza, Lectures on the calculus of variations, p. 138. 
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mh “1 a se 
(22) a-/ wTds + [Vaer+y2{ feos(o—7T)+f,sin(o —7)}]™, 


a formula derived from equation (7), in which o denotes the direction of the 
curve D derived from the equations 


x ; 2 
COs Gate sin o = Yo 


i a ia oa Ie 
Vet Ya VOT Ye 





for t=¢t,. The terms outside the integral in (7) vanish at the point 0 exactly 
as before, but not necessarily at t=¢,. If the are C is to minimize J with 
respect to all curves joining the point 0 with the curve D, it must certainly 
minimize Z with respect to curves which join 0 with the intersection of C’ and 
D, and consequently must be a solution of Euler’s equation as in §1. In 
that case the integral part of the expression (22) vanishes fora=0. But the 
rest must also vanish for «= 0, and so the following condition must be satisfied. 

CONDITION OF TRANSVERSALITY. Jf the arc C is a solution of EHuler’s 
equation which minimizes the integral I with respect to curves joining a fixed 
point 0 with a fixed curve D, then at its intersection with D the equation 
(23) J cos(o —7T) +f, sin(o—7T)=90 
must also be satisfied, where o denotes the direction of D and t the direction 
Open 

For the second derivative d’J/da’, the integral part has the form given first 


in equation (15), and it remains only to find the derivative of the terms in (22) 
which are outside the integral sign. For «= 0 the expression 


Oe 
[feos (o—7) +f; sin(o—7)] — Vai ty 


vanishes on account of equation (23). The rest of the derivative, omitting a 
factor Vx? + 7”, is 
[—fsin(o —7)+f,cos(o—7)](o, —7,) 
OD fated fated fot) 00881) + Fiat Fate fore) sin (O=1), 
In this expression, from (18) and the theory of plane curves, 
_ Vt t Ye 


(25) T= V0 + yp cos(o— T)-T, —w,, c, , 


* The equation (23) is satisfied if 
f sin uy pts o08 . ies —f seit T 
Vi+f? VP +f? 


as in the writer’s earlier paper referred to above. 


cos 6 = 








414 G. A. BLISS: THE PROBLEM OF THE CALCULUS OF VARIATIONS [July 


where 7 is the radius of curvature of the curve D. With the help of (24) and 
(25) the value of d*I/da’ is found to be 


at 31 b d ' Ve w, t=t 
@8) anf o(ne—gfin det [te (G+ P.t OR) 


L 





where 
P,=—fsin(o—7)+f,cos(o—7), 
P,=(f,coso +f, sina) cos(o—7T)+(f,,coso + f,, sino) sin(o —T) 
+f, sin(o — 7) cos(o—T)T,; 
Q = —/f, sin? (¢—7T). 
But by means of the expression (26), the Jacobi condition can be proved * in 
the following form. 

J ACOBI'’s NECESSARY CONDITION. Jf the arc C is a solution of Huler’s equa- 
tion joining the fixed point 0 with the fined curve D, and along which f, + 9, 
then a further necessary condition for a minimum or a maximum is that no 
solution w of Jacobi’s equation 


d 
Sw — 7 S,v, = 0 


exists which satisfies the condition 





int W, 
a + ee a 0 os = 0 
at the intersection of C' and D and vanishes in the interval 8, <8 = 8,- 

The alterations which must be made in the necessary conditions for the case 
of variable end-points in order to get sufficient conditions are so similar to the 
ones given in § 3 that the corresponding theorem need not be stated here. 

PRINCETON, March, 1907. 





*See Buiss, The second variation of a definite integral when one end-point is variable, Trans- 
actions of the American Mathematical Society, vol. 3 (1902), p. 132. 





ON CERTAIN ISOTHERMIC SURFACES* 
BY 
ARCHER EVERETT YOUNG 


I. Introduction. 


§1. Lsothermic Surfaces. CHRISTOFFEL proposed the problem of determin- 
ing all pairs of surfaces, S and S_, for which a one-to-one correspondence of their 
points can be established, such that the tangent planes at corresponding points 
will be parallel and the angles between corresponding lines will be equal. His 
discussion + of the problem shows that, aside from minimal and certain imagi- 
nary surfaces, the only solutions are surfaces which, when referred to lines of 
curvature, have as the expressions for their linear elements, respectively, 


1 
ds” = (du? + dv’), 1S x (du + dv’), 


where \ is a function of w andv. CHRISTOFFEL’s problem, then, reduces to that 
of finding all possible isothermic surfaces. 

No great progress has been made in the investigation of these surfaces, 
although WEINGARTEN+t and Dargoux§ have shown that they can be defined 
by a non-linear partial differential equation of the fourth order. The only 
solutions carried to completion have been obtained by imposing one or more 
additional conditions; the resulting surfaces have thus been very particular , 
solutions of the general problem. || 

§ 2. Problem discussed in this paper. The characteristic form for the linear 
element of many of the isothermic surfaces, when referred to lines of curvature, 
is well known. 

Those of the quadrics and BONNET surfaces 4] are respectively 


Z au? dv 2 i du® dv 
d=(ute) (T+): a =aayl tT): 


1 


* Presented to the Society (Chicago), December 29, 1905. Received for publication, August 
1, 1906. 


tCrelle, vol. 57 (1867), pp. 218-228. 


tSitzungsberichte der Akademie der Wissenschaften zu Berlin, vol. 2 (1883), 
p. 1163. 

2 Théorie des surfaces, vol. 2, p. 248. 

|| DARBOUX, loc. cit., vol. 2, p. 246. 

{| BoNNET, Journal de L’Ecole Polytechnique, vol. 42, pp. 121 and 132-151. 
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where U and U, are certain functions of w, and V and V, of v. It-is clear 


from CHRISTOFFEL’s results that there must be other surfaces corresponding 
respectively to the expressions 


Ie? a due dv ds”? (du dv’ 
weagylaty) wea mty(Z+F7). 


Evidently the four preceding expressions are included under the general form 





4 S| Cian: 
(1) ds = (+0) (T+ v) 


where KX is an arbitrary constant, and U and V arbitrary functions of u and v, 
respectively. 

We have undertaken in this paper to determine the surfaces whose linear ele- 
ments can be written in this form, the lines of reference being lines of curvature. 
The remainder of this first section is given up to the analytical discussion of 
the equations involved. It appears that the only surfaces, with the exception of 
the plane and cylindrical surfaces, that satisfy the conditions of the problem, 
are those associated with the BONNET surface, the quadrics, or the sphere 
referred to confocal spherical ellipses. 

The associates of the BONNET surfaces are discussed in section II, and the 
others in section III of this paper. In the latter section, also, attention is called 
to an apparent oversight of BONNET, occurring in his discussion of the char- 
acteristic form for the linear element of the quadrics. 

§ 3. Problem reduced to the solution of a single equation. The problem of 
determining all surfaces having their linear element in the form (1), when the 
lines of reference are lines of curvature, reduces to that of finding all solutions 
of the following system of equations : * 


0M on oP eQ 
9) DES eS _ —= 
Q) a  O  0 e 


where P and @ are functions of uw and v to be determined, and M and J, for 
the linear element (1), have the values : 











Evlee ene 
2) pape Naa ies PELE 
— 2(u+v)’ — 2(u+v) 
From (2) it follows easily that 
0( FP? + M? oN 0(@ : ) 
UCASE SSO) fa ee YD) en 
Ov Ou Ou Ov 





* BONNET, loc. cit., p. 133. 
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Substituting these values of J/ and JV and integrating, we have 


Vee U” U+V Oe Et A (U+V) 
ree. -~ 2 OR ay Z 

1 hon 4 Fes fraayt |: @ 4 ES et 

where the primes denote derivatives, and U, and V, are new functions of w and 


v respectively. 
The first equation of (2) with these values substituted becomes 


U+V 
ery 











melo Tees (u+o)0,|| 7 +(u+0)7, | 


U+Yv 
(3) 





712 
-|7+v-22* "|, 


w+ Yv 


and the system (2) is solved as soon as all possible sets of values of A, U, U,, 
V, V,, which satisfy this equation, are found. 

$4. Discussion of equation (3)*. In discussing equation (8) we shall as- 
sume that for some value, a, all the functions U(a), U,(«), V(—«), and 
V,(— a) are analytic. 

Multiplying both sides of (3) by (w+ v)’, and then replacing wu by « and v 
by — a, we have 


i (K*—4){U(a)+V(—a)} =0. 
aero | or). (2° O(a een (a). 


Case 1°, when A = — 2, has been discussed by Bonner.t The functions, as 
determined by him, which satisfy (8) when A’ has this value, will satisfy (3) 
evidently when A has the other value. We have § then, for A = +2, 


Ca=awvtaut a’, U,=—340", 
V = arbitrary function of v, V, = function of v and V. 
Case 2° needs further consideration. Writing U=f(u i we have 
U(a)=f(2), Ve CisahGe aa eee) 
O(a f(a), Ve i) 
O"(a=f"(a), V(—-a)=—f'(-2). 


* The following discussion of equation (3) was suggested by Professor J. E. WRIGHT. 

t The question as to whether this assumption limits our results we shall not attempt to settle 
in this paper. The same point arises in connection with several other equations which the writer 
is studying and may be discussed by itself in another article. 

t Loe. cit., p. 133-151. 

§ This solution is not based upon the assumption at the beginning of this article with regard 
to the functions, but is the most general solution of (3) when K2= 4. 
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If w be replaced by a and v by (— a+/), then (8) may be written 
KLRf REV RAS $ LBP ht Bf 

Hf $$ kV = [RPE AP $Y, 


(4) 


where « is the argument of f, and the terms omitted contain cubes and higher 
powers of h. 
Equating coefficients of 1, we find 


[E'(2) +0,(«)] [— 32) +V,(—«)] =9. 


Assuming, then, that U,(«) = —3/"(a), and equating coefficients of h*, we 


have 
F( 4) [— 34) + Vi(— 4) ] =9, 


so that if f’(a) +0, then V,(—a)=4/'(a), which is the condition we 
passed over in the preceding equation. Finally, the coefficients of h* in (4) give 


(K*—1) f(a) =0. 
Hence two cases are left for consideration : 
(1) a) a 
and therefore 
C=avet+auta”, V=— av’ + av—a’", 
(il) A=+1, U,=—-—30", V,=—-—23V". 


Case (i) will be considered later. 
Case (ii). In order to determine the forms of the functions U and V we shall 
replace U, and V, by the values given in (ii), and then write (3) in the form 


[(U+ V)—U'(u+v)+40"(u+v)y ] [(U+ V)— V'(ut+v)+3V"(ut+ry] 
= [(0 + V') (ee) — 2 Gee 
Giving v some constant value, for which V is analytic, and putting 


(U4+V)—V'(ut+v)+43V(u+vfv=F, 


(5) 


we may write (5) in the form 
FL F-—(utv)h+4F"(ut+oy)] = [P(ut+v)-2F]?; 
which, by the substitution 
F= b-(u a o):, 


pp 2 
(ieee? 9 


becomes 





EPP + 
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where the primes denote derivatives with regard to w. Integrating, we find 


aa 
ee (u+v) + x(v)s 





where y and y are arbitrary functions of v, and hence 


‘ ; , (utvy 
Bat My Vi(h 0) 2 eee ov ate, 
where A and # are functions of v. Finally, solving for U, we have 
: », (wtay 
U=a +. bu + cur + hu + 5 


where a, b, c, etc., are constants, as U/ must be independent of v. This result 
is based on the assumption that the function yr does not vanish. 


If ~ = 0, then f” = 0, a case already considered. If y + 0, the constants 
h and & cannot both be zero at the same time. 


If A + 0, with a new set of variables (w—k/h) and (v+k/h), the new 


function can be written in the form 


O=atautaw+ a 
If h = 0 and & + 0, the expression for the function may be written 

Gano au @ wa ties 
The solutions of equation (3), which have just been found, are as follows: 
1°. AK =arbitrary constant, U= au?+ a’u+ a’, = —ayrtav—a’. 
2°, A=+t2, U=a'?+a’'u+a’", V-=arbitrary function of v. 


3° (a) KH=e=t1, O=aitoav+auta’, V=a'—a'v's+ av—a’. 
>) 
mr “"r 


Ss SG = Ate Ua mitauta’+—, Va —av? $a'v— a" + — 


II. Associates of the BONNET surfaces. 


§6. Solution 1° of equation (3). The surfaces arising from the first solu- 
tion of equation (8), § 4, are the plane and cylindrical surfaces.* 
The plane corresponds to the linear element. 








do Cae oF dw dw 


a ow ee ay? + a’y — a” 
for any value of A’, the form of the lines of reference depending of course upon 
the value of this constant. 


* The proof of these statements follows from equations (2) and (3) and the values of the 
direction cosines of the normals to the surface found in the usual way. 
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For A = 2, one set is composed of trochoids, and the other of logarithmic 
curves, which include the catenary as a particular case.* Cylindrical surfaces 
correspond to the linear element above when A = 0. 

§ 7. Solution 2° of equation (3). In discussing the surfaces arising from the 
solution of equation (3) when K = — 2, Bonner found that two cases should be 
considered, depending upon whether the constant « which appears in the expres- 
sion for U vanishes or not. 

The expressions + for the linear elements and the cartesian coordinates of the 
surfaces in the two cases, as found by him, are respectively 














6 Jeo = 1 du? dv? 
(6) Hema CHeacTyy au—wt Vv |? 
2Vau— uw ns 2Vv+a'v , v,, 
moe ae 8 aioe pies a (utv) fe 
BV? + a’v Ay a ie Ve 
oe Le cos V. =/ = 00. 
/ a(u+v)  ° 2(v? +a'v)\VV 
: 1 dv dv’ 
(7) ds’ (etary on 
u 1 sin V, 
en eeast oe eras 
Y cos V, Va'vu—V 
y= 2/5 |v)’ a QuV V a 


Bonnet shows that the surfaces defined by (6) and (7) are characterized by 
having lines of curvature whose geodesic curvature is constant.t According to 
him, the surfaces defined by (6) are the envelopes of a variable sphere, whose 
center describes a plane curve, while its surface always passes through two 
fixed points, real or imaginary, which lie symmetrically with regard to the 
plane of the centers. In the case of the surfaces defined by (7), the two fixed 
points are coincident and lie in the plane of centers. 

The cartesian coordinates (,, y,, 2,) of the surfaces associated with (6) and 
(7) can be obtained by solving the system of equations, § 

* See 78. 

T BONNET, loc. cit., p. 150. He gives only the expressions for the first case, but the others 
are easily derived from them. 

{ RIBAUCOUR has shown that the only surfaces having this property are cones, cylinders, and 
surfaces of revolution, together with surfaces obtained from these by inversion. (See DARBOUX, 
loc. cit., vol. 3, p. 122.) The surfaces (6) are the inverse of cones and surfaces of revolution, 


and (7) the inverse of cylindrical surfaces. 
§ DARBOUX, loc. cit., vol. 2, p. 244. 
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06, 26 06, 06 
pS ee ha peat a 
Cn i Ou? Ov Ov’ 
where A, which has its usual meaning, is obtained in the one case, from the 
expression for the linear element in (6), and in the other (7), and @ and 6, are 
to be replaced by x, «,, y. y, and 2, 2, successively, the values of w, y and z 
being taken from (6) or (7), as the case may be. 
We have, then, for the surfaces associated with (6), 


du? dv* 
pe 1a hd (ass aces ah 
Pann) Ee= 7 | 


a’ ‘ Qu 


ry penencraieg Ss = 
emis OL aUuU— U Ut > ocr me 


a 


and 





pes eee 4 mneres:s ..! 
(8) y= ae aoe av (U +) eosV, +2 [ Veta cos V,dv, 
2 4 oe 
Z =v + + av(w+v)sinV, — of ve + av sin V, dv, 
a3 (t= + Lear 
(v? + av) Vv V 
Likewise for those associated with (7), we have 
(au ‘dv 
dst = (w+ oy (Set 7) 
u (u 
n=25(5-»), 


a : % 
(9) ym —Ba/B (wt 0) cos % + f v/v cos %, Ae, 


where 





ee f i 
age ve Cane 


Tes if es av—V 
V/V re 
It follows from a theorem due to Darsoux,* that any surface, S,, defined by 
(8) or (9), can be so placed with regard to its associate surface, S, defined by 


(6) or (7), that at corresponding points the normals to the surfaces and the tan- 
gents to the lines of curvature will be respectively parallel. 


where 





* Loc. cit., vol. 2, p. 243. 


422 A. E. YOUNG: ON CERTAIN ISOTHERMIC SURFACES [July 


The lines v = const. on the BONNET surfaces are circles, therefore the cor- 
responding lines on (8) and (9), namely, one set of the lines of curvature, 
must be plane. 

The problem of determining isothermic surfaces having one set of the lines 
of curvature plane has been solved in its most general form by Darspoux.* Of 
three possible exceptional or limiting cases,} which Darsoux did not consider, 
one has been treated by ADAmM,f{ another leads to the BonneET surfaces, and the 
third to their associates. This problem, then, is completely solved by the addi- 
tion of the surfaces defined by (8) and (9). 


§ 8. Discussion of the associates of the Bonnet surfaces. The principle of 
inversion applied to the surfaces (8) and (9) gives little information with regard 
to them, but we do know of course that the resulting surfaces will be isothermic 
and will have spherical lines for one set of the lines of curvature. 

A discussion of equations (8) and (9) shows that the plane lines of curvature 
on the surfaces defined by them lie in a system of planes which envelope a cylin- 
drical surface, the form of the latter depending entirely upon the form of the 
arbitrary function V. These lines are in fact the intersections of the planes and 
a system of cylindrical surfaces depending upon v as a parameter, whose ele- 
ments are perpendicular to the elements of the cylinder enveloped by the planes. 

For the surfaces defined by (8), the cross-section of these cylinders are either 
trochoids with their base lines parallel to the elements of the enveloped cylin- 
der or curves whose equations are of the form 


a= a V Qby +7 —F log (y +b+V2by + 7’), 


according as the constant a’ appearing in (8) is real or imaginary. The plane 
lines on the surfaces (9) are nodal cubic curves. 


$9. Surfaces having both sets of the lines of curvature plane. The sur- 
faces corresponding to the linear element 





2 2 
pie (w+ }( du dv ). 


ow? a a” + Bo? + Bu + B" 


when 





* Excluding surfaces of revolution, DARBOUX reduced the general problem to the simultane- 
ous solution of the equations 
‘ oh Ch Sh. 


—_ — Ue" U. ew — —— 
+ 1 b eu? ov? 


Ou gs 


where e?— 2. and U and U, are independent functions of u. He solved the problem when 
U= U, +0, and ADAM considered the case U=U,. The case U,=0 leads to the BONNET 
surfaces, and U=—0 to their associates (DARBOUX, loc. cit., vol. 4, p. 222). 

t See preceding note. 

tAnnales scientifiques de l1’Ecole Normal supérieure, series 3, vol. 10 (1893), 
p. 319. 
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4(a+ 8)(a"+8")— (a — BF =O, 


have plane lines for both sets of the lines of curvature, since on the correspond- 
ing Bonnet surfaces both sets are circles.* It is clear that surfaces obtained 
from these by inversion will be isothermic and that the lines of curvature will 
be spherical. The condition imposed upon the constants is satisfied when 


Meee sity at a At, 8" 4. 0, 
2°,a=—1,8B=1,0 =8', B’ +0, 
38°,a=—1,8+1,2 =’, p’=)0, 
4°.2=0,8+0,07 +8,8"+0, 
5°. a=0,8=0,0 =8'. 


All other cases lead to imaginary surfaces. 

In each of these cases, the integration indicated in (8) or (9) can be per- 
formed, the resulting functions being trigonometric or logarithmic. Case 1° is 
the general case. The lines v = const. are the same as in the general case for 
(8), and the lines w = const. are transcendental plane curves. 

Case 2° leads to a minimal surface, which was first derived by DarBoux + in 
connection with the general subject of minimal surfaces. 

In case 8° the expression for the linear element becomes 


lu’ 2 
dst = (ut) (5 see ast sa) 





au — ut Bot + aly 


and the cartesian coordinates are 











Val rage aed udu 
Va'u— uv? 
i vdv 
10 y= —=V Bu ee 
oe manne V Bo? + B'v 


wy ee 
OS V1—B-w. 


The two systems of planes in which the lines of curvature lie envelope cylin- 
drical surfaces whose elements are perpendicular to one another. 

(x) If, however, the constant § is greater than unity, the only real points on 
the surface are along the lines w= 0 andv= 0. 

(8) If @=1 the surface is a plane and the lines of reference are like those 
on the DarBoux minimal surface of the preceding case. 





* BONNET, loc. cit., pp. 151-2. 
Loc. cit., vol. 1, p. 315. 
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(y) If @=0, the lines w= const. are nodal cubic curves and the lines 
v = const. are trochoids. 

(6) If 0 <8 <1, the lines of curvature are similar to those on the DarBoux 
minimal surface. 

(e) Finally, if @ is negative, both sets of the lines of curvature are trochoids 
which have loops. 

A model of one of these surfaces, the one corresponding to 





2 2 
dé =(u +0) ( ee ts }} 


Da — Le ze 2 —v" 


has been made by the writer. This surface is divided into segments correspond- 
ing to the repeating parts of the lines of curvature. On the four sides of each 
segment to which others are joined are “rolls,’’ formed by the loops of the lines 
of curvature, which taper uniformly from the middle of the side of the section, 
and reduce to points at the ends. 

The whole surface is of such a form that it might be placed between two par- 
allel planes, in such a way that one plane would touch the surface in a system 


est 
aN 


ieee ‘i AY! : 
* Pe Nh é 


MEE 
pcan’ 


is a 


K Ne ‘ # ~ ¥ a 
PB As oe aa 
2c HA | 
ee ye * ok 3 
SS LA VY 
ms deh Hane 
wee’ 
ea" 





of isolated points (circular points on the surface, each being the crest of a seg- 
ment) and so that the other would touch it along a double system of straight 
lines, which divide the plane into a net-work of squares, the sides of each being 
the locus of the points common to the plane and one segment of the surface. 

In case 4° one set of the lines of curvature on the surface are nodal cubic 
curves, and the other consists of trochoids, or logarithmic curves. Finally, case 
5° leads to the well known minimal surface of ENNEPER, an algebraic surface 
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of the ninth order, on which both sets of the lines of curvature are nodal cubic 
curves. 


III. Surfaces associated with the quadrics and with the sphere referred 
to confocal ellipses. 


§ 10. Solution 3°(a) of equation (3). BoNnNnET* undertook to prove that 
the only surfaces having as their linear element the expression 


2 2 
d= (uto(GtF ) 


when referred to lines of curvature, were the quadrics; but in solving (3), for the 
case K=1, he overlooked +} solution 3° (a) for this value of K, and considered 
merely the solution 8°(6). Since however the solution overlooked leads to the 
sphere (as may be shown by computing the total curvature), his final results are 
not affected. 

The lines of reference for the sphere are confocal spherical ellipses. ¢ 

The expressions for the cartesian coordinates of the minimal § surface asso- 
ciated with the sphere may be obtained from its codrdinates by a simple 
integration. They are as follows: 
































i! (set haa) 
i= = = log = ; 
V(a—b)(a—c) Vu—v 
1 VO 0- Oa 
1 2 log ( ae jt 
a A V(b—a)(b—c) "8 Vu-—v 
1 (ease 8) 
ee = log ee ; 
V(e—a)(e—b) Vu-—v 


where ¢< 0 <b<u <a, and where the corresponding linear element is 








a if dw’ r dv 
oc (u — 5 ( —a)(u—b)(u—e) 9 a (v—a)(v— b)(v — 5) : 


$11. Solutions 3° (6) of equation (8). Bonner has shown that the sur- 
faces corresponding to this solution of (8) when A = 1 are the quadrics. 

We obtain the expressions for the cartesian coordinates of the associated sur- 
faces by integration, from those obtained by him for the quadries,|| in the usual 





* Loc. cit., p. 118-132. 

fT Loe. cit., p. 126. 

{ DARBOUX, loc. cit., vol. 1, p. 242. 
@ DARBOUX, loc. cit., vol. 2, p. 244. 
| Loc. cit., p. 115. 
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way. Corresponding to the linear element written in the form 


EACH rh. eee 
d. E 3 2 2 2 2 > 2 3 ) 
; (CC ena) 


we find the following systems of equations: 


py (H-» 
= pelos (ESS), 
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1 [Pe —& (2 Reet ie ) 
ss, ——— Oo — ——— 5 
a ay 5a V 2 — b? 


, LI Siete ited 
= Bi me) He 52 sin N\ ? Te 5 
p<Bbcwcecy. 

The surfaces defined by the last three sets of equations correspond respectively 
to the ellipsoid, the hyperboloid of one sheet, and the hyperboloid of two sheets. 
The parameters can be eliminated in each of the three cases, giving an equation 
of the form /(2,, ¥,, 2,) = 9, where the non-algebraic functions involved are 
trigonometric or logarithmic. 


PURDUE UNIVERSITY. 


THE EXPANSION OF A FUNCTION IN TERMS OF 
NORMAL FUNCTIONS.* 
fe 
MAX MASON, 


In an article published in these TRaANsacTIoNs + the author has proved the 
existence of normal functions for the differential equation 


(1) y + p(e)y + [AA(w)— B(x) Jy =0 
and the boundary conditions 
ayy (a) + qy(b) + yy (a) + ay(b)=9, 
by(a) + b,y(b) + b,y'(a) + b,y'(b) =9, 


by a method which sets in evidence the properties of the normal functions as 
solutions of minimum problems. It was shown that this point of view is useful 
in deriving oscillation theorems, i. e., in investigating the zeros of the functions. 

It is the object of this paper to show that the minimal properties of the nor- 
mal functions may be used to prove in a simple manner the possibility of expand- 


(2) 


ing a function in terms of normal functions. ¢ 

The coefficients p, 4, B are supposed to be continuous in the interval (a,b). 
In addition the following assumptions are made, the determinants a,b, — a,b, of 
the coefficients of the equations (2) being denoted by d,, : 





* Presented to the Society September 3 and December 28, 1906, in less general form. Received 
for publication June 27, 1907. 

t Vol. 7 (1906), p. 337. 

t Recent articles of special importance on this subject are those of HILBERT, Grundziige einer 
allgemeinen Theorie der linearen Integralgleichungen, Nachrichten der K. Gesellschaft 
der Wissenschaften zu Gottingen, 1904, 1905, 1906, and KNESER, Mathematische 
Annalen, vol. 63 (1907), p. 477. These articles are based on the theory of integral equations, 
as developed by HILBERT and SCHMIDT. KNESER removes the restrictions imposed by HIL- 
BERT, that the function be continuous with its first and second derivatives, and satisfy the 
same boundary conditions as the normal functions. In all work on this subject the boundary 
conditions for the normal functions are special cases of equations (2), above, except in the im- 
portant case of singularities of the differential equation. The function A is supposed positive 
in all previous work, except in the fifth memoir of HILBERT’s series, in which, by considering 
a new class of integral equations, the restriction is removed. ‘This restriction will not be made 
in the present article. 
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(«) B(x) = 0 (sSr=0) 
b 

(8) dy, as dela”, 

(y) No two of the quantities d,,, dy, I... U,, have opposite signs. 


Equation (£) insures that any two functions w, v which satisfy the boundary 
conditions (2) also satisfy the equation * 


(3) [ P(uv' — vu’) ]? = 0 (peeaua 
On account of (y) the quantity 
— [Py]. 


is positive or zero for any function y which satisfies (2). Under these assump- 
tions the following theorem holds : + 


There exists an infinite series of normal parameter values X, and corre- 
sponding solutions (normal functions) y, of the differential equation (1) and 
the boundary conditions (2). If A changes sign in (a, b), the values X, include 
an infinite series of positive terms, \, =r, =r, =r,= ---, increasing without 
limit, and an infinite series of negative terms, X_,=A_,=A_,=A,=""'5 
decreasing without limit.t The function y, satisfies the conditions § 


i] PAy de = +1, 


b 
[ PAyyde = 0 (eS 1 ee ene 


and gives to the expression 
b 
Hy) = (x? + By) Pde — [y'PY: 


tts least possible value consistent with these conditions and with equations (2). 
This minimum value of J is + X,. 
On the basis of these properties the following theorem will be proved : 


A function f(x) which satisfies the boundary conditions (2), is continuous 
within (a,b), and has a derivative which is continuous except at a finite num- 
ber of points, may be expanded in a uniformly and absolutely converging 
series of the form 


* See page 349 of the article cited. 

Tt Ibid., page 356. 

{If A does not change sign, there are no normal parameter values of sign opposite to that of 
A. Incase B=0, A, or 4_, may be zero. 

2 The upper or lower signs are to be taken according as “» is positive or negative. 
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CY, + CyYp + C3Y3 1 °° 


Oy Hoy 03 Ys tO rises 
where 


b 
Co al Ay, 


§1. A property of the constants c,. 


By consideration of the expression J it will be proved that the series 


ao —_—s 
2 2 
> CMs > cA, 
i=1 i=—1 
are convergent. 


If w and v are two functions satisfying the boundary conditions, then 


J(u+tv)=JS(u)+J(v)+27,(u, v), 


where 


b 
J(u, v) -{ (uv + Buv) Pde — [uP |’. 
Then, since J(y,;) = 2, for positive subscripts, 


) I(¢— Lean) = IP) + LerA—2 Def m) +2 Dee (Yrs) 


Now the function y, satisfies the differential equation (1) for X = 2,, or on mul- 
tiplying (1) by P = e/.?™, 
(Py) + (44 — B) Py, =0. 


Therefore, 


Kfiw= [Suit By) Pde — (Py, 


b b 
=| f[BPy.— (Pv) de=>, | PAfyde =), 
Similarly, ; . 


b 
S(Yir We) = nf PAy,y,de = 9. 


Since the left member of equation (4) is positive or zero, it follows that what- 
ever be n, 


J(f)= ang 


But the terms of the series are positive. Therefore the series 
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is convergent. The convergence of the series with negative subscripts is proved 
in the same way by considering J( f— = _,¢,y;). 


§ 2. Convergence of the series. 


Consider the terms with positive subscripts, and write 


n+m 


Dit, — > |c,¥, | e 


i=n 


If n be taken sufficiently large, each function y, will have at least one zero a, 
in the interval (a, 6),* and 


nem 0 | 
/ 
Da == De al yd 
a 


wn 





a 


Now r+ s? = 2rs for any two numbers 7, s, and therefore 


n+m na 2 
ss » 2 G 
5 ee a( [ yar) 2 
i=n aj 


Furthermore, for all values of the parameter », the expression 


[Het yide= (ema) + 2m f ido yy de 
aj ay at 


has the sign of «—a,. The discriminant of this form is then not negative, 


that is, 
ea 2 a0 b 
(fovie) = @—a) [ytdes @—a) [ yeae. 
e~a; aj a 


% 


But 
| 
[ vede = I(y)=%s 


and therefore 
n+m 
2 = 2 
Ts 2 De ci A,. 
i=n 


Since the series 





* This follows at once from one of the simplest of STURM’s well-known results. It may be 
proved for the case here considered as follows: Let wu be a function having a and f for consecu- 
tive zeros in an interval where A > 0, and satisfying (1) for A= inside (a, 3). The existence 
of such a function is assured by the theorem stated in the introduction. From the differential 
equations for u and y; it follows that 


[y,w/P]? =(%—2) J" PAuy, de. 


Determine the sign of w to be positive in (a, 8). Then u’(2) <0, w’/(a) > 0, since wu cannot 
vanish together with its derivative. Now A >0in (a, 3), and therefore it follows from the 
above equation that y; must change sign in (a, ?) if; >A. 
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is convergent, it follows that the series 


CY, F OY. + ChY3 Tt 


converges uniformly and absolutely. The convergence of the series of terms 
with negative subscripts is proved in the same way. 


§ 8. The series represents the function. 


Since the series converges uniformly, the difference 


ite 2, i Flee | 


is a continuous function. On multiplying this equation by PAy, and integra- 
ting from a to b, the equation 


b 
(5) if Ap ce 


results, whatever be 7. This equation is sufficient to insure that g is identically 
zero. It will be shown that on assumption of the contrary a function y may be 
formed, which has a continuous derivative and satisfies the boundary conditions 
(2) and the equations 


(6) ij PAy,yde = 0 (i =+1, +2, +43,--:), 


b 
(T) [ PAy'de=+1. 
Suppose such a function exists. The value of the expression 


b 
J= [ Ply? + By)de— [yy PY: 


is less than A, and —)_, if nm be taken sufficiently large, since these values 
increase without limit with n. Now y satisfies all the conditions of the mini- 
mum problem of which either y, or else y_, is the solution, according as (7) 
holds with upper or lower sign. But it gives to Ja value less than the smallest 
value X, or — A_, consistent with the conditions. Such a function y can there- 
fore not exist. 

It remains to show that if the difference g is not identically zero, a function ¥ 
satisfying the boundary conditions (2) and the equations (6) and (7) can be 
formed. Let 2X be a value which is not a normal parameter value. Then there 
exists a solution of the equation 


(Pu’)' + (AA — B)Pu = PAg 


under the boundary conditions (2). From this equation and 
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(Py;,)' + (A,4 — B) Py, = 0 


it follows, on account of (5), that 


b b 
f (yx(Pey —u(Pyy jde= 4-8) f PAy,udx. 


The left member vanishes after an integration by parts, on account of equation 
(3). Therefore, since X + 2,, the equations (6) are satisfied by the function w. 
On multiplying w by a constant the equation (7) may be satisfied also, unless 


b 
if PAwdzx=0. 


Suppose, however, that this equation holds. Solve the equation 
(Pv')' + (\4 — B) Pv = PAu 


under the boundary conditions (2). This function satisfies (6), the proof being 
the same as before, except that g is replaced by w. Hence the desired function 
y may be formed by multiplying v by a constant so that (7) will hold, unless 


b 
if PAv'dx = 0. 


Suppose again that this is the case. Consider then the function 
w=U— 2, 


which satisfies (2) and (6). Now 
b b b 
i] PAwitde = — 2 [ PAwde = — af {v(Pv'y — BPv*} dx =2J(v)>0. 


The required function y may, therefore, be formed in any case, unless g is 
identically zero. It follows that the series represents the function. 
At a later time I hope to extend this method to more general cases. 


SHEFFIELD SCIENTIFIC SCHOOL, 
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SUR LES OPERATIONS LINEAIRES* 


(TROISIEME NOTEt) 
PAR 


MAURICE FRECHET 


Définition du champ. Considérons un champ de fonctions de la variable 
w définies dans Vintervalle (0, 277). Je supposerai que si deux fonctions ap- 
partiennent au champ, il en est de méme de leur somme. A toute fonction du 
champ, f(#), nous pourrons faire correspondre un nombre bien déterminé U,. 
Nous définirons ainsi une opération dans ce champ de fonctions. Nous dirons 
que cette opération est distributive, si quelles que soient les fonctions f,(«), 
f,(«) du champ, on a: 


U,,, + U0,,= U0, 


stan at pe 


On en conclut en particulier que l’on a pour toute opération distributive : 
(1) cU, =U, 


quelle que soit la constante rationnelle c. Pour que cette relation ait lieu méme 
pour c irrationnel, il suffit que U, satisfasse 4 une certaine condition complé- 
mentaire. Nous allons énoncer plus loin cette condition complémentaire, mais 
nous l’énoncerons d’une maniere particuliere pour chacun des champs de fonc- 
tions que nous allons examiner. 


$1. Opérations linéaires dans le champ (J) des fonctions 
mesurables et bornées. 


Définition. Supposons qu'une opération U, soit définie pour toute fonction 
J(«) mesurablet et bornée dans Vintervalle (0, 27). Nous dirons que cette 
opération est continue dans (JZ), si l’on a: 

U,=lim U,,, 
n=2 
lorsque f(x), f(x), f,(%), --- sont des fonctions du champ (JZ) qui sont 
bornées dans leur ensemble et que f(a”) tend vers f(x) sauf peut étre en un 
* Presented to the Society September 6, 1907. Received for publication March 8, 1907. 
{Voir Transactions of the American Mathematical Society, vol. 5 (1904), pp. 


493-499 et vol. 6 (1905), pp. 134-140. 
t Voir les Legons sur les séries trigonométriques par H. LEBESGUE, p. 8. 
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ensemble de valeurs de x de mesure nulle. Nous appellerons opération /inéaire 
toute opération distributive et continue. Pour une telle opération légalité (1) 
aura évidemment lieu quelle que soit la constante c. 

Il est facile de donner des exemples d’opérations linéaires dans le champ 
(7). Telle est par exemple l’opération : 


liye [ fe@)i(@) ae, 


ou h(x) est une fonction mesurable et bornée choisie une fois pour toutes.* 
Au contraire lopération distributive U,= (7) par exemple n’est pas continue 
a notre sens actuel. 

Inversement, étant donnée de facon quelconque une opération linéaire dans le 
champ (J/), nous allons chercher 4 en donner une expression analytique. 
Pour cela, nous nous appuierons sur quelques résultats de la théorie des séries 
trigonométriques. 

1°. Toute fonction /(«) mesurable et bornée a une série de Fourier bien 
déterminée, ce que l’on exprime par la notation symbolique : 


(2) S(#) ~ P+ (4, cos + 6, sin a) + +++ + (a, cos px + 6, sin px) + aan 


Cette notation qui n’implique nullement l’égalité des deux membres est 
équivalente aux relations : 


1 2a. aL 2a ; ‘ 
BS a,== | Sy) cos py dy, b= = | S(y) sin pydy (p=0,1,2,+-"). 
2°. En utilisant les sommes de FEJER: 


(3) ¢,(%) = 
s+ -+--+(n—p)(a,cospx +b sinpa) + +++ [a,_,cos(n—1)a+b,_,sin(n—1)2] 


b) 





nr 


on sait qu’on a pour toute fonction f(a) mesurable et bornée de 0 a 27: 
(4) I(t) = lima (a), 


sauf peut €tre pour un ensemble de valeurs de w de mesure nulle.+ 
De plus, la quantité o («) reste comprise quels que soient n et x entre les 
limites supérieure et inférieure de f(a). 

* Lebesgue, loc. cit., p. 10, 14. 


t Los. cit., p. 92, 96. 
} Loc. cit., p. 98. 
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3°. En appelant s(a#) la somme des » +1 premiers termes de la série de 
Fourier, on sait méme que si f(#) est une fonction A variation bornée * dans 
Vintervalle (0, 277), on a: 


(5) fe) = lim s,(«), 


sauf peut €tre en un ensemble de valeurs de x de mesure nulle.t De plus la 
quantité s (a) est comprise entre deux nombres fixes quels que soient 7 et 7. 

Développement de U,. Appliquons Vopération U, aux deux membres de 
Pégalité (3). On aura: 


au 
e eee he nS (n —P)p(4,0,— b,u,) iF oe 4 (n— ING ee 6, -Un—1) 





ea 


it) 


en posant : 
1 
(7) 


1 
75 U,, a sa  p OF es v ~ p Cee Cot, 2, ADE 


~ 
S 
So 


3 | 


On pourra écrire la formule (6) plus simplement en mettant d’une facon gé- 
nérale une relation telle que: 


Lie peae eval owed IG ame lan) ay 


nN 





X= lim 


sous la forme: 
NZAMtatee tapers 


On voit alors que pour toute fonction f(x) mesurable et bornée déterminée 
par (1), ona: 


a,U 


(8) U,= i 10a yy — bu, ) toa mea eeio eT bu, ) ms aiitaldhar 





OU Uys Uy, V,, +++ sont des constantes indépendantes de la fonction f(x) et 
déterminées par les formules (7). De plus lorsque f(#) est une fonction & 
variation bornée, on peut remplacer dans le développement (8) le signe = par le 
signe =. 

Une propriété importante de ce développement est d’etre unique. D’une 
facon plus précise, si l’on obtient par un moyen quelconque la formule : 
_ Ay U, 


(9) U,3 


Zar 





ibe --+ p(a,v%, — bus) Are 





* Loo. cit., p. 3. 

t Loe. cit., p. 73. 

{M. Farovu a bien voulu me faire savoir qu’on peut obtenir cette propriété en appliquant 
l’analyse classique de DIRICHLET A une différence de fonctions positives non croissantes. 
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ou les w’, v’ sont des constantes indépendantes de f(a), ces constantes doivent 
respectivement coincider avec les w, v. I] suffit pour s’en assurer d’appliquer 
expression (9) au cas ou f(x) est Pune des fonctions 1, cos px, sin px, en 
tenant compte de (7). 

Signification des coefficients u,, v,. Nous allons montrer que les coefficients 


A : Aaa Lice eae : 
Uys Uy5V,, +++ ne peuvent étre pris arbitrairement quand l’opération U, n’est pas 


1? 
déterminée. Pour cela, appelons ¢,, (« ) la fonction qui est égale a (w —x,)/2 + 7 
pour 0 =x2<~,,4 7/2 pourx =~, et a(x—-a,)/2 pourx,<x=2r. C’est 


une fonction 4 variation bornée qui a pour série de Fourier : 


T } : 
5 + (sin x, cos“ — cosa, sin x) ++-+-+ 


2 





sin px, COS px — COs px, Sin px 
p 


On a done d’apres ce qui précede : 
Uy : : 
U5, (2) oa + (u, cos %, + v, sin x) + +++ + (w, cos px, + 2, sin px,) + +++s 


ce qui exige d’abord que les quantités w, v soient telles que le second membre 
soit une série convergente. La somme de cette série est une certaine fonction 
de x, soit w(x,). Je dis que cette fonction est continue. En effet, on a: 


(aq) — w (a) = ib (2) b_,(2)1" 


Il suffit done de montrer que lorsque x; tend vers ~,, la fonction ¢,;(«) — ¢,, (2) 
(qui reste comprise entre — 27 et + 27 quels que soient x, x,, «,) tend vers zéro 
sauf peut étre en un ensemble de valeurs de a de mesure nulle. Or cela est évi- 
dent, d’aprés la définition de ¢,,(a). Ainsi la série: 


(10) = uw(a) =o + (u, cosa +0, sinw) +--+. + (u, cos px + v, sin px) +--+: 


représente une fonction continue. Par suite, les quantités w, v sont les coeffi- 
cients de FourrER de cette fonction * qui est aussi de période 277. En résumé, 
les coefficients u,,U,,,, +++ du développement (8) d’une opération linéaire sont 
les coefficients de Fourier d’une certaine fonction continue et de période 277, 
u(w). Cette fonction w(«) est déterminée connaissant l’opération U, par la 
formule : 

u(y) or 4, (2° 


Leprésentation de U, comme limite dune intégrale double. Réciproque- 
ment, pour exprimer U, connaissant la fonction w() il suffit de remplacer dans 
la formule (8) les vw, v, a, 6 par leurs expressions comme coefficients de Fourier 
de u(a) et f(a). Par suite @ toute opération linéaire dans le champ (M) 


* Loe. cit., p. 124. 
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correspond une fonction continue et de période 27, u(x), déterminée par la 
formule: 
(11) u(a) =U, 


2x ®) 5) 


? 4 ‘J . 
telle que Von puisse mettre U, sous la forme: 


(12) U,=tim [ f f(@)u(y) 0 (y 2) dedy, 


ow les fonctions 0 (y— x) sont parfaitement déterminées indépendamment de 
la fonction f(x) et del opération U, par la formule: 


T 





5 +(n—1) sin y+---+ p(n—p) sin py+---+(m—1) sin (rn—1)y 
(13) Oy)= 


nT 


Dans le cas ot f(a) est & variation bornée, on peut remplacer les @,(¥) par les 
fonctions plus simples : 


ik ; : : 
(14) VY) = a2 | o9 t8iny + + psin py +--+ (n—1)sin(n—1)y| 


elt sin (a — 1 )y— (2 —1)'sin ny 
~ Qa erst 
4cr* sin’ 


2 





La représentation (12) de Vopération U, est unique. Autrement dit, si l’on 
peut former par un moyen quelconque une fonction continue v(y) telle que l’on 
ait quelle que soit la fonction f(a): 


(15) U,atim [ [F(@)o(y)0,(y — 2) dody, 


on a nécessairement v(y) = u(y). En effet, il suffit d’ appliquer les formules 
(12) et (15) pour f(a) = 1, cos px, sin px pour voir que v(y) et u(y) ont les 
mémes séries de Fourier.* 

Etude de la fonction génératrice. -Ainsi 4 toute opération U, linéaire dans 
le champ (J) correspond une fonction continue bien déterminée w(7/) et réci- 
proquement si l’on connait u(y) Popération U, est exprimée par la formule (12). 
Nous pouvons done dire que la fonction u(y) est la fonction génératrice de U,. 
Il est manifeste que les propriétés de l’opération U, doivent se refléter dans 
celles de la fonction continue u(y); de sorte que Pétude de lopération U, est 
ramenée a l'étude d’une fonction continue: sa fonction génératrice. Un premier 
résultat de cette méthode sera donné par le théoreme suivant : 


* Loc, cit., p. 37. 
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La condition nécessaire et suffisante pour quwune opération U, linéaire dans 
as 


le champ (MM) soit de la forme: 


(16) U,= [ sw)hwyan, 


ow h(x) est une fonction mesurable et bornée, est que la fonction génératrice 
de U, soit une fonction continue de période 2m qui puisse étre considérée 
comme Vintégrale indéfinie dune fonction sommable et bornée. 

1°. La condition est nécessaire. En effet, si U, est de la forme (16), sa fone- 
tion génératrice est : 


u(y) = Ups = ["W(2)9,(ayae= f" (25 ”) nw) de in m [oh (a) de 


d’aprés la définition de (a). Ona done: 





u(y) = 7H(y) —5 [H(2r)— H(0)] +, 


en posant: 
Yy 2 ar 
H(y) =| h(a) dee, Ma 7 h(a) de. 


Par conséquent, on a bien w(27) = u(0) et u(y) est Vintégrale indéfinie de la 
fonction mesurable et bornée: 


mh(y) — 


2°. La condition est suffisante. En effet, supposons: 


u(y) = [ev)ay, U(r) = u(0), 


k(y) étant une fonction mesurable et bornée. LEcrivons la série de Fourier 


de k(y): 





H (20) — H(0) 
; 


k(y)~(A, cosy + B, siny) +--+ + (A, cosny + B sinny)+---, 


ou le terme constant s’annule puisque w(y) est de période 277. Si l’on calcule 
maintenant les coefficients de Fourier de w(v) en fonction de ceux de k(v), on 
trouve : 





— B cosny + A, sin nt) a 
n 


A . 
u(y) ~ 9 +(—B, cosy +A, sin y) + + ( 
D’ou: 


i) 


2a 1 : 
fi u(y)@,(y—#) = on fot +: +(2—p)(A, cos px + B, sin px) + --- 


+[A,_,cos(n—1)x+B_,sin(n—1)x] . 


1907] M. FRECHET: SUR LES OPERATIONS LINEAIRES 439 


La formule (12) s’écrit done : 


(17) U,=lim { f()E, (@) de 
avec : ae 
1 [{n Z 
te) == 97 to + vat (n — p)(A, cos pax + B, sin px) 4+... 


+[A,,cos(n—1)x+B_,sin(n—1)x] |. 
Or on sait que cette quantité tend vers 

hagas 
7 Ge ee )) 
sauf peut étre pour un ensemble de valeurs de x de mesure nulle et de plus 
qu'elle reste bornée comme sa limite. Par suite,* on peut écrire la formule (17): 


U,=[ f(2)h(m)dx, 


en appelant (2) la fonction mesurable et bornée : 
1[A 
h(v)= = E + K(y) |. 


§ 2. Opérations linéaires dans le champ (Q.) des fonctions sommables 
et de carrés sommables. 

On peut arriver 4 un résultat plus précis en employant la notion de conver- 
gence en moyenne introduite par M. Rresz+ et M. Fiscuert dans le champ 
(0,) des fonctions sommables et de carrés sommables. On dira que f (a) con- 
verge en moyenne vers f(x) et l’on écrira: 


J(2) ~ lim f,(@) 
si f(x) et f(x) sont des fonctions de (©) telles que l’intégrale : 


[LA@ se) Par 


tende vers zéro avec 1/n. Nous dirons alors qu’une opération U, est continue 
dans le champ 2 si U, tend vers U; quand f(x) converge en moyenne vers 
f(@). 

Théoreme. A toute opération U, linéaire dans le champ (Q), on peut faire 
correspondre une fonction k(x) du meme champ, telle que Von uit: 


(16) U,= [ f(x) k(w)de. 


* Loc. cit., pp. 14, 15. 
+Comptes Rendus, du 12 Nov., 1906 ; 18 Mars, et 8 Avril, 1907. 
{Comptes Rendus, du 13 et 27 Mai, 1907. 
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En effet, on voit facilement qu’avec les notations (2) on a: 


F(#) ~Tim (3? + a, COS @ + +++ + b, sin na). 


Donec: 
(8) U,= o( 2 (a, %, a0 b,B,) at aa 3 (4, %, + 6,8.) =f .) 
si lon pose: 


Ta, = U, 


0 We sy, TO, = Ooosnes TB, = Usin ner *** 


Or d’apreés un théoreme de M. Riesz* la condition nécessaire et suffisante pour 
qu’il existe une fonction du champ ©, k(a), telle que: 


h(a) ~ x +--+ +4, cos ne + 8, sin ne + + 


est que la série )° (a? + 8?) converge. D’autre part si u(a) et k(x) sont des 
fonctions de ©, on sait d’apres M. Fatou que I’on a: 


[s@)k@) de =o ( Sly ya 4 ae (a,%, + b 8.) ae o). 


Notre théoreme sera done démontré si nous prouvons que la série >) (2° + 8° ) 
converge. Mais, d’apres la définition de U,, la série ))(a,%, + 6,8,) doit étre 
convergente toutes les fois que l’on peut écrire les a,, b, sous la forme (2), f(x) 
étant une fonction de (2), c’est A dire toutes les fois que >) (a? + 0°) converge. 
Or si }° (a? + §?) ne convergeait pas, il faudrait que l’une des séries }) a”, >) 8? 
diverge. Supposons par exemple que >> 8? diverge; on sait alors + qu’en posant 
s,=Ai+---+ 8, lasérie >) (8?/s,) converge et la série > (8?/Vs,) diverge. 
Done si l’on posait : 

YES ets ++. ar Caen cae 
Vs 


1 n 


on voit que la formule (8)’ ne s’appliquerait plus quoique f( ) soit une fonction 

de (Q). On arrive done 4 une contradiction, ce qui démontre le théoreme. 
Inversement, on voit facilement que si /(a) désigne une fonction quelconque 

de (2), Ja formule (16) définit une opération linéaire dans (Q). En effet, elle 





* Loe. cit. 

t Encyclopédie des sciences mathématiques, vol. 1, p. 224, No. 7. 

M. PRINGSHEIM a bien voulu me faire remarquer 1’usage de cette propriété pour démontrer 
la propriété suivante utilisée ici : 

Si la série $ 8nvn converge quand les v, restant fixes, les 6, sont des nombres quelconques tels 
que > 3°, converge, la série Sv; est nécessairement convergente. 
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est évidemment distributive; d’autre part si fet f sont des fonctions quelcon- 
ques de (2), on aura 


2 ar 2 2 ar Om 
(On z= ( (f—f,) h(a) de) =| Kede: f (f—f, dx. 
Done si f, (x) converge en moyenne vers f(x), U, tend vers U,. 


§ 38. Opérations linéaires dans le champ des fonctions continues. 


Définition. Nous distinguerons plusieurs cas selon que l’opération est définie 
dans tout le champ des fonctions continues de 0 & 27 ou bien dans le champ C,, 
des fonctions ayant m dérivées continues ou bien dans le champ C’, des fonctions 
indéfiniment dérivables de 0 4 27 ou enfin dans le champ / des fonctions holo- 
morphes de 0 4 277. Enfin nous appellerons respectivement C’, C’, C’, E’ 
le champ de celles des fonctions de C, C,, C,, ou £ qui sont de période 27 
ainsi que leurs dérivées. 

Nous dirons alors avec M. HaDAMARD que deux fonctions ont un voisinage 
d’ordre n défini par le nombre € quand, de 0 a 277, ces fonctions et leurs n premiéres 
dérivées différent en valeur absolue de moins de ¢ (n pouvant étre nul, entier 
ou infini). Cela étant, une opération U, définie dans lun des champs C, C_, 
C, ou £ s’appellera opération continue si U, — U,, est infiniment petit en 
méme temps que le voisinage (d’ordre 0, n, c0, co respectivement) de f(a) et 
de f,(«). Une opération distributive et continue sera dite linéaire et dans tous 
les cas légalité (1) sera vérifiée méme pour c irrationnel. 

Montrons d’abord que l’on peut ramener la considération de chacun de ces 
champs 4 celle des champs Z’’ et ZH’. 

Supposons une opération U, définie dans le champ C’,; on pourra représenter 
toute fonction de ce champ sous la forme : 


; gor 6 2 
UNM AGI) eo A see eaT Nie ane +f af F(a). 
On aura done: 
U,= A, 70) ts ATs, ef. bd aa =F Vm y 


A,,---, A,_, étant des constantes indépendantes de la fonction f(x) et Vy.) 
une opération linéaire dans le champ des fonctions continues $(«). 
Soit V,,,, une opération linéaire quelconque dans le champ C des fonctions 


continues. $i l’on pose: “0 9 
v(eyaso) +o] o ere 2), 


n—1 





la fonction W(x) est continue et de période 27. On a donc: 


Vi= BLS(9) —F(27)] + Wyeays 
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B éant une constante et W,,,) une opération linéaire définie dans le champ C’ 
des fonctions continues et de période 27. 

Enfin si f(a) est une fonction indéfiniment dérivable, on peut trouver une 
fonction g(x) représentable par un développement de Taylor uniformément 
convergent et telle que /(%) — g(x) =h(«) soit une fonction admettant une 
infinité de dérivées toutes de période 277 comme A(w). Si done U est une opé- 
ration définie dans le champ C’,,, on peut écrire: 


U, ar O 42) 3% Cie) = 


oa) 


ni 


Or, on a: 
g(e)=9(7)+(e—T)g, +--+ 


On a done: 


gm) tee, 


U, = mg (4) +o bmg) bo 


m,, +++, m, étant des constantes indépendantes de la fonction g(x). En résumé 
tous les cas examinés se raménent 4 celui ot: le champ est C’ ou C;. 
Fonction génératrice. Soit U, une opération linéaire définie dans lun des 


champs C, C,, C,, #, C’, Ci, Ci, E’. Tous ces champs contiennent les 


fonctions: 
4+ rcosx+---+ 7? cos px, 


rsinew+---+ 7? sin po, 


quels que soient l’entier p et le nombre 7 compris entre —1 et +1. Is con- 
tiennent aussi leurs limites quand m tend vers l’infini; et le voisinage d’ordre 
infini de ces fonctions avec leurs limites tend vers zéro. 

En leur appliquant lopération U,, on voit en posant: 


Jp. 2s IBF = = 
4d, = 0, es) A, = OR pce a Cina “Erg 


que les deux séries: 


A) + NP tArt::-, 
jar eee at to ie 


soient convergentes pour |7|<1. Par conséquent la série: 
K(z) =A, + (A, + im, ) 2 + tS (A, + tH, 2" + od 


converge et représente une fonction holomorphe dans le cercle |z| <1 du plan 
complexe des z. 

Ainsi, 4 l’opération linéaire U, correspond une fonction holomorphe dans S et 
bien déterminée: «(z). C'est ce que j’appellerai Ja fonction génératrice de 
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U*. Pour légitimer cette définition, je montrerai que l’on peut exprimer une 
opération linéaire au moyen de sa fonction génératrice. 

En effet, d’aprées ce que nous avons vu plus haut, on peut se borner au cas 
des fonctions qui sont de période 277 ainsi que leurs dérivées éventuelles. On peut 
considérer une telle fonction /(«) comme la valeur pour r = 1 dune fonction 
FF (7, «) harmonique et régulitre en tout point de coordonnées polaires x et 
r<1. Sia,,a,, 6,, --- sont les coefficients de Fourier de f(a), on aura: 


F(r,) =F +r(a,cose +0, sine) + +++ 2"(a, cos nw +b, sin ne) +++. 
Dou: 
My ie 
p= =| f(w): [Ay +++ + 7" (A, cos nw + mw, sin nx) + ---]dx, 
0 


ou: 


O;= = (fe) P [«(re—*) ] de, 


en désignant d’une maniere générale par P(A + iB) la partie réelle A de tout 
nombre imaginaire A + iB. 

Si maintenant on fait tendre r vers 1 par valeurs plus petites, on voit qu’en 
définitive, U,. sera déterminée par sa fonction génératrice au moyen de la 
formule: 


ab Pes 
(19) U,=lim= [ Fe ee sole omy eee 


ou: 


; 1 2aF ; 
U,= tim PY = f SJ (%)«(re-™) + dx. 


D’ailleurs, inversement il est trés facile d’exprimer la fonction génératrice connais- 
sant U. En effet, on a: 


Px (re?) =A, +--+ 7"(A, cos np — w, sin NP) + +++ = Oy ncosm(b—n)t eee * 
D’ot: 
ee On Lae 


En définitive, on a: 
K\ 2 =U l+eizz — 7, iPi+zeiz7, 
() Pia bisa | Palace 
Si «(z) est la fonction génératrice d’une opération linéaire dans l’un des 
champs CO’, C’’, C,, cette opération peut s’exprimer sous la forme (19), Mais 


n? 





*Tl ne peut y avoir de confusion dans ce qui suit entre les deux définitions non équivalentes 
que j’ai données dans des cas distincts pour la fonction génératrice. 
Trans. Am. Math. Soc. 30 
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il est important de remarquer que méme si? /’ on se donne a priori pour x(z) 
une fonction holomorphe quelconque dans le cercle S, la formule (19) définit 
une operation linéaire au moins dans un certain champ. En effet, elle donne 
une valeur bien déterminée de U, lorsque f est une fonction du champ D, des 
fonctions f(a) telles que la fonction harmonique correspondante /’'(7, x) soit 
réguliere méme pour 1 <r<p. Car, en prenant: 1<p, <p et appliquant 
la formule (19) a: 


(rr, ©) = > Se (=) pi (a, cosnx + 6 sin nw) + --+3 
1 
on trouve l’expression : 


a Qa e7 
ar F(p,, 2) Pe( ) aw. 


De plus cette opération est bien distributive et continue. 
Mais, selon les propriétés de la fonction «(z), il peut arriver que la formule 





(19) donne pour U, une opération linéaire définie dans un champ plus ou moins 
grand. 

On sait que la fonction «(z) est holomorphe dans le cercle S. II est done a 
prévoir que les circonstances les plus importantes dépendront des singularités de 
«(z) sur le contour de S. 

Effet des singularités de x(z). 1°. On est done amené 4A considérer 
d’abord le cas ot «(z) est holomorphe dans un cercle de rayon supérieur a 1. 
Dans ce cas la partie réelle, k(x), de «(z) sur le cercle S est une fonction con- 


tinue de x et on a: 


il as ze 





e(a)=4 [ R(—2) 3 


Remarquons que cette formule détermine une fonction «(z) holomorphe dans 
S dans le cas général ot k(x) est une fonction mesurable et bornée queleonque 
et arrétons nous 4 ce cas général. En introduisant cette expression de «(z) 
dans la formule (19), il est facile de voir que l’opération U, sera définie méme 
dans tout le champ (JZ) sous la forme: 


U,= [ f(a)k(w) de. 


2°. Supposons que la fonction «(z) n’ait sur S qu’un nombre fini de points 
singuliers et que ces points singuliers soient des poles. Alors on pourra mettre 
k(z) sous la forme: 


p=m Ip 1p 
(2 2)= H(z) + > {49 (73s) + a+ doy (ter) |, 


ze'tp ze" 


ou H(z) est une fonction holomorphe au dela de S, ot les quantités A” sont 
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des constantes et ot! on désigne par D'») la dérivée d’ordre n, prise par rapport 
i argument de lun des poles. Les quantités g, sont réelles, bornons-nous 
dabord au cas ot les A‘ sont réels et appelons h(a) la partie réelle de H7(e~*). 
On aura alors : 


ir p=m 
U= | Sa) w)de + FAP AG) + + ALSO GG) 


et U, sera ainsi une opération linéaire bien définie dans le champ C’. Mais la 


formule (19) n’aura plus de sens si on l’applique 4 une fonction quelconque du 
champ C’. Prenons par exemple le cas particulier ot: 


Aize'? 


K (2) a Ki BEET 


A et ¢ étant deux constantes réelles et: 
sin nw 


La formule (19) donnerait: 


U,=lim LY 1 — 2r cos ¢ +7”. 
r= 





Si done ¢ est queleonque, on aura en général: 





U,= LY 2(1 — cos q); 
mais si l’on a pris par exemple g = 0, on a: 


U.=lim L(1—r), 
r=1 


ce qui ne donne aucune valeur finie de U.. 

3°. On pourrait croire que puisque l’existence d’un pole d’ordre m de K(z) 
sur S restreint l’application de U, aux fonctions du champ C7, Vexistence d’un 
point singulier essentiel doit en restreindre encore l’application aux fonctions 
du champ C. Il n’en est pas ainsi comme le prouve l’exemple tres général 
suivant. 


Prenons : 
nae A 1+ 2e'& 
m2) 2) oT pete? 
ou les A,, g, sont des nombres reéls quelconques, mais la série >A, étant abso- 
lument convergente. Si lon prend g, =1/n par exemple, on a bien une fonc- 
tion holomorphe dans S et qui a sur S un point singulierz=1. Or quels que 
soient les g,, on a en appliquant la formule (19): 


U.= > wey 
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et lopération est définie pour toute fonction du champ C’’. On voit done qu’a 
ce point de vue, dans l’exemple g, = 1/n, la singularité essentielle z = 1, n’est 
pour ainsi dire qu’une singularité artificielle. Elle ne présente aucune particu- 
larité propre en dehors de celles qu’elle possede comme limite de poles simples. 
C’est 14 un point qui peut avoir son intérét dans la théorie des fonctions 
analytiques. 

BESANOON, Février, 1907. 


THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY“ 
BY 
ALFRED GEORGE GREENHILL 


The analytical complexity in the reduction of the elliptic integral in electro- 
magnetism, as well as in most dynamical problems, arises in consequence of the 
appropriate integral of the third kind being of the circular form in LEGENDRE’s 
terminology, and the elliptic parameter of Jacopi is then a fraction of the 
imaginary period. 

The expression of the integral by the theta function would imply then a 
complex argument, and a table of the theta function would not be of complete 
utility unless made a triple entry table. 

When required in a problem of electromagnetism it is the complete third 
elliptic integral which usually is sufficient for a solution, and this, as shown by 
LEGENDRE, can be expressed by elliptic integrals of the first and second kind, 
complete and incomplete; and for these the Table LX of LEGENDRE provides 
the material for a numerical evaluation. 

As an important application we may cite the calculation of the mutual induc- 
tion of two coaxial helices, employed in the ampere balance designed for weigh- 
ing their electromagnetic attraction by the late Viriamu JoNEs and Professor 
AYRTON, and so arriving at an independent determination of the electrical units. 

The present investigation was undertaken in the lifetime of Professor Viriamu 
JONES, with the object of exhibiting the result of his complete third elliptic inte- 
gral in its simplest form, suitable for immediate numerical computation, and 
also to reconcile the conflicting notation of different writers on the subject by 
adopting MaxweELv’s Electricity and Magnetism as the standard. 

Incidentally the quadrice transformation of LANDEN is required here so fre- 
quently that a digression has been made on the theory, and an elucidation sub- 
mitted of its essential geometrical interpretation. 

The references in the course of the work will be chiefly to — 

MAxweELL, Electricity and Magnetism. 

Wesster, Electricity and Magnetism. 

Gray, Absolute Measurements in Electricity and Magnetism. 

CayLey, Proceedings of the London Mathematical Society, vol. 6. 


* Presented to the Society September 5, 1907. Received for publication January 29, 1907. 
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Viriamu Jones, Philosophical Magazine (1889), Philosophical 
Transactions (1891), Proceedings of the Royal Society (1897). 

Mincuin, Philosophical Magazine (1893), (1894). 

BurnsipE, Messenger of Mathematics, vol. 20 (1891). 

Coleridge Farr, Proceedings of the Royal Society (1898). 

Nacaoka, Journal of the Tokyo College of Science, 16 (1908). 

Corrin, Rosa, and ConeEn, Electromagnetic Integrals, Bulletin of the 
Bureau of Standards (1906). 

Alexander RussELu, Magnetic Field of the Helix, Philosophical Mag- 
azine, April, 1907. 


Notation and preliminary theory. 


1. The elliptic integrals of the I, I, and III kind (abbreviated in the sequel 
to I. E. I.; Il. E. I.; II. E. I.) are composed of differential elements of the 


form 


1 ds ds 1 ds 
©) TR ANE ee eas. 
(2) S=4-s—s,-s—s,:s—8,, feeeot eat 


but for analytical simplification it is convenient to normalise them to zero degree 
by an appropriate factor, so that the elements may be written 











: V(s, — 8,)ds s—a ds 2V> ds 
(3) VS : V(s,— 8) VS’ s—ay/S’ 
(4) L=4-0—s,-0—8,:6—8,; 


and in the circular form of the III. E. I. the expression = is negative and the 
normalising factor is changed to /( — =). 

The same normalising is required with the elementary circular or hyperbolic 
integral which arises when S is of the second or first degree, in consequence of 
s,, or s, and s, being made infinite, so that we take 


(5) Sans eee or 4;s — 8,; 


and the integral corresponding to the III. E. I. becomes 


V4, — 9 +o —'8,} ds A an 8,—7 8—8, 
(6) { s—oa / (Ao eaten) o—s, s—s,}’ 


V(s,—@) ds ok int fo + ,[/2=% 
(1) eee Vi(4e8 2, Nr ee Nee 


with corresponding hyperbolic-logarithmic forms. 
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The standard III. E. I. adopted in the sequel is written 


4)/(—) ds 
2) it SiG 


in which the sign of = is to be changed in the infrequent case which arises when 
the hyperbolic-logarithmice III. E. I. is to be employed; and it is preferable to 
keep to this form of the integral of an algebraic function, and to settle the 





sequence of magnitude of 
Oe SerSt ss Saeesie 


before proceeding to a reduction in the notation of WEIERSTRASS, JACOBI, and 
LEGENDRE to their standard form, if requisite for comparison. 

In an electromagnetic application it is the complete III. E. I. which gives 
the solution, and then the limits of integration are 00, s,, 8,, $,, —00; and now 
the great theorem discovered by LEGENDRE (fonctions elliptiques, 1, chap. 28) 
enables us to express the result by incomplete integrals of the I and II kind, 
the I. E. I. and II. E. I., on which a digression is made at the outset. 

2. The jacobian quarter periods, A and A’’, are defined by the complete 
integrals 


26 pe Staats) AS Pe (aed A ee 
© K= | v8 Heh VAs ae 








$1, §3 


and the incomplete integrals may be written 


a ™* /(s,—s,)ds em [a 
(2) AK = | VS b) S& pal Pe V(—) ’ 





where A and f are real proper fractions defined by the ratios 


wo ©, 89 ds 81, 0 81, $3 
3 h= ere 
( ) = ©81, 83 VS? sas Ae =| —~o os “s)’ 


In the jacobian notation 





os ard Sia 8 
(4) pe kl A etal 
Ld emt | $, — §3 
and when 
o>s>S,, or S, > $> 8; 
8,— 8 $—s 
(5) sn? hA = +—}3, or ae 
s— 8, 8, — 8, 
a. s,—8 
(6) on? AK = ——, or + ___, 
8 Se 
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8, 


(7) dnthK = et, 9 cee 
$s — 8, 


while with 





Si Cea, or Bee ea Os 





ei ee ae 

(8) sn’ fk mrp or avaeee 
o—s, | $,—o 

(9) en? fi’ = reat or pat 
rare ea See bye 

(10) dn? f. ae or eee 


It is the advantage of the use of the fraction h or f of the period A or A 
that the corresponding modulus / or k’ is indicated thereby and need not be 
written down. 

In the notation given already in equations (2) the incomplete I. E. I. can 
be written 


w,s rd 
V/(s,—s8,)\ds eer $—s 
(11) hK = il (8 aw Ls ont [ 1s, on 4/ =, 
ne V s— 8, 8, — 8, 


~_ [" V(8,— 85) ds _ [= = fas 
(12) (I-A) fo WAS = sn anit dn Paes 


and for the complementary modulus 4’, 


815, F/G NTC s,— s,—S 
(18) GRE Sed te V (8, 3) wl fs, sn-! Sale dy sn! £ E 
Peay /(— 2) &,— 8, s,—o 


rales oA 8 / (8, — 8,) do. a oe “1 {eae 
(14) (1—/f)4A =|" aS = sn Fee sn Pag 


3. Besides the first elliptic integral (I. E. I.), given already in § 2 (1), (2), 
(11), (12), (18), (14), we shall require the second elliptic integral (II. E. I.) 
complete and incomplete. 

The jacobian zeta function which expresses the incomplete II. E. I. may be 

efined by the standard integral 

















° 8,-—8 ds 


©) 1 V=%) VS 





-[ dnt ha Kdh =H ag heh a eee 





(2) hess = [ane Naf i gmk eee 
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where zn w in GLAISHER’s notation denotes the jacobian function Zu; also 
fT and H’ denote the complete II. E. I. to moduli k and k’, defined by 


1 1 
(3) H= { dwhK:-Kdh, H'= IL dn? fK’ - K’df, 
0 0 


corresponding to A and /*’, the complete I. E. I. 

The letter H is used instead of the usual #, as / will be required for the 
quadric transformation. 

With GLaIsHER’s notation 


d 
(4) zu =znUu+ a log sn wu, 
the incomplete II. E. I. in the regions 
ee 8 8. 8 ns. 


is given by 


8,—8 Y(s,—8,)ds _ a 
(5) {ee \ 8 TG = — (1A) Ht AK; 














s—s, ds s,—8 V(s,— 8,)ds } , 
(°) J V(3,—8) /S ‘ f? JS TAA) HARE ) +28 hk 5 


S — S, 








(7) {A255 =(23 51) en eee AIC 


Cs vs S—s 


the integrals being infinite at the upper limit s = 00, or the lower limit s = s,, 
where 2 = 0 and zs hX is infinite; and so also 


3 *s—s, V(s,—8,) ds %% §.—s ds 
2) ihe —s VS é ey (5) — Se 


=hH+mhK, (1—h)H—mhkK; 


f= s, V(s,— 8,) ds s,—s ds 
(9) 








3 


8 — &, VS <3 V (8, — 8) VS 
=h(H—k’K)+mhK, (1—h)\(H-k’K)—mhK; 


8,— 8, V(8,— 8,) ds -/ s—s, ds 
(10) (es VS V(s,— 8) VS 


=h(K—H)—mhK, (1—h(K—H)+mhK. 














Similarly, in the regions 


Sr Ci Sy 2S, Tl SF nO 
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a, 82 V (8,—8,) U (—2) a —,¢0 so V(—2) 
=f(K’—H')\—m fk’, 1—f)(K'—H')+m fk’; 


ike $,—¢ da oe 8,— 8, V (s,—8,) do 
(11) 








V(8,—85) U (—2) lie i >) 
=i ez4 '—k? K) +zn fs (1 —f \( ‘—k? FR’) —zn ae 


f o— 8, do = (a2 awe 
(13) Vv (8; —3;) V(—2) s—c v(—2) 
=fH'+mfK', (1—f)H'’—mfK'; 


i 8,—8, V(8,—8,)do =|" 8, — ao da 
(14) sacle deemed 1S ee 2) o VCS — 35) 7 (— 2) 
=(1—/)(K'’—H’')4+2fK’'; 
a oe V(s,—- = f s,—o do 
apes V(— 2) . V (8, — 83) V(—2) 
=—(1-—/)(H'—-WK')+4+2fK', 
f= V(s,—8,)do -{ 8,— 9 da 
(ie) J ame WZ) od (ere eee) 


=—(1—/f)H'+2a/K’'; 


{f o—s, do _}? 8,— 0 V(8,— 8,)do 
(12) 




















(15) 








these integrals (14), (15), (16) being infinite when the upper limit o =s,, or 
the lower limit o = — oo, where f= 0 and zs fA’ is infinite. 

Putting h=1 or f=1 in any of these forms will give the corresponding 
complete IJ. E. I., noticing that zn A’ and zs A’ are zero. 

4, The incomplete III. E. I. requires the theta and eta functions of JACOBI, 
and BuRKHARDT has given in his Llliptische Functionen, § 126, a method 
of approximating rapidly to the numerical value for given elliptic argument. 

But in the circular III. E. I. this argument will be complex of the form 
hK + fK't, where hand f are real fractions, so that great care will be required 
with BURKHARDT’s method in separating the real and imaginary parts of the 
theta function. 

When /, however, is a rational fraction, 


(1) S= 5 $2 bs Bros 


a quotient of theta functions, such as 
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; @(hK + fK’i) 0 @(hK + fK'i) 
ey @(AK—fK%i) ~~ @hK@fKG ”’ 





can be expressed algebraically by elliptic functions of AA; a collection of the 
simplest results will be found in the Philosophical Transactions (1904), 
under the title, The third elliptic integral and the ellipsotomic problem. 

5. Make a start now with the complete circular III. E. I. 


(1) ee (ee ds 


s~ao YS’ 





81, 83 
in which the quantities range in the order of magnitude 
(2) Clee eS oO > 8, 8 Sy 00 
and this integral (1) is by LEGENDRE’s theorem to be expressed by incomplete 


integrals, I. E. I. and II. E. I. 
Provided with the notation above we shall find in the sequel 








Ca) 1 SS 

(3) A =| ° pee an 
Bee (a 

(4) i= {i : ule =) ae —inf+ Km fk’, 


To calculate the numerical value we have to determine the co-modular angle @ 
and the amplitude angle of ¢ from the relations (2) and (8), § 2, 
2 Sees 3 Sago 


(6) sin? O=k = 2, sin? d = 


9 
8, — 8; 8, — § 








and then from Table LX of LEGENDRE 


(7) f= F$ + F(3r), 
(8) m fK' = Eb —fE(37), 
(9) K = F(4r,k). 


The result in the Weierstrassian notation is given in SCHWARzZ’s Lorme/n, 
§§ 59, 60. 

The relation in (5) is the equivalent of MINcHIN’s equation (21), p. 212, 
Philosophical Magazine, February, 1894; it is proved immediately by the 
substitution 
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S, — 85° Sy — 8, 
(10) (s—s, s— 8, ) 


in A, (1), which leaves ds/ VS unaltered except for sign, but changes the limits 
from oo and s, to s, and s,, and thus makes 


7 89 4/(—2X) ds 
(11) — 8, — 8,°8, — S, VS? 


en oe. 
s— 8, IAL 


4 /(—)[(s, — 8,) (8, — 8,) —(8 — 8)" ] ds 
(12) A+B= = ete ‘8, — 8) — (8 — 8,° o—s,)|(o—s) YS 














De 6,79) 8 Og te 


= cos | era 8,)(8,— 8) — (8 —8,)(o — 8) ](a—S) 





Sp OO == 8," 8 —— 85 








Tae [ (8; — 8:8, —8,) —(s — 8,) (o — 8,) |(e — 8) 
= 1 sin Bdlaen! [= 
tie LCF 59, (een cae 83 


6. In the arrangement 
(1) O>s>8,>8,>8>3>o>— 0, 
there are two remaining forms of the complete circular III. E. I, namely 


(2) Mena De i "tv(— =) ds 


peng iN’ 
and we shall find 


(3) Ge ips gee) a = Kw fK' —40(1—f), 








a1 y/ =) ds , 
(4) j= Is fe) Cyn Kus pK + anf, 


where in Glaisher’s notation 





en u dn u d d 
(5) ZS = zu + a at du 2 sn u = 7 log Hu, 
and also 
d 
(6) zu= mu + 7 logon u = — wz (K—w), 
d 
(7) zd u = zn U+ 7 log dn u = —m(A—w). 


Thus 
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(8) = C450 er, 


which can be proved independently in the same manner as (12) § 5. 

Hence we can write down the expression of the complete III. E. I. of the 
circular form, for any assigned region of s and a, the result involving a zeta 
function to the complementary modulus; and this zeta function is an algebraical 
function when / is a rational fraction ; the formula for the simplest fractions is 
given in the Philosophical Transactions (1904). 

T. We have seen how A and B change place by the substitution 


oe Byte ey 
©) (sa, . ee ‘) 


and the same substitution interchanges C’ and D. 
So also A and C or B and D change place by the substitution 


Ry iby pao 
(2) (s-s, 1 2 1 ); 


while the substitution 

Ge Sag. 8 
8 2 1 2 3 
(3) (s—s, 2=A=*s) 


interchanges A and D, or Band C. 
8. Two more forms are required to finish the series of the complete III. E. L., 
when it is finite and the parameter is a fraction of the real period, namely, 

















iV = ds 
(1) Bm [2 San Ems, 
Behe 
(2) F=] - CO ie 
83 <a V 
in the arrangement 
(3) OOS SF > 8) > o> 8 Oe 
with 


@ haf +f oe 
(5) | fe. 


(LEGENDRE, Fonctions elliptiques, chap. 23; CayLey, iliptic Functions, 
$$ 178-186.) 

9. The proof of his theorem that the complete III. E. L, circular or loga- 
rithmic, can be expressed by the I. and II. E. I. is given by LeGenpreE in 
Fonctions elliptiques, chapters 23 and 24, and is reproduced in CayLey’s Elliptic 
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Functions, chap. 5. We can abbreviate the demonstration considerably, and 
avoid also all introduction of an imaginary in the discussion of the circular form 
expressed by A, B C’, and D by means of the simple lemma 

d i 3 /S ad +7 ( _— >) 

Aer do aoe 


CoO; 








(1) vs 


dss~o 


proved immediately by performing the differentiation. 
Integrating with respect to the elliptic differential elements ds/VS and 
do//(— =) beween the limits s,, s, of s, and c, s, of c, 


live >) 7 ig ae eae we 


=Ilte=s “ o 


in which the variables are separated, so that 


pL emery S fe-are7 Es 


89 




















o— 8, = s—s, ds 
(3) KJ V(8; = s) Ter ) whe 1 V(8,— 8) VS 
= K(fH' +m fK')—fK'(K—H) 








=inf+Km fk’, 


by reason of LEGENDRE’s relation 





oerts ds do 
ce , ral rae Gee | 
(4) Ll @-9537e5- + K'H— KK’ =}n, 


derivable from the relation in (5) § 5, and utilising theorems (13) and (10), §3. 
Taking the limits of s as s, and s gives a more general theorem 


Lens ‘Ly(—) ds 
[PS7e5+ +f o—s YS 














oh 1 o—s8, do 4 alt s—s, ds 
(6) te) age PS, V8) VS 
=)AK(fH'+mfK')—fK'[h(k-—H)—mhK | 


= tohf +hK am fK' ia m hk, 
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connecting incomplete III. E.I’s., as in LeGENDRE’s equation (7’), p. 188. 
Putting h = 1 gives B as before; and putting f= 1 leads to a new theorem 





$y 1 
(6) { are (eae ll ie ae 


10. When A is deduced in this manner we must keep clear of s = oo by 
writing the lemma (1), § 9; in the form 











d ty(—2) df(tvS tv8 8, — 84:8, — 8, 
TCD fe maaan —v85,(32 5-222) 


in which at 


(2) $= 0, limit (2 





iS iy*) =o. 


BS aie Sis 


Integrating between the limits s, oo of s, and s,, o of o, we have 


A ese ae ee a a ee aes do 
(3) {P= —o ot G4) Ss 


§2 


ne See ea sg 8, \ 8) cdo 
“Sf f(enu- 8 — 8, ) Jem 


(in which the variables are separated) 











= s,— 8, V(s,— 8,)ds 


i aed — 8. do ae es 9 — 8, 
ah J Wri qo cae oe ii eee ths VS 
=)AK[(1—f)H’ —m fRK'] —(1—f)K' [A( 4-7) —- mike] 








=4nh(1—f)—hK m fK' + (1—f)K’ mhK, 


utilising the theorems in (13) and (5), § 3. 
Putting s = s,, h =1, gives the result for A, 


~t/(—2Z) ds S, — 8,°8, — 8, do ds 
oo) Ae Gee ge Geiersi=s: 1 rete 


and this by the substitution (10), § 5, is equivalent to 


OG fc ds do 
6) Am | [i e- 975 7 3y 
while from (2), § 9, 


pe ds do 
(6) B= ff e-s)r3 rosy 
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ba be ds do 
(7) A+B= | [ (e-8) F373) 
or from (12), § 5, and employing (12), (9), § 3 


8 . r= ff ds’ dc 
(8) ous Beatret api R), VS ee 
= K(H'—¥K) 4 K(k’; 


and thus LEGENDRE’s relation is proved. 
Putting f=0,o=, in (8) gives a new theorem, 


Se OO cag 
S— 8, * $;— 8, 


vi 
(9) ik avs 5) = Imi Km M+ K's)" 


2 so ys 


—Inh+ K' wshk, 


employing (5), (6), (7), § 2, and (4), § 3, or (5), § 6 
11. For C, integrate lemma (1), § 9, from s to oo and o tos, in the form 


1 7 Pp: 
Oeres sea svg, (Be BE) oo 4 eee 


ds\s—a s—s8, Ss — 8, 








’ 








(pee ds ree hy do 











8—Co VS S—c s—&, V(—2) 

oe Nemisis oe Ae 

aiiees s— 8, 77-3) 
2 = Ny bet fect do Paces 
@) 1) 6) Ve 


=AK[afk'—(1—f)H']4+ (1—f)K'[A( 4 -H)-m hk] 
=—}rh(1—f)—-(1-f) KA mihK4+hK afk’, 
employing (16), (10), §3; from which C’ is deduced by putting h=1,s=s,, 
(8) C= —4r(1—f) + Kas fk’. 


In D we must keep clear of « = s, by writing the lemma 


ales 4 pee oy) (a 2D ee 
(4) v(-3) 4, (2 =) 3Vv( >) - pee ere 8,°8,—S, 


sS—o 8, —o ds s— . 8, — 9 











and then integrate it between s, and s, — oo and a, so that 


[ (MD WED) te peas ae 
RB er a ee: el ees: 
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ae ’ 8.—s ds Mey pk A do 
(5) = 7K Vee i, Conic fe SA aaa 


1 ml 








=fK'(hH + mhK)—hK[ f(K' — HH’) —ma fk") 
= tnhf+ fK'’ mhK+hK in fk’, 


employing (8), (11), § 3. 
Put h=1,s=s,, and we obtain by means of (8), (9), (10), § 2, 
o—S8,:o—S. 


S = Anf + Kos fk’. 


Af Mer Mn Ji aed 





(6) D=43rf+ Kuan fK’ + K,| 


12. To obtain # and F’,, write the lemma 
d ty z 5(22 —) 8, — 8,°8,— 8, 


§— CO s— 8, 








1 Vote ma = mee s 
(1). 4 dos—oa ds S— 8, aes: 


and integrate between s, oo and s,, 7; then 
fre ds "(ie ee) da 
. s—aVS ~g \S—T S—S8, fa 


Loe 8, — 8, (8, — 8,)ds “jj a¢—s, do 

(2) oh 4 ry VS ae V(8,— 8,)V= 
=fK[h(K-—H)—mhkK]|—-hK[f(A-—H)—m fk] 
=hK ian fk —fK m hk, ; 

















employing (10), § 3, and thus connecting # and #’; for h=1,s=3s,, makes 
(3) i= Km, 
and f=1,0=s,, makes 


(4) F=KmiAK+ K 


Sie Ou osa rs 





2— Kashk. 


& — &°8, — 8, 


13. With s, and s, conjugate imaginary, and putting 








(1) 8, — 8,'8, —8,= I’, 
i ° /Mds * /Mds 
(2) K =| San n= J an 
%2 1/ Mdo 8s 1/ Mdo 
Op o|/ Aeemaaty = (I ee, 
(3) Le re (=>) 
and then 
1— en 2hK ,4sn 2AK dn 2hK 
(4) Duelo aa Temem on k? ne isucetd : on 2h 


Trans. Am. Math. Soc. 31 
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1—en2fK 
1 + en 2fK"* 


4 sn 2fK' dn 2fK’ 
(l4+em2fkK'y ° 


in which A and fA’ may be replaced occasionally by A and f in the sequel 
without confusion. 


Employing a formula (LEGENDRE I, p. 257), 





(5) s,—c=M V(->)=m 


l—ecos¢dd 2sin dAd 


(6) 1+ cosh Ad Bega ee 





verified immediately by differentiation, and integrating the lemma (1) § 9, 


reat) a=) Sees 


s—s, YMds 2s, —o0 YMdo 
=fK' | oy Tre waren Shae (ass 


oc 

















—en2h _, aa CU Zig 
(7) ask’ [5 Tay Kah +h iaeeEY 
2h dn Qh 
hy (i + fh — AH — an zh ) 


_({sn2fdn 2 cy ‘ 
+ LEC ( ae + Ak — fH —m2f). 


But when we wish to obtain the complete III. E. I., by putting s= oo, 
h = 1, we make both sides infinite. 
The infinite part must then be cut out by deducting from both sides 


se ESR Ome ,dn 2h 
eee sn 2h” 








(8) 


and now 


*/ 47'S AVS NU ae: ‘1/(—3) ds 
OPO Garner rosy? aa 7 


a — sn 2h dn 2h 











EE os NIN 2h) 


Of dn 2 
+ he (So /K' — fH’ — mf). 


Here, putting s = oo, h = 1, the first integral vanishes, and 





C10; 


ao) (POSS) 4 = fK' GK —#) 








n 2f dn 2 
+K(5 ange + PK’ —fH' — mf) 
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sn 2f dn 2f : 


dn 2f 
= K( an OFT ZS 2) —_ inf. 


Similarly with f= 1, 


“IVS de dn 2h 
(11) fr ees (Sa 22h ) — Joh. 








14. To compare B with LecENpRr’s standard form of the III. E. L.,, 


dx 
(1) » L+nsin’y Ay’ 





Ay = 7 (1—F’sin’x), 
denoted by II (n, &, xy) or II, when complete, put 


(2) s—s,=(s,—s,) sin’ x, S,—s=(8,—$,) cos’ x, 8,—s=(s,—s,)A’y, 











eats yc, 
8,— Ss,’ 8, — 8, 
and then : ; 
als, oo 8 a dy : 
(3) Bo Pee lee hanty Ava Reena 
in which, with LEGENDRE’s notation, 
(4) i ans EAI diame oem an ie er 
— o—8,” — o— 8,” n 8,—8,” 
he 8, — oo — 58, 
(5) aa(L+n)(145, )\s 8, — 8,:7 — 8, 


and LEGENDRE’s II requires the normalising factor //a. 
In the comparison of A, put 











Pactecas ne A’ x cos’ y 
(6) S$ — 8, sin? y’ His CAG ind Sree oat Seem tas) cin 7 
and then 

Ss, -— o-oo — 8, —nsin’?y dy 

) Am fe fray a VAL bs x) — Pa 
in which 
8 ee BP: 1 oaths Serta 1 ki _o—8, 
ee erates oe Mea or, 
so tha 
9 1 , 1 k? St Oe Ca oe 
(9) ( +n’) aaa! RY SORE a 
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hed 


the same as before; also 


a 
(10) nn’ = k?, II(n) + II (v') = K + —. 


But in all the subsequent calculations it is best to keep clear of the standard 
forms of LEGENDRE, JACOBI, or WEIERSTRASS, and to work with the III. E. I. 
as the integral of an algebraical function of the standard form in (8) § 1. 

For example we find, putting the differential element, 





ds 
(11) Baie du, 
dy d dy d’y dS dy 

9 salle ABUL Ke poten fo psec d 8 Vol Pc ak Dee 
oo aula ye ds (v oo) e ds! * 2 ds ds’ 
and if we take 

Va Os 

(13) log y = D eS ay ws 


we obtain the Lamé differential equation of the second order 





1 dy 
(14) dutta ame 
ay dS dy . 
(15) S7a2+3 7, ds ~(28+7-8:— 8% — §3)y = 9. 
Then the function 
d ‘ 
(16) 24> ae (ye ) 
leads to the Lamé differential equation of the second order 
1 d*z 
(11) Se limhl eur tener at 
provided that 
(18) M—A(38o —s,—s,—8,) -VYr=0, 


the spherical pendulum relation. 


Landen’s Transformation. 


15. It will be convenient at this stage to collect together all the formulas of 
Landen’s transformation of the second order, required in the sequel, adopting the 
notation employed previously for the elliptic argument, AA denoting an argument 
to modulus & and fA” to modulus 4’, and f denoting real fractions, as thereby 
the modulus is indicated in the notation and need not be written down. 

Without this it will be diffieult to reconcile the notation of different writers 
on this subject, each adopting a method of his own irrespective of others. 
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Following MaxweE Lt in his Electricity and Magnetism (EK. and M.) § 702, 
we select the LANDEN transformation connecting the new modulus c and c’ with 
k and k’ by the relation 


1—k 2Vk 1-—¢ 


(1) St gy A pales era 
eAYy 6.05" , eee 
Bho aM (ke ); c>k, oa ke. 


all different forms of the modular equation of the second order, connecting 
the modular angles y and 8 shown in figures A and B, such that 


> Sia ae BC 
2 ; 
©) 1 — cosy EO TOC e: 


i = lee pee — 
Tigereg toma Rol ns Tait 


Pgs Gah L008 








_ Then the complete elliptic integral or quarter-period (47, c) or /'(c) is 
denoted by #’, and /’(c’) by #”, A and A’ denoting #(*£) and #’'(k’); and | 


(3) Hees (iit Aas | Kimed (Lae, 

(4) ern RYH) Kt bao eae 
i” dG KK’ i 

(°) fame aq) Kepa Fe 


16. The geometrical interpretation of LANDEN’s transformation is seen in 
fig. B, where we may put 


(1) o=-amhF, o =am(1—A)F, vy =am2hkK, 
(2) @6=2o=y+y;, 20 =4r7—xX+ YX, 
so that 


(3) Y=ir+owo—o, am 2hK = 47 + amh#’—am(1—A)F, 


sn 2h = cos [amhf’— am(1 — h) Ff] 


4) ,snhFenhl 
(4) =cnh#en(1—h) F+snhi'sn(1—h)#=(1+¢)—7 77, 


LANDEN’s first transformation ; and putting 4 = 0 leads to (8) § 15. 
Thence also 
, 1-(14c)sWhF dn’? hF’— ¢’ 
dire dn hF ~ (1—¢)dnAF 
_dnhF—dn(1—h)F CQ-— CY’ 


a= COSY, 


y Ee td Ge 





() 
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the geometrical interpretation, since CQ, CQ’, CB = CA dn(f,1—/,1)F; 
Cc’ 





A 
Fia. B. 


1—(1—c')sWilAlP dn?hF' + ¢ 


QQ: 





(6) dn 2AK = 
Equation (4) can be written 

(7) sn’ 2hK = 

and thence 


(8) dn 2A = 


T+ ¢ 1 — dn 2A’ 
Le ele dn Zak 





1 — ksn’* 2hA 
1+ksn’?2hkK’ 





dn ii’ (Lp e\don = 


AB’ 
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which is LANDEN’s II transformation, in conjunction with 


(1+ %)sn 2hk 
Lok sno2hnee 





(9) sn 2hl = 


en 2AK dn 2h 
1+ ksn?2hK ° 





(10) cn 2hF = 


These may also be written, replacing 2/ by h, 
(11) snhAP=tv(1+sn 2hA-1+k sn 2hH)—4 Vv (1—sn 2AK-1—k sn 2hK), 
(12) mAP=}y7 (1+sn 2hK-1—k sn 2hK)+ $Y (1—sn 2AK-1+k sn 2hK), 


dn 2hA +k en 2h 1—£ 
1+k ~ dn 2h —ken 2h 
1—k {dn 2QhA +keon Qhk 
~ Ni+tk Ndn 24K —kenQhK’ 


dn hl = 





(18) 





17. The associated transformation of the complementary period A” or /” can 
now be written down and interpreted geometrically in fig. A where 


(1) y=am 2fF", o=am fK’, $=am (1—f)K’, 2o=v+ yy, r-2h'=v—¥, 

and as in LANDEN’s II transformation in (11) § 16, 

sind =sin (+ Y') = d/ (1tsin p-1tsin ¥)—4y (1—sin p-1—sin y), 
sn fA’ = 4V7(1+sn 2fF"-1+c’'sn 2fF")—3 v (1—sn 2fF"- 1—c'sn 2fF") 


(2) LER Gen ing 
SeiaLeet ices ye ee 


as in (9) $16 so that f= 0 leads to (4) § 15; 
en fA" = $V (1+sn 2fF"-1—c' sn 2fF")+4V (1—sn 2fF"-1+¢c' sn 2fF") 























(3) en da 
aml ie Bi ae 
, L—cesw fF" dn2fF’ +c cn 2fF’ 
ES Oe Tj-Hieien? (ious 1+e¢ 
4 
“) 4h 1l-—¢ eo] din 2 cron ar ae 
~ dn 2fF" — ¢ on 2fF" | N1I+e¢ Ndn2fP— ¢ on ofr 


and, conversely, 


(5)  sn2fF’=(1+h) 








afk’ nfK' jitk jl1—dn 2fK’ 
dn (kin ane Ree 1+ dn 2/K”’ 
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derivable from (2, 3, 4), and the geometrical interpretation of 

(6) ~=47r+¢—¢, sinf=cos(¢—¢’), cosp=sin(¢'— $¢); 
1—(1+4) sn’ fk’ dn? fk’ —k 








on 277" = 














dn fK’ (Lae) daghe 
T 
(7) dn fA’—dn(1—/f)K’ BP’— BP 
2 jane ROE CL: 
dn 9fF’ = 1—(1— oS 2 dn? fF’ amt 
dn fA (1+ 4) dn fF 

8 
(8) 2 dn fk’+dn(1—f)A" BP’+ BP = VAS Ad : 

2 Tat VEO 4 SOC Game? 


the geometrical interpretation. 
The two circles in figures A and B, linked in perpendicular planes, may be 
taken to typify the magnetic and electric circuit, associated in a similar manner. 
18. In LEGENDRE’s notation, the II. E. I. 


(1) TO, ¢) = [ova —¢ sin? o)do = { dodo, 


and the complete II. E. I., or #(47, c) or H(c) is denoted by #, and £( i) 
by Z’, while as before #( 477, k) is denoted by H, and #(k’) by H’. 
In Jacosr’s notation, with = am AF’, and as employed already in § 3, 


Je 
(2) ii Wh: Fdh=HamhF=hEK+mhF. 


Squaring equation (13) § 16, 


2dn?2nK + 2ken2hnK dn2hKk — k” 
(1+ ky) : 





(3) dn? hl = 


and then integrating with respect to ), there results 


i hE +mhF 2QhH+m2hK + ksn*e—kKAK 
(4) aati (thy kw , 








9hH — kh hK + m2hK + ken Qe 
Ik : 





(5) hE+mhPr= 


so that, putting A= 1, 


OTF — i ae 2H 
4 i OED 





(6) ies eA BAe 


468 A. G. GREENHILL: [October 


H—(1-—k) Kk 
Sky j 





dat 2 
(7) F-E=2(K-;7;): H-—c F=2 


and conversely 














AEG 
(8) HE on ee a 
1Tteée 
so that, as in Maxwell E. and M. § 701 when corrected, 
2 K-— HH 
(9) =a ares 
: K— H 
(10) ra mn Fame oP eS pc ; 
ut - (1+P)H-(1-FP)K | 
(11) (l4+c")H—%"F=4 CL by 
19. Then 
zn 2hK + ksn 2hK 
(1) mh = i+k : 
which it is convenient to write 
(2) FmhF= Km2hK + Kksn2hk, 
and conversely 
snhFonhF 
RK = box 2 - 
Km2hK = FmhF—iF¢ ee 
(3) =F mhF—3Fh m(1—-h)P 
,sn 2hF enh 
= ifm 2hAF — if 14+ dn24F° 


Squaring (4) $17 and integrating with respect to f, we obtain the remain- 
ing relations 


25” 





(4) Ea ae ah hn) ike 
H’ Fy Pal 
(5) E’ = He E'P = H'K+44kKK’, 
» m2fF"4+ ¢c sn 26h" 
(6) ZUlif Homes 1s ; 
which we write 
T KmfKk’= 4 m2fF" + 1fF¢ sn 2fP’, 
2 2 
(8) Km(1—f)K’= —4F' mn 2fF" + 4Fe' sn 2fF’, 


and conversely 
, Wee 


dn fK’ 
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= Ku fk’ — Km (1—f) Kk’ 





(9) 9 if Fg 
7 = -,28n 2fK" en 27K 
= Km 2fK'— Kk 14+ dn Ofk” 
# jal , en 2fF" 
= K ZS 2fK oe K sn 2fK” 5 
(10) F'2n (1 — 2f) #” = K 2s (1 — 2f) Kk’ — Kk tn 2fR’, 


theorems required in the sequel for the quadric transformation of J/, the mutual 
induction of a helix and a coaxial ring. 
20. Integrating (8) § 19 with respect to h, 


O2rAK OAF 
(1) log OOK = 2 log e0F ~ log dn yd ahi 
@hF O(1—h)F 
C0F OF : 





O2hK ( OhF 


(2) OK = or | eg 


the quadric transformation of the theta function. 
Similarly by integration of (9), § 19, with respect to f, 








@YF /@fK'\?. .., @fK’ @(1—f)K 
(3) @0F” = (sox) on [60 ks me cee 


The same notation is useful for expressing the change in a theta function 
and eta function from imaginary to real argument and comodulus in the form 


OCR b) .HO a) (GK), BFK’ 
So eO0NG) ae sie P Mizar) ol) ara 











where g=exp(—7K’"/K). (Jaconi, Hundamenta nova, or Werke, I, p. 215; 
Cay Ley, Elliptic Functions, p. 151.) 
These transformations may be used for the bisection of the elliptic function ; 

















5 OAF \2 be @O2hK dn 2hK — ken 2hK 
(°) (aor) Serr iy 
feel = 2h An k H(1—2h)K 
mek ee a a 0 A 2 shay? HK : 
P @AF\? 1 @(1—24)K k H(1—2h)K 
(6) Ghia k HOK ee oman. 
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Algebraical form of Landen’s transformations. 
g 


21. The algebraical equivalent of our first quadric transformation in § 16 
is (Tannery and Mou, Yonctions elliptiques, formulas XXII, XXIV) 


Nd en ee a4 3 
(1) m?(s—s,) = Beart Tse E ae 





2) mi ($ — 8) = caer iceare ely, 





. _t—tt—t, 7 
(°) mi (444) a (gee em erg 





so that the graph of a relation (s, ¢) is a hyperbola; and 
(4) 2m Vv (8,—8,)=V (t,—t,)-—Vv(4,—1,), 
(5) 2m V (8, — 8) = V(t; —t,) —V (t,—%,), 


the equivalent of the modular equation (1) § 15, with £, k’ in terms of s,, s,, 8,, 
as in (4) § 2, and c, c’ the equivalent for ¢ fie WET 


1? Cy ts. 


apa hy eye JNaatars3) 














2 
(8) Mabie s7= 7) 
(¢—t—(4—-t:4—- ts) 

3 Ba ! 
(7) nV S'= 8(t—2,) Vaede 
where 
(8) S=4(s—s,-s—s,:s—s8,), T=4(t—t,t—t,t—t), 

ds dt 
9 

(9) nV ne ye 


This algebraical result is obtained by substitution in (4), (5), (6), § 15, of 


Sica cS 





(10) sin? X= sn’ 2AK = rene or rete 3 DS OS 8,5 or 8, Chas S,5 
3 2 ores 
(11) sitwo= swhP att sane or Vere Bos Ee £1 horsey tee 
PF} rae —t,’ t, — t,” _— ye) 2 HY 


In the associated complementary transformation of $18, writing o and = 
for sand S, 7 and 7” for ¢ and 7’, the region s,>oa>8, is excluded, because 
o —s, and g —s, must have the same sign; but 

s,—s 


(12) sin? d = sn? fk’ = +—3, So Oo e008 


s,—o 
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—T t, —t 
r > hoa 


3 
or — 
9 ’ l= 

= tb; t— T 


t 
(13) sn? fh” = + Ord >t > — 3, 
and these substituted in (2), (3), § 17, will satisfy the algebraical relation above. 


On applying this algebraical quadric transformation to our III. E. I., 




















Go ea 
: ome) Cb ctl Cr ty hoe tae pacts 
(15) m(s—c)= Veer ee Ys 
4g, Cae (ea ea 
a) s—c ¢t—7t °(r—#)[(t—t,-7T—-¢,)—(4—7,:t,—4,)] 
Bee Gy VAG LV ar 
= Goa u—T © Tt, ” 
and on putting 
t,—t,:t,—t, dt du 
(17) t—t,= Sars : 7 a merry: 
(18) Gre toe) ih a hh aa) 


so that 
V(—2) ds V(—T') dt V(—Z") du vV(-—T’) dt 
ecm Sl foo yah 7) a hay Ce t,—T Oey al 








(19) 


The hyperbolic graph connecting s and ¢ being drawn it shows that as ¢ 
increases from ¢, to oo, w diminishes from oo to ¢, and s diminishes from oo to 
s, and rises again to infinity so that 


90 “Y(—z) ds V(—Z") dt feel t—t, :T—t,\ (V(t,—t,) dt 

eh te =o a ar GATN AL aman aay 

en fF" dn fF" 
sn fF’ 











(21) 20( fK')=—24( fF’) + =~ A( fF’) +O( fF’). 


But as ¢ increases from ¢, to ¢,, u diminishes from ¢, to ¢,, and s increases 
from s, to s, and diminishes again to s,, so that 


poy (2V (= 2) a8 _ f8V(=2) a T—t,:T—t,\ (V(t—t, dt 
( ih eS Sonya aes Tos Sooo LENS 


ts 














en ff" dn fF” 
sn fh" 





(28) 2D(fK’) =2B( fF’) + F = B( fF’) + D( fF’). 
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Making use of the expressions for 4, B, C, D in § 5, § 6, equations (21), 
(23) are equivalent to the single relation 


(24) 2K 2 fK' = Fu fk’ + fm fF’, 
as before in § 19. 


22. For the transformation from ¢ back to s in the III. E. I., we take 


1 Gt, VS 85) (Sr Sv ee ee) 
eat a (8 ke ee 























(2) Fire thlay V (8 —8,)V (8, OV Se SY | Se 
; meas [Y(s—s,)—v(s—s3,)] [V(s,-—7)+V(s,—¢)]’ 
[Y(s,-—o)+v(s,—¢)][V(s,—8,)V(s — §)] 
syle x[s—s)V(s—2) tv (8-8) V(—2)] 
( } 2(s,—s,)(s—c) 
, , Visors, — 7) (5 — 48 — 8 
meres 2(s—c) ), 
(4) BYE m2V(54- 8), 
4V¥(— 7’) dt . , V(8,— 9° 8,—7) —V(8s—8,:8—8,)]V (8, — 2) ds 
(°) Dome? pa |a+ 2(s—c) | vet 





*4iy(—T’) dt 
(6) if t—r vyT 


fi, t3 





af sae (EIS (MODS a& V (s, — 7) ds 
8,— S.J), 9 VS s—a YS “*J (s—ac)/(s—s,)’ 


the last integral being zero as s ranges forward and back again. 
According to the region of 7, 





(7) Aide HY 5 or t,>T> — oO, 
and with 

8. O00" 
the relation (6) is equivalent to 

’ en fk’ : 
(8) A( fF) = Ke — O(fE’), 

; en fA" : 
(9) SERB Veer 5 ice ACRES 

cn fk” 


(10) O(fR") = Ke + CFE), 
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en fA’ 


(11) D( fF’) = K—, 


+ D(fE), 
and these reduce to the single relation 


/ ae Lae pt! en 7K” 
(12) Fin fF = zs A pe tert FAAS 

23. The algebraical equivalent of the second quadric transformation in (8), 
(9), (10), § 16, is in a similar way equivalent to a hyperbolic graph between « 
and s, 











et A ee 

(1) M*(x—t,) = 8 — 8, wie ey 

Ge Nee Chet Se 
(2) M(a—t) = — , 

s—s, +7 (8s, —8,:8,—8,) ]? 

(3) Be Cee ye 3 oe 2 3) ] : 
and as in the modular equation (1) § 15, 
(4) My (t, — t;) = V (8, — 83) + V (8 — 8)s 
(5) My (t, — t,)= Vv (8, — &) — V (8, — 8). 


Also Mm =1, and 


Ge (8 — 2.) — (8) — 8h" 893) 








(6) Ae ds (s—s,)? : 
(CEE rel CAs lee) 
(7) ei aaa ats (ss, ala 
da ds 
(8) We Xan X= 4(%—t,-x—t,-x—t,). 


The region ¢, > x > t, is now excluded, because x — ¢, and « — ¢, must have 
the same sign; but 
t,—t, 





(9) sin? & = sn? 1 i om fe o>r>t, 
SS 
eae ay 
(10) sin? y = su? 2hK = 1 peas Cee 8 OF, 8 > 8 > 85 
3 2 3 


and these substituted in (8), (9), (10) § 16 will give the algebraical result above. 
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In the associated complementary transformation with o, = for s, S and 


Geek Loria, ok, 








Ch veg S18 
oy 9 pT 1 l 3 
“od = sn° = - Vg ese a 
(11) sin? @ = sn’ fK ss pr OF aie oe 8s Or 8, > o > — o0Rm 
1 2 1 
t ae h t 
(12) sin’ = sn’ 2fK' = or  —, h >a >t, or t, >aw > — 0, 
l 2 1 ' 


and the algebraical relation is satisfied when these are substituted in (5) $17. 
In the transformation of the III. E. L., 


_ (s—o)[(8 = 85-o — 85) — (8, — 85°8, — 85) J 


(18) M?(x%—2’) (s—8,)(o—8,) 





’ 





here he (3, — 8,:8, — 8;) 














(14) Mein Tay: V(-2), 
My (—*X")_ (3 — 8, ) (ols) 8) Se Se ey) ee 
@— (7—8,) | (8 3,°0 —8, \i— (8, — 80885) (| (Bee) 
(15) i 
LVL Vie 
i ol @ is age 
where 
(16) eee Sy Bia ea pal =a ae cj ee 
o— 8, 2 o—S, o—8, 
In the arrangement 
(17) Fb ei mie Se Si Oe Bey 


”/ 2 ash 4 
See, Cae se en fR 
— e —— 2 > Pt 9 
8 — 8, 8, —s8,o—8, dn’ fk 


(18) sn? f K' = 


and in the arrangement 














(19) 8, > o> — 0, 8, > ao” > — 00, 
8,—8, 8—o en? fk’ 

9) 2 LM diiy Fea ds l Se Maite a 

(20) Bn A sas Geka oI 

so that 

(21) OAR SN 


The integral relation 


») PME & _ pCN piers 
( ams ye ek ee Seely Noe eo ay Oe 











is now equivalent to 


(28) A(2fF’)=A(fK')—A(1—f)K’, or =— B(fK’)4+ B(1—f) K’, 
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implying the relation 

(24) Fm 2fF' = Km fK'— Km(1—/f)&K’, 

as in (9) §19; or 

(25) CO(2fF")=C(fK')—C(1—-f)K’, or = D(fk')—D(1-f)K’, 
implying the equivalent to (24), when (5), (7), (8), § 17 are employed : 

(26) F 2s 2fF" = K 2s fk — K 2s (1— f) kK’. 


Thus in transformation I, h/’ and fF” become changed to 2AK and fk’, and 
in transformation II, 2K and fk’ are changed into 2h/’ and 2fF", a succes- 
sive application being equivalent to a duplication of h#’ and fF”. 

24. To proceed from s to x by means of the II transformation, take 


{ s—s8, v(e—&)tv(e—4) V(e—t)—VvV(e—4) 
Rema) (=— 1) ve 24) aye 4 





Laka V (w—t,-w —t,)-—V (ew —t,:x —t,) 
Ci Se [V(%—t,)-—vY(*%—#,)][V(% —#,) + Vv (% —#,)]’ 
o— 8, V(w—t,-2—t)+V¥(e—t-e—t,) , 


s—o 2(« — x’) 29 


tv (—2) 


5 iets 





(2) 





(3) 


(4) =Ny(t,—@), 








65) V¥(—) ds Zz V(e— te —t)+v(e—t, ets) | V(¢,—2"') dx 
<— Oy eo — 2 Tekan 


“ey(—3) ds p*hv(—X’) de 
s—c YS J, e—-e YX 








(6) 


81, 82 








a 


bole 


e vy (t,—2)dx it ~ V(t, —t,) dx 
1, (@—@')v¥ (% — t,) t, —t, J, ak) is 


of which the second integral is 47, and the third is Hc’ sn 2fF" or F'sn 2fP", 


according as 
tie tt, Ol 6. > Oh — 00 


so that in the region s, >o >8,, t, >x>1,, 


(7) 2A(fK’) = A(2fF") + $0 — Fe' sn 2fF’, 
(8) 2B(fK’) = A(2fF") — 40 — Fe' sn 2fF’, 
equivalent to 

(9) Zio PA" ah m 2 eo sn 2h i, 


Trans. Am. Math. Soc. 32 
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as in (7) § 19; and in the region s, >o > — 0,t, >a >— 0, 











- ae 
(10) 2O(fK') = O(8fF") — 3 — 
os . / 1: F 
equivalent, as in (7) § 19, to 
(12) 2K wfK’ = F238 2fF" — F'ns 2fF’. 
25. Another form of LANDEN’s transformation may be added here; put 
(1) k=tha,k’ =secha, then c’ =e”, 
(2) ce =thd,c=sech 6, then k = e-*, 
and then, as a form of the modular equation of the second order, 
(3) (e—1)(e%—1)=2, sh2ash28=1. 
Now with oa =amhF, put Aw = th ¢, 
: ch 6 V (ch? € — ch’ 6) sh 6 
sin OS ee COS @ = che F on) alt) Lae eee 
( ; 
Fae ees 
ts LNG V (ch? € — ch’ 6)’ 
and from (7) § 16, 
(5) ksn*? hk = e~s, sn hK = e~$+8, 


In the plane x Oz of Fig. A, v and w of § 24 are elliptic codrdinates, to employ 
on WEIR’s azimuth diagram; while ¢ and & or a are dipolar coordinates, suitable 
for a stereographic projection or chart, with poles at A and B, in which 2¢ is 
the longitude of P, 2¢' of P’ both on latitude X, where 


(6) snXY=th2a, cosr¥=sech2a, tandy=sh2a, tan$r.=tha=—k. 


We can put, for the conformal representation of the stereographic projection, 

















(7) 2+ ai =atan(¢d+ ai), 

g x sh 2a Ja sin 2p 

(8) a ch 2a + cos 2¢” a ch 2a + cos 2¢’ 
9 AS ae. ee Pee 

(9) a a wy{[#(ch2a+ cos2)]’ 


and if OPP, is a straight line 
(10) b+ >, = 37. 
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But if APP" is a straight line 
(11) vy mi yr" = s 


and y, Y are biangular coordinates of P, so that y” = am 2(1 —f) 2’, with 
the value of w, ¢, ¢ in (1) $17; also 





a(1—k) a(1+&) 
aes BP = Bdn fk koa: AP = dn fK’ ea 
a a(1—hk) : A a(1+k) 
(18) BP = BP” milo pA\k AP = AP =m fk” 
(14) 0C:0C=¢=OB, PB-BP'= Ones, 
PG Se OR a(S RO ratte ). 
) yt i 


Coefficient of mutual induction of two coaxial circles. 


26. Apply the preceding method to MaxwetLv’s § 701 (E. and M.). The 
mutual induction of a short element of wire at P perpendicular to the plane 
APB of fig. A and of a circular wire on a diameter ABZ in the perpendicular 
plane of fig. B, is, for the are AQ where AOQ = 6, 

Cos € acos (7 — @)dé 


i ya, Vv (a + 2aA cos 6 + A’ + b?)’ 





an integral composed of incomplete I and II. E. I.’s: and this must be inte- 
grated round the circle A QB to obtain the vector potential G at P perpendicular 
to the plane AP#&; and then multiplied by 277A to obtain JZ for the two circles 
in parallel planes. 

According to our method of leaving the algebraical expression intact, we first 
substitute 


(2) PY =a + 2aA cos 6+ A’ + b? =m’ (t,— 7), 

and supposing ¢ = ¢, and ¢, at A and B, where 6 = 0 and 7, 

(3) PA=ri=(a+A)l+P=m*{t,—t,), PB=rj=(a—A)l+=m'(t,—t,), 
PQ — r; = 2aA(1 + cos 0) = m’(t,—¢), 


4 
fe ri — P(? = 2aA(1 — cos 0) = m’(t — 2, ), 


so that 

(5) 4aA cos 6 = m?(t, + t, — 2¢), rn — 7? — 4aA = m'(t, — ty), 
Hecke 2/ (aA) tow tp 

©) pate i Oger 


pf 
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t —t. dt d@ = 24/(t,—t,)dt 
= ne) = eee ty —— SE u 3 
(1) 0=20 = 2 tan Nie ima Rae LT P6777 
= 2raA cos (7 — 0)dé 2 2¢—t,—t, dt 
: u=f[ ao = 2 Mere eer 
t—t, dt t, — t, V (4 — ty) dt 
ae 3 BED et aa 
mA yal Eat) ah ee a 
and then by (10) § 38 and (1), (4) §2 
(9) M=2nr,[2(F—F)—eF}], 


as in MAXWELL, with the original sign changed; and by the quadric transfor- 
mation employing (10) §18 

K-— H u K— H 
(10) Oe Sir ee any erat ghece VCS tel esa ACS ee 
doubling MaxweELL’s original result, and to be divided by 10° to bring it to 
henries. 

MaAxwELL’s modular angle y is now seen to be AZ’B in fig. A where AZ is 
the tangent from A to the circle on the diameter C’C’, where PC, PC’ are the 
bisectors of the angle AP&; and then BF is at right angles to AB, so that 
A, B being limiting points of this circle 


ED a baer 
EA PA 


Putting ‘= sin , so that 8 is the modular angle of the period K and K’, 


Bimrd tiie NE: wel ESE OCT AC 
r+r, AG+CBR OA AO”’ 


/ 


2a 
=C. 
ts 





(11) cos y = 





(12) sin 8 = 


so that 8 is the angle OC’D in fig. B where CD is perpendicular to AB, and 
C’D the tangent at D. 

27. A geometrical interpretation can be given in LANDEN’s manner of these 
transformations in the plane 4A QB of the circular dise or wire in fig. B, as 
well as in the perpendicular plane APB of fig. A, in which PC, PC’, the 
bisectors of the angle APB, are axes of the elliptic cone whose vertex is P and 
circular base AQP. 

The point /’ in fig. A where PC meets the axis of the circle AQB is the 
center of a sphere of which C and P are limiting points, so that PQ/QC isa 
constant ratio. 


Now, denoting the angle ABQ in fig. B, 
(1) PY =ri cos’ o + 7} sin’ o, 
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and at D, where PDC’ is the tangent plane of the cone, 








Bree eee Gy peel eee) 
(2) OB wy sri 
: cos? w = os sin? o = ea 
ater fe iz mtr,’ 
47 7,a@ 
8) ABD= if, PP =rr,, ‘BP=AC.-CB= —+*, 
(3) am 4 rr, G ery 


so that, round the circle A QB, 


4 OTD Letra 
) OO DCm 


and so also 





(5) AS UN gmat NE er 
OC py ie QC’ rn+r, 
On fig. B the angles YCA, YC’'A or CQO are denoted by y, x’, and 
OBA, UBA by o, o’; and we put, as in § 16, 








(6) x =am 2hK, o=anhl, o =am(l1—h)F, 
(7) IAD ENN ee 09 = =o ett hF=CAdnhF, 


and then, since OVC =x’, OVC’ = x, sin =k sin y, cosy’ = dn 2hK, 
(8) CQ, CQ’ =acosy’ +akcos x =a(dn2hK+ken 2hKk), 
(9) PQ, PQ’ =3(r+7,)(cos x’ kh ocos x), EO eet rs, 


(10) QQ’ = 2acosy’ = 2adn 2AK, 
(11) sin y = O- (retire oO” 
(12) (7, + 7,) cee? vy = rj cec’ w + rj sec’ a, 
(13) (7, + 7,) sin 27! cot o — r, tano, 
(14) (7, +7,) ies =r, cotw+r,tano, 


(15) sin? ow = 3(1 — cos @)=4(1+sin ysin y’ — cos x cos x’), 
(16) smo=4y(1 +siny:1+siny’)—4yv(1—sinxy-1—siny’), 


etc., the geometrical equivalent of the LANDEN transformation in § 16. 
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28. In the transformation of JZ to MaxweELt’s second form in § 702, we 
notice that, from elementary geometrical considerations, 


1 ad@_ dx add 2a dx 
eM WOmmcory! | POE ten 


ak -|" rans sO cos 6d@ is 87raA i 
TTT. Jo 


87aA k sin? y 
(2) aan =I ( ee cos x) dx 


87aA (*(/1— 
=| (AA = boos x) dy = dr(n, +) KB). 


1 —T.Jo 


sny’=ksiny, cosy’=Ay, 











cos oe 





Hence another method in place of MAXWELL’s § 702 for drawing the lines of 
magnetic force 17 = constant, employing WEtR’s Azimuth Diagram covered by 
confocal conics for which 7, + 7, is constant. 

Denoting Wetr’s hour angle by a and latitude angle by 2, then 
2a M K—-H 


= - k = sin a cos xr = 
mtr,’ > 8r7ra cos A 








Supposing the curved line CPC’ in fig. A to represent for a moment a line 
of magnetic force of constant J, starting from C where \ = 0, and orthogonal 
to the lines of constant 0, such as those shown radiating from A, 





h M z 
(4) k=sina, pees eee ee 
At C’ where a = 90°, 
M kK—H 
(5) k= cosvr, | ae aaa 


To find an intermediate point P on CPC” assume an arbitrary value of k 
and J — H, less than the value at C, and calculate X and a from the relation 


(6) con Ns (ican) aes 


; k M K-#H 
(7) pape y abies an ein 

We thus require a table of A —H and (AK —/7)/k, say for every five 
degrees of the modular angle 6 = sin~'k; the work of redrawing MaxwEL.L’s 
figure XVIII of the lines of magnetic force for a circular current is being car- 
ried out on this method. 
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The meridians and parallels of latitude of a stereographic projection on fig. 
A, with poles at A and B, will map out the electromagnetic field of a straight 
current through A and the return through PB perpendicular to the plane, by 
means of the longitude for magnetic potential, and then M = 2a = log (r,/7,). 

29. Putting cos 6 = c, the algebraical form of the quadric substitution is 


a sin? @ 


(1) DES Fk a Jo) Fenty x9 





sein Oil, 
of which the graph is a hyperbola in the coordinates (c, y) ; 


(2) n—y=mi(s,—s) =| “Se ], 


(3) n—yan(a—9) =|], 





because 
(4) ac’ + 2aAyc + (a + A?+0’?)y—a@=0, 
(5) (ac + Ay)? = A?(y,—y)(¥.—Y)s 








m+tr,\ 2a \? , Ay Pants 3 
(6) n= (EF) =(; ak ¢.=— t= — tt 


r,—r,\? ema Ns Ay, r—? 
ye = “wa )=(sa5,): Op ee ee 
(1) % ( 2A rtr, ‘ a r+, 











\ a 2 
@) nn= (4); Cl Cyt 
ee ee) 
i. oF V (tds) ; 
Re even Oi YG 
V (Ys) ; 
pee a WILY (ee ve) 
: V (%:¥2) 








PQ _Vm-y+tV(%—Y) CQ _vV(mH-YW+V(%—Yy) 


V (Yo) ; a VY; 


P 

ee V(W—-Y)+ VYe—Y)s 

Vu lV Yat ye) | 
V (Wz) 


Voi cava) ee 
Viiv Uy) ey CY) 


sin @ — 








tan 1@ en 


’ 
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Taking logarithmic differentials of tan $6 and sin 0, 


dO V (%1,Y2) dy te: dy dy 


10} rps 
( ) sin 0 2yV(4%,—-Y'°Y2—Y) sin 0 2y + BV(y,—y HY) 











and multiplying by /y = asin 0/PQ, 


add _V(y,y2) dy acos0d@ dy — ydy 


ey PQ” VF 0% SRO ewe, alae 





(12) i= 4y YY ey 


and thence the integrals in the algebraical form for determining MaxweELL’s 
second expression for M/ in terms of K and H, noticing that y increases from 
zero to y, and back again to zero, as @ increases from 0 to 7. 

With the transformation of (4) § 25 








M @ 2 ch? 6 — ch? ¢ dg 
emer uall ch? € V (ch’ ¢ — ch’ 8) 
2 ch 25 — ch 26-4 1 dé 
(18) =v2f ch2f+1 (ch 2¢—ch28) 








o-% d (ch 26—ch 28) 
=7 2) (loupe ene es 41 |e, 


of which the second term vanishes. 


Components of electromagnetic force of a circular current. 


30. We can now express the components of J/, and also of the magnetic 
potential 0, in terms of # and /’, or H and K, so as to be able to select the 
simplest form. Thus 








dM Hiv 27aAb cos 6dé 2rb (?2t—t,—t, dt 
‘ab see), 4 











PQ PG 0, al el 
2rd t,—t,+t, —t, V(t, — t,) dt 
eee 4) ye 
Qmrb (1 +c” 
te ( ata B-2F) =~" [((1 +c") H—2c"F], 
a4 Cc ". 


by a theorem analogous to those in § 38, 





t ret ae h 
Ais t,—t VL 0 
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Or, with 


k 
(3) cos 0 = cos (x + x’) = (cos x’ + & cos x) (cos ¥ — 008 x") 


pas 





PQ=(7, +7,)(cos x’ + k eos x), dO = (cos x’ + k cos x) cosy? 


dM 3827aAb ™ cos ¥ — keosy’ dy 
abs (7, +7,) hk’ Jy cos x’ + k eos y cosy 








327aAb 
a Jf (C1 + ®) 008 x 05 xf — k (cos! x + cos” Pee ed 











(4) (+e cog 
327aAb 
= — k? erie 
(Heer): kk” i) BOLE arse aa ca) ls cos x 
- 167} (Meee i (1 — be) i 
N Pie ki 
ext 
— °" 27raA cos 6( A? + aA cos 0) dé 
(5) AG = M+ ip Hie 





A* dM 27 (aA cos 0)?dé 
a ty dh J PQ : 
and similarly 


dM a dM 2m (aA cos @)?dé 
(6) OT be a ae f PQ! 





of which the last integral C is given by 


®(t,+t,—2t) dt 
sh 3 
C= 4nm | ae yt 








= lp [S a foe es 
= 


t,—t, t, —t t,—t Vili 


2, —t,—t, ah ean t 
ee t, —t, +4 f=5e 7| 


29 4 
= ir, | ach: Fj 4(1l4+c¢’ ‘\F+4E |= tar, EU, 
Cc 


(7) 











by preceding theorems on the I. and II. E. I, so that 


dM ct A* dM 
(8) SE te Mgt oe aig iat 
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9 dM ar Bae dM 
‘e "ga pet 
and the relation 


at dM dM 
oo) ag t4qg th gy =U 


is satisfied, required in consequence of MZ being a homogeneous function of 
a, A, b, of the first degree. Otherwise 


32ma° A? =f (cos x — hk: cos x’)? 











(A oe cae oY 
32a? sf + k*) cos’ x’ — (1 — kh’) — 2k’ cos x cosy’ dx 
EF Wk” cos x 
(11) 
6470 A’? (1+ h)H—-(1—P)K 
(br) hk 
1+h)H—-(1—2k)k 
= 4r(r, ne aa ss! ES 
k 
I? 
(12) M+ C= 4n(r, +7) 73 (2H — ey 


31. If O denotes the magnetic potential or conical angle at P of the circular 
ring A@B, the magnetic components are ( E. and M., § 708), 


dQ 1 dM 4ab(140°)H-2c°F | 
































ey RE CER aot 
or 
82ab (14+ #)H—(1— ie) 
= Ce a i yy LE 
9) 72 1 dM M+C 1dM 408°H 101 +c)\H—20°F 
ON NomCEy EL. ERIS OR, oe rtp 2 
or 
32@ 2H — wK PS eye le kan 
Ce + T; Vy Fe rt + te jhe: : 
Also, from the homogeneity of 0, of zero dimension, 
dQ, dQ dQ sa ile ot 
(3) 09g ~~ 4gA 5 = eat = gf 
or 


32a7b 2H — hk" K 
(tb ts) ke 
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In the neighborhood of the axis, where A; 7,—7,, c, and & are small, 


ce = 9c* err See 
ke = ee Se =i as as —— we 
(4) Fato(14+9+q i E=in(1 Aaa C4 ik 


(6) F-B=jr(je+ fee), Hoe F=$r(je + Ye), 











2 2 d7c* 
(6) (l+c )#-2c° f= 16° 
9H —k” K 9h? 
a Se Pew a) 
(8) dM 677 a? A7b 1920? a? A7b 
Coleen yt) ee eee Pee 





16a? A? 80? Aor? a? A? A 
(9) M+C=3nr, - ye (14) == 5 (145) 
l 


1 1 
or 








16a? A? oor a AS 86a? A? 
Re ee eee 1 at) me Sy ote ty 
ee HG ces aat| 
dil ord Ab 967ra? Ab 
©”) (= AC a a CET 
(11) dQ eae 67a? A 167a@ | 36a? A? | 967ra? A? 
= 9 or yi ri 5 
db t Tr ge He ght (7, ay ’ J Ca r re 


On the axis itself, Ad = 0, 


dQ. dQ, ara? 
A simpler resolution of the magnetic force is into components G, and G,,, 
perpendicular to PA and PB, and we find (A. Russet, Philosophical 
Magazine, April, 1907), 


‘Roh ao H Be Rae 
(« +8)? CR arn a zit 


VIO LEN ae to casi es Sere era 47%): 


A nA 
and on the axis d=0, G,= G,=7a/ri, but G, and G, are infinite along 
the wire. 
A similar resolution of the gravitational force of the potential f ad@/P@ of the 
circular ring AB will show that it can be resolved into the components 2G’, 
and 2G‘,, but now in the direction of PA and PB. 
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Galvanometer constant of a circular coil. 


32. To calculate the galvanometer constant G' at a point on the axis of a 
coil of wire of n turns in the form of a ring of given cross section a, we have 
to evaluate the integral 


n 2ra*dudy 21n ydx 
Ga iy = = 1 
(1) a (w+y) a J (#+y)i 


taken over the area or round the perimeter. 
For a circular section A@B, with the axis of the ring through C’ in fig. B, 








2arn i a rie > =(""3 Qn OG Hoe 
0 


TH 


(2) Ge 
and putting as before in § 26, with OC’ =a/k, 


(3) OC @=m(t,—-t), CY- Cigars (i + cos 0) = m’(t,—t), 











C’A?— Q == (1 — cos 8) = m*(t—t,), 
we have 
2 1 42 2 1 i 2 De 2 ul 
(4) m(t,—t,)=C’A’?=a ztt : m'(t,—t,)=C B=a ae : 
tae Bee kets 
(©) (= pets. 
alate dt 
a (ttt) 
2nk? m3 d dt 
~ 8a" [| ev Pay THO 0-9-2 )|Sn 


6 
°) ae m> 





L(4- —it,+t,—t,)V (= )2 — 2 1) v(t, teed 


32n leis 205 
men 1G c 





The reduction can also be carried out with the functions K and H, by means 
of the angles y and y’, and 
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, a , ad dx 
(7) C' OQ = 7 008 x + acos yx, (ife¥— Coa 


4nk 8n (14+ h)H-(1-P)K 
(8) ga |" ue (xt ake = mas k? ; 


and G is given by the same expression when C’ is moved to any point on the 
axis of the tore, the modular angle 8 of A and H being half the angle between 
the tangents from C” to the circular section of the tore. 

33. The form of the result shows that the integral for G and dJ//db is the 
same essentially ; for the comparison of these and other integrals it is convenient 
at this stage to have the following integrals to quote in the sequel: 





1 27 ad 4af Sale 
( ) 0 Bow r" 7 + Ti 





the potential of the ring AB; and as in § 31, 


@) (2S + ("axiy (4 — t) de =" (F- By = 44% 
Leong 

















IAN § Yr, Ji, t —t Va ld 
‘i (eee 4 abe LEE oe 
Since 
d 2aA sin@ = 2aAcos@ 2a? A* sin? 0 
O12 OS AA 210 
(4) 2 EN eee (r SEs ee ae r) 
i. eX) 2PO 
nets 
= 3PQ — + PQ 





(5) ile PQd6 = [Be Api =? (Ee yo eae TC), 


cosOd0 42H—(1+c)F Si Aaa 


(6) Vedas 5: C2 Th +T, k 


1 
Also 
d . pete r— PQ)\(PQ—r 
{a 2eA sin OPQ) = (PE — 7) PQ—' 1 eae 2) 











(1) Me 
=$PQ' (r+) PQ+ a5 
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2 ar 10 
3 PQ = 2(r3 +12) [ PQW —rir8 ie 


(8) =8r(ri+r)#-—4,i Fr 
=4r[2(14+c")H-—c’ F] 
=(r,+7,°[4(1 4+ ) W— 4h? (5 4 8h) XK], 





(9) 2 f a9 Od0 _ 16 eee ae ed 8 (1+%’)H-(1—kj) Kk 


4 Ts 7 2 
c mtr, k 








72 ayy) /2 
iy (l+ec")H#-2c° FR 


2 
Cc 


(1+4+)H-(1-k)K 
k 9 


(10) 3 {PQ cos 6d0= =2(7r,+7,) 


so that as is evident from (7) these last two integrals (9) and (10) are essentially 
the same as well as the integral (1) § 30; and this shows that G is also the 
potential of ‘the tore at any point C”’ of its axis, the tore being homogeneous 
and of mass 277. 
Potential of an elliptic disc, gravitational and magnetic. 
34. Begin now with the potential V of an elliptic disc 
2 oe: 


oY ek, 
(1) ream ae pee 


of uniform surface density 1; then (CayLey, Proceedings London 
Mathematical Society, vol. 6, p. 42) 


a Za yp 22 de 
2 2a UR age Vil Ao 
(2) V=2ab f v(a Ge be ee eee 


where 2 is the positive root of 








on? y wy 
(3) Lami galt Pe 





w and v denoting the other two. 

Next by differentiation of V with respect to z the magnetic potential 0 is 
obtained of the elliptic disc, magnetized normally with uniform unit intensity, 
as represented by the component attraction of the disc perpendicular to the 
plane, or by the solid or conical angle subtended at a point; so that 


ae Rel iae 
(4) = 
eae is he ee o)V(eteb tee) 


reducing to 
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_ 4abzde 74 (Apr) de 
(5) o= [ ee € V £’ 


H=4-e—r-€—p-e— vp. 








This is proved by determining x, y, z in terms of 2, pu, v, the elliptic coor- 
dinates, such that (x, y, z) is a point of intersection of the three confocals of 
(3) to the elliptic dise given in (1), when 


(6) e=A, Kh, ?, 
(7) o>rA>0>e>—P>y>—e> a, 
and then 


8) Pee EN Ghia rd Gee Ole Oo Ey 7 OPA 0 uw Oty 
HO ee ee @—o0’? 7 B—a@e—_od”? pane en (he Ge OF 











xn 


on y zw  e—Nh-e—p-e—v 


Ceemepler ec. |.g't ¢.b?-Le-e 





(9) ee 


Interpreted geometrically, © is the solid or conical angle subtended by the 
elliptic dise (1), or the apparent area, as it may be called; and Scuwarz has 
shown that the apparent area or Scheinbare Grdsse of the ellipsoid or of any 
elliptic section of the tangent cone is given by an expression equally simple 


(Gottinger Nachrichten, 1885), 


Nr NN = hh, —'v de * “2/(—£,) de 
CY b= | a ee ae AH —-€ V# 
ge vos oman ag Wena 








where the ellipsoid is defined by 


Aa y 22 


(11) aah ht Ak =1, 





reducing to the elliptic dise as its focal ellipse when A, = 0. 
Put 


(12) e—rA=M*(s—s,), e—pu= M?(s—s,), e—v= M*(s—s,) 
and 

e(ore—2,) = M*(s—c), 
(13) H=4-e—vr-6€—p-e—v= MS, 


(14) 400’? = 4apy = —- HL, = — MS; 
and then, as in (3), $5 


2Y¥ — ds 
—) Janes 
(15) Ges ee aS a 4A aoe 4B. 
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85. SCHWARz’s theorem is proved by considering the equation of the tan- 
gent cone from (x, y, 2) to the ellipsoid defined by ¢=2,, which, when 
referred to its principal axes, the normals of the three confocals through 
(x, y, 2) defined by «=X, mw, v becomes (SaLmon, Solid Geometry, § 178), 

on y? a 
1 + + = 0. 
(1) rA— r, ep—X y—A, 


0 








one of a family of cones confocal for different values of ),. 
The conical angle © of this tangent cone, and the perimeter ® of the sphero- 
conic on unit sphere of the reciprocal cone 





(2) (A — Ay) x? + (Ay )y® + (V— Ay) 2? = 0 
are connected by the relation 
On the reciprocal cone replacing x, y, z by direction cosines 7, m,n, we 
may take 
iL u! 
20 eh eee a 
) eat Norns on 





~ 
~ 
~ 


ul 1 
2 ky — >) (Gy = ane 


0 


1 ut 
nt = R(X — #) (Sy -=): 
0 0 


subject to the condition 














2 a, vp—xX A— pb 
(5) ee an? Ate tee an 
ae A—rA,BH— A Y—A, 
(6) ar bP—vv—rA-A—yp ’ 
and now 
—f dé 
eee 772 2 2 0 
(7) (d® )’ = dl’ + dm* + dn T de ae 


(8) H=4:«—vr-¢€—p-e—yp, Hi = 4:2, — AA, — MA, 


As a point travels round a quadrant of the sphero-conic, e decreases from pm 
to v, and 








(9) A>A>OS>e>e>y, 
¥t7/(— 4,) de 
(10) das [ Casati 
ue. Se de 
(11) nie oth =4 [2% — 


in accordance with (5) § 5, O and ® being 44 a 4B, ScHwarz’s result. 
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36. In the notation of Gauss (CayLEy, Proceedings of the London 
Mathematical Society, vol. 6; Hatpuen, Yonctions Eiliptiques, vol. 2, 
chap. 8) 

(1) G, G’, @=nd, —4, —», 


and in the region 4 > e€> v we can put 











(2) G+ G’ cos? 7+ G’ sin? T=rA-—e, 
(3) G’ cos’ 7’ + G” sin? T=, —€«, 
(4) (G’ — G") cos’ T= wp —e, (G’— G’) sin? T=e—»v, 
de 

(5) tA ay Ali Ef 

z aa © de 
(6) v= | V(G + G cos? T+ G" sin? fap dL ee 
(7) Uy (raA—v)=hk, T=amhk. 


In the region 0 > €>X>X,, we should take 





cue ws 
(8) sin’ eee ee cos? 7’ = * ; T=amhk, 
hot €—v 
VL — 1 eee 
(9) G+ G cos? T+ G" sin? T= SATA LT os 


Coa 


i yg at Al ee 
(10) G! cost T+ G’ sin? T= Yse—)) — (A vee v) 





(oe 


equivalent to the substitution 
9 eae Tig 

a1) (Layee 

37. The inequalities 
(1) o>Ee>rAD>A>I>S p> -—V>ry>- ea’, 
(2) CO 8 Se SoS 8, 8S 8S — OS 
show that the form A(fK’) or B( fk’) is required; and from (8) $ 5, 
_ (38) QO = 27r(1—f)—4K nfkK’, 


equivalent to NaGaoKa’s result for a circle expressed by Weierstrass functions: 
and here, as in (6), (7), (8), (9) § 5, 
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(4) miK =ZfK =p — fh, 
(5) (kel Coma. d=an fk, 
so that LeGENDRE’s Table IX can be employed for a numerical application, 
ADP BTR aie 2 pA §) re. oa6 r 
(6) sin’ d= sn’ fk Sl, nan ee 
Wp a Ys Ml oe es et 
(7) cos’ ¢@ = en’ fk a aD aoe ley, 
see atti Moa ghee pe 
(8) A’d = dn’ fir 8-8 AW 
fi acre! eer) Sy Sears | aa ith 
(9) Mbenrrs — wait : ~ § — 8 A—v’ 


and the modular angle is then half the angle between the generating lines of the 
confocal hyperboloid of one sheet, or the focal lines of the tangent cone. 
38. Thus for instance, if we take f= i, 


: — yp ep Tiyan Lea op 
A= aha ER, Narre PS Sy 
ik 
) x kr 
id ape Pre ’ Nectar BELAY 7 
and now 
(2) mik'’=34(1—k), Q=r—2(1-—k)kK. 


At an infinite distance, 


(3) A= CO, snd=1, k=0, K=in, K=1, K'= CC, EH’ =1, 


(4) m fk’ = Hd —fE’ =snd—f=1-—f, 
so that 
(5) 0 =2n(1—f) —2n(1—f)=0, 


a verification. 
Inside the focal ellipse, in its plane, 


(6) r~A=0, FUP QO = 27; 
but in the plane outside the ellipse 
(7) w=, f=1, mk’ =0, O=0, 


to serve as a verification. 
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Along the edge of the focal ellipse 


(8) A=0, p=O0, ki=0, Zip he 0 

(9) OQ =2%r(1—/f), 

and two surfaces of constant ©, and Q, intersect along the edge at an angle 
(10) 2(9,—O,)=7(f—f)3 


see MaxweELL, EK. and M., § 487. 
Along the focal hyperbola 
(11) p=v=—O’,~, k=0, Dee ay 
k=1, EE’ =1, Ed = sind, 
m fK' =sin $ —f, 


so that 


(12) Q = 2n(1—sing) = 2n(1— 5" ). 


A— pb 
and the conical angle is now bounded by a cone of revolution of vertical angle 
17—2 (CAYLEY, Proceedings of the London Mathematical Society, 


vol. 6). 
On the axis perpendicular to the plane of the ellipse 


aoe — y=0, v=), P+u=0, e+tv=0, 














, a&— Prato 
Ke ag 29 => 29 
a+ e a+2 
2 b? oe 
ON Lat IG as 2 Pet te , 2 AD es 
sn’ fix Seg ela) vat == i dn’ fk = rae 
b? 


dng Gb — 7) ko 1 — — =e” 

39. The equipotential surface = 2vf, a constant, cuts the plane of the 
ellipse (or any other area whatever) along its edge at a constant angle 7f; this 
is evident from simple geometrical considerations of the conical angle or appar- 
ent area of the ellipse as seen from a point close to the edge, when the apparent 
area on the unit sphere is cut out by two diametral planes, one parallel to the 
plane of the area, and the other drawn through the adjacent tangent of the area. 


Magnetic interpretation of the potential of the elliptic disc. 


40. In the potential of an elliptic disc, as given by CayLEy, 


aa oy tia a \ de 
(1) v= dad f (1-2 - yt) oe 
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when modified by (9) § 84, and employing (12) § 34, with 
(2) e=m(s—o), b°+e=m(s—a’'), a@+e=m(s—a’), 
(3) 00 8 8 8, eo ae Bee C, 

A= m(s,—c), P4+A= m(s,—a’), a+rA=m(s,—a"), 


(4) w=—m(o—s,), b’+ w=—m’?(s,— a’), a+ p=m(s,—o"), 


y=—m(o—S,), b?+v=—m’*(o'—s,), a’+v=m(s,—o’), 
(5) a’ b?2? = Aw = — 4m®d, 
(6) (V—B)PY=VP4+AHV+p-VP+v= fm*d’, 
(7) (?—B)e?ePra=ae+rA A+ pe +v=— im >’, 


and the terms in V are 


4abk 
(8) aad [ a veer 


2 ene 12 "3v(—2) ds 
(9) Aabz lan“ nay 


= 424 (fK') = 4e[4r(1—f)— KmfK’], 




















(10) ma 
mage ee tty EUS EK) = ogy Kens’, 
en a 
(11) =e a OF") 
4bw 


= Vv (a — 6") [ K zs fK’ — dr(1 — hee 
Here, as in (8) § 2, . 





(12) f= -| + er we )? sn? fr oS en? fk = fdne fK'=—, 
— 2 ~ 
) f =|" [5 VS’ aie on es — —, he a K= oe dn*f’ K= : = ae 


” 2" Shia 2 fe" [7 a+y 2¢" , +p 
(14) f -{"- ie Sy Acs OE ee args ce 
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We have seen already in (5) and (15) § 34, that 


dV 
(15) 9 =—-) =4A(fK') = 20(1—f)—4K mf’, 


is the magnetic potential of the elliptic dise with uniform normal magnetization 
parallel to Oz, or of the unit current round the elliptic ring; so also 


dV 4a Oa 4a 
Ry Ace Be Sh) Cee 





aay = Km f'K, 


is the potential for uniform magnetization parallel to Oy the minor axis; and 


AO GCA 4b <a 4) Matra ‘ 
(QT) Oa Fo = a ayy OWE) = ar [Kes K 41S); 





for uniform magnetization parallel to Ov the major axis: and ©’, ©” are the 
components /’, G' of the vector potential of the elliptic current. 

For uniform magnetization of the elliptic dise with direction cosines 7, m, n, 
the magnetic potential is 


(18) mM) Pond) 4 


Induced magnetism of a hollow ellipsoid of soft iron. 


41. We may cite here the expression of the induction of a uniform magnetic 
field on a hollow ellipsoid of soft iron, bounded by confocals, of the family 
12 2 a 
a y i 


os , tly GU 





r, and A, defining the outer and inner surface of the shell. 
We require the three incomplete II. E. I.’s 


de 


(2) A,B, o= [ (@+e,b+e,€)Y¥ Pf’ 


1 
V (PHA + Mase 





P=4-?+6€WV+e-e, Mee Ga 





and with the fraction / defined as in § 2 by 


Cs) na d 
r we Ls 
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we find from § 3, 
i 


(4) A= gg app UK H)— mK], 

(5) B= ea h(E) — m (12) KY, 
(6) C= a hee Le 
(7) Py ce 


If the external inducing magnetic field has a potential 
(8) V=Xue4+ VYy+ Zz, 


we can examine the components one at a time, so that if the component Ya 
induces a magnetic potential © in the iron of the shell, , in the outside space, 
and ©, in the cavity, the magnetic conditions are satisfied by putting 


A 
(9) Ly iraaie Dae 2, =L,74 Ls 
0 
A,—A A— A, 
(10) Q = GG. Ate: x + te VeRAU ES: 
where 
A,—A (h,—h)(K-—H)—(mh, K—-mhk) 


(11) 





A, mre Ae (h, al 2, Pgs H) = (zn h, iG h, KY’ sTogene 


and then determining Z, and ZL, from the condition, with magnetic permea- 
bility pw, 
(12) ju (ok CON Tone ae 

dv dy, ; dv, : 


in crossing the inner or outer surface, noticing that 


13 dA oe LRA epee | el 2/1 
AS es re aren een = — 
(te) dv G) TN AE ae fs ee i Ne VE 
Other cases for components of V such as wy, xyz, --- are given in the 
Journal de Physique (1881); the hydrodynamical analogues can be devel- 
oped by means of the same analysis. 
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Potential of a circular disc, gravitational and magnetic. 


29 


42. For a circular dise put a = 0’, 


ES [ies eer de f 
(1) V= 20° | (0-9 -faaan 


ellipsoidal coordinates are now unsuitable, and the elliptic coordinates, v and w, 
must be employed, with the substitution 





(2) V@+e=a' chu, e=a' sh’ u, 
(3) e+ y? = a’ ch’ v cos’ w, 2 = @* sh? » sin’ 2, 
(4) f,, r,= a(chv+ cosw), 


r,, 7, denoting the focal distances of P from the foci A, B in fig. A; and 














Petey ies Be 1 ch? v cos? w sh? v sin? 
6) Meee emrie to Gh? ule aab a 
(ch? uw — ch’? v) (ch? wu — cos? w ) 
a ch? u sh? uw : 
* (ch? u — ch’ v - ch’ uw — cos’ w ) 
(6) vig { ch? w sh w au 
oO dV Fa 2a? 2de 
i me ; Wig aapmenes 
(7) ik EAN Cm ee = c) 





4 % sh v sin wdu 
J, Shw (ch? wu — ch’ v- ch’ w — cos’ w i 
Next substitute 











(8) shu = m7(s—c), ch? u = m?(s — 8), 
s—S s— (OH 
(9) m(o—s,)=1, ch? y = ——+, sh? 4 = ———, 
Ce os 
3 3 
eae: pee 
(10) ch? wu — ch? v = a ch? wu — cos? w = - af 
o—8, T— 8, 
eg Cet ter 
(11) ch? y = +, sh? y = -—_ , 
o—S8, o—S, 
8 —s ie o—S8. 
(12) cos? w = 2#-—, sin? w = ———, 
T— 8, T— 58, 
2 : 
(13) ye — 2 83 _ 008" B jou ines oa 





an a 2 m) 
8, — 8, ch? v 


as in MAXWELL’s second expression for M/, § 701. 
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The inequality sequence runs 

(14) 00 S18 > 8S OS ae 100", 

so that, from § 2, dropping K’, 


1 dn (1 —f) 


(15) chu= 7" a I : 





cos w= dn(1—f). 


If then we write A for / (2+ y’),x«=Acos¢,y=Asin®g, 


dn ae k a Hee) 








a. 
(16) —=chvcosw= 
a 











dn fn ede k 

z k’snfenf k” 

(17) qa She sn w= ant et ae Z ut{l—f)n(l—f), 
fi tae ayes 

(18) . = chv cos w= Ral dn(1—/). 
Since 
19 sh udu V (o —8,)ds 
ee V (ch? w — ch? v-ch? w — cos? w) VS . 


equation (7), as before in (15) § 84, becomes transformed to 





(20) ons [ PAKS) A asd (fk) = Sr (1 —f) — 4 an fe 


To make s oscillate between s, and s,, substitute 


Ce Cs Tons Cha 
(21) chia = 5 5? sh? u = « eo ch? vy = 3, cos? w = — 
ans ay ae) 2 














43. The potential for uniform magnetization of the circular dise parallel to 


AB is, as before in (16), (17), § 40 








; Via 2a? Ade 
CO ieee Z 
ea e/(1- or — 
-{ 4 chv cos w shu dn 
J, eh? wy (ch? w — ch’ v - ch’? w — cos? w) 








4 p= V (8s, — 8,) ds _4k-H 


~ COs W 2 og VS cos w 
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From MAxwELv’s second expression in § 701, 
(2) M =4r(r, + 7,)(K — A) = 8racho( K — H)= 27 Ad’, 
and this is evident when we notice in figure B that M is composed of elements 
cos 0 cos 6 
(3) Bo —_ PQ 


which is the magnetic potential at P of a strip QQ” parallel to 4, magnetized 
longitudinally ; and these elements are integrated over the circle AQB, and 
multiplied afterwards by 277A to obtain J for the two circles. 

Replace A by x, then at any point (x, 0, z) 


dV dV 


ad@, 





dQ. Vv 1 dM 

(5) he E = ae dadz «x dz’ 
dQ, av Gi eas 1 dM 
0) statin oe BLE a BAL Ss nee Aa yy peek) EW, SERS 
io) ok eto He Lie 2m ( dx? x mz)= ao dx’ 


and a magnetic line of force along which M is constant is the orthogonal 
trajectory of the equipotential surfaces = constant; in fact MW is the Stokes 
function of the magnetic potential, and 


00, AO, aa 











1) de + dat +e de” 

or as they may be written 

© z(* “a ) + de(? Ge) = 
ao) AG camer) © 


These are MAXWELL’s results of § 703, obtained from independent physical 
considerations when x and z are replaced by his a and 6; the symmetry round 
the axis z shows that the integration employed in MAXWELL’s treatment can be 
effected, so that his result, where V and Q are equivalent, may be written 

dM ie av dV 
7/0 


(11) = 


dM dV dV 
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The potential of the circular dise is now written, either from (1) or (6), § 42, 


Tete 7 1 ch? v cos’? w sh? v sin? w sh udu 
“s af Seber Ae ee Merete V [(ch?w—ch? v) - (ch w—cos? w) | 














aa [ena ees) va ee ene) ves ae 








8 — 8, o.oo VS 
(13) 
—— Saas ‘St om Oss ie eee; ad 
Shade 25 44] ( ZS) cx H) — 42A(fK’) 
eS Oey 
ch v 


of which each term can be interpreted by means of the homogeneity relation 


dV aya dV 


since 
(15) 


and therefore 


(16) 


dV dV 


‘dz TA tee 


dV 4k Sak 


da chy or +7, | 





the potential at P of the circular ring round the rim of the disc. 
Similarly in the case of the elliptic disc in § 40 the term in (8) 


de 4abk 
(17) Ao eae pe 
may be interpreted as the potential at P of a ring round the ellipse cut off by 


a consecutive confocal ellipse, so that the thickness is inversely proportional to 
the perpendicular from the center on the tangent. 





The Stokes function of a circular plate and ring. 


44. Denote the Stokes function of the plate by VV, using 6 again instead of 2 ; 
then, as in §$ 31, 48, 


dN dV ; - 
(1) dp = 274 gg =~ AT AMS — Ar (7, + 7,)(K— £1), 
dN dV 
(2) = 27Al[2r(1—f)—4K mfK’ | 


= 27rA-4A(fK’), 


1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY bOT 


and by analogy 


(3) ie Ina 4A(1—f) K' = 20a [Inf —4Km(1—f)K’], 


a change of f into 1—f, and A into a; and this term is the Stokes function of 
the circular ring, of which the potential function is given in (1), § 383: so that 
the Stokes function at P of the circle A QB is 27a times the apparent area at P’. 
Then by the homogeneity of the second degree in a, A, 6, of V 
dN dN dN 


ay pce fl co sree 
(4) ee Hien = aden : db 


= 89a’ A(1—f) Kk’ + 87A’- Af’ —4rb(7,+7,)(4— fF), 
(5) N=41(a’— A’) B(fK’) + 20° A?— 27) (7, 4+7,)(K—- H+ Kdn’ fk’). 


For points on the plate, f= 0, V=27°A?: while f=1 for points in its 
plane outside, and V = 27’a?; and V — 27° A? may be taken as the Stokes 
function at P of this plate and a coaxial equal and opposite plate at the level 
of P. 

Changing the superficial density from unity to 1/27p, we shall see in the 
sequel that 
(6) ers 


2rp 





= M, 


where J is the function in § 54 investigated by Viriamu JONES for a helical cur- 
rent, or the equivalent cylindrical current sheet; and the potential of the two 
end plates is the magnetic potential of the cylinder magnetized longitudinally, 
while the Stokes function WV — 27° A? is the magnetic potential for magnetiza- 
tion across the axis of the cylinder. 


The various dissections of an integral. 


45. To arrive geometrically at the expression of the conical angle 0 by means 
of the angles 0, ¢, ~, vy, @ defined previously on fig. A and B, we employ 
the idea given by Maxwe tt in E. and M. § 418, that the area 0, cut out on 
unit sphere by a cone whose vertex is at the centre, is equal to 277 minus the 
length ® of the curve traced out on the sphere by the reciprocal cone; this is 
a direct result and generalisation of the theorem that the sum of the area of a 
spherical triangle and the perimeter of the polar triangle is 27. 

The same idea is employed by Scuwarz in his memoir Die Scheinbare 
Grosse des Ellipsoides, the apparent area and conical angle being the same 
thing, either of the ellipsoid, or of the tangent cone, or any elliptic section of it. 

If the tangent plane PQ of the cone, shown in elevation and plan in figures 
A and B, turns through an angle d® while O@ turns through the small angle 


502 A. G. GREENHILL : [October 


d@, and if the normal line Pq of the cone cuts the plane AQB in g on VFM 
produced (fig. B), then Q and g describe curves which are polar reciprocal with 
respect to JZ; so that (My is perpendicular to gy the tangent at g; and the 
sector velocity of g round WZ 











dé ue 
(1) My = oe - cos MyP, 
AD eG yeh sa) a 1 PM 
(2) dO Pa city era np ie O Fer a 


ihe 





Jala 
so that, in MAXWELUL’s notation, with OM= A, 


Qn 1 bdé 
(3) neat 1 Atgin’ 62F 0% 
x Poe 








Now from § 27 
(4 A’ sin? @ = 4a?,A? sin? 6 ( 2A i) Ts bdé 2b dy 
-5 = i 5, = | ———~— ) sin’ y, = : 
PE “GtnyOE nam) 7% POU nt Ag 


so that, in LEGENDRE’s form of § 14, 
Set: 3 IG dy 
(9) oe il 1+ nsin?y Ay’ 


24 \* 1, \ ( 2b \? 
©) sen (ace) P partes o—(1+0)(1+5 )=(-oa)e 


To reduce ® to our form B in § 5, we put 




















8 — 8, dy v(s,—s8,)ds 
8, — 8,” Ay — /S : 


and interpreted in fig. A, where OM= A, OC=ak, OC’ =a/k, 


T—8, Ajed Tet 2 eae : _( =" “ Tt mL OC 
(8) ee =( 9 i on ‘Saat ice =k =ki= = 








(7) sin’ y = 











8,—8 A or 4 A?’ Ol 
9 c—s8, eu RE evi tee 4A? —(r, —r,y 
(9) 8, — 8, 4 A? 8 — 8, 4 A? 3 
s,—-c:o—s, PB 


(10) 
so that, as before in § 34, 


(11) das | eA ED 1 ac 


CSS ae 
“tV(—2) ds 
Cie 





. —_— a 29 
8,—8,°8,—8, A 








(12) O = In —4B(fK’)=4A(fK) =4 
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46. If da denotes an element of area at any point @ inside the circle, due to 
any mode of dissection 


: rf fy =f 


and the integrals which arise in the determination of these potential functions 
change in appearance with the method of dissection employed by the use of each 
system of variables; so it will save repetition in the sequel if we cite here some 
preliminary lemmas. 

I. The potential at a point /’ on its axis of a flat ring-shaped disc, bounded 
internally and externally by concentric circles on diameter ab and AB, is 


area 


(2) [Cha ha) = 2" (FA Fa), 


and thence also the same for any fraction of the ring cut out by two radii at an 
angle @, replacing 27. 
II. The potential at P of the line AB in fig. A is 





aaa +PB+AB ee 1 _, PA-—PB 
® [so Pern Ah 7") Pe Pe a OND 
and when FP is at ’, the potential of AB is twice the potential of OA, and 
OA 
(4) 2 th' FA" 


In the elliptic codrdinates of § 42 the potential at P assumes the various forms 








°8 ch v — shv 5 ch v — 
©) 1 ,chou ch? vy + 1 
eee ees 2 ch- St 2 hae ee elegance etn 
The Stokes function at P of the line AB is 
(6) 2n(PA— PB) =4racosw, 


an expression much simpler. 
III. The conical angle of the ring as seen from /’ on its axis is 





7 LORE Vay FO x area 
7) Teo im SBE Rak 


and when the diameters ab, AB are nearly equal, this may be replaced by 


F'O x area 
(8) Sh a We 


504 A. G. GREENHILL: [October 


So also for any strip cut out by two radii; and if the radii make a small 
angle d@, the same expression holds when the plane of the strip is tilted about its 
mean radius OA through any angle, provided F’O is replaced by the perpen- 
dicular /’W on the plane, and the expression becomes 


(He 7a) 0. 


(9) FG aren. 
IV. For a narrow parallel strip such as QQ", of breadth dy, and P# the 
perpendicular on it from P, the conical angle at P is 


PM y PM x area i 7 Tio 
(10) PR (cos POR — cos PY’ R)dy = PR QQ” (so = Py): 


47. Considering that V + b0 is composed of complete I. and Il. E. I.’s, the 
complete III. E. I. which arises in the determination of © will serve at the same 
time for V; and according to the method of dissection we shall find it depend 
on one of the five following forms, which we shall represent in the following 
notation, in which the III. E. I. is not restricted to be complete ; 


°a@A cos 0+ a? bdd a:-M¥ bdd 














@) PY)=[atepo 

(3) ROC PAs fs Ze ist i ~ BO 

where PZ is the perpendicular on OQ, and PZ? = A? sin? 6 + 0°; 
@)  a(PW)= f Ban po 


and these III. E. I.’s are connected in pairs by the ten equations following, as 
is verified by differentiation : 


UPA NAVA PM PO 
7 —s —_ Sel OS ee ag ma os oe ee A 
6) O(PY)—O(PZ)= Tf, =sin PY PZ PF. PZ 
= 47 — angle between planes PQ Y, PQZ; 
eZee IN ant Te 


= COS 


7) 0(MQ)-— 2( PZ) = Lf =sin- PZ. MQ PZ. MQ 


= angle between MPQ, QOPZ; 
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. _MZ-MP QZ-PQ 
0O(MQ)—O(PY) =f, = sin 3 = 008! 
(9) C88. ( ) 5 Lyne tc) VS LI TAW, 
= angle between POT, POY; 
; ON - PM peel NG FO) 
ha Ny opel SD alates = eae NS oa 
(MQ) + Q( PN) = L,= sin PN MOT PN MQ 
(9) 
= angle between PVT, QMR; 
: YN- PQ MN:-PM 
02 (MQ) + O( PR) = Lf, = sin" Q. ——-—= = cos! =. 
(10) ae PR: MQ PR- MQ 
= angle between MPQ, MOR; 
, QN:- MN PM PO 
—_ — —_ 1 — aot te eee SEE 
OC hy OCR y= /,= sin = cS Dp. PN 


(11) PR PN 
= 47 — angle between VPR, OPIN; 


sin @(aA cos 6 + a’ + b’) 
iP hel a 





(chet) 7) 2 = sin) = 


(12) _, PM cos 8- PQ 
me Pi Pe 





= 47 — angle between VPL, QPY; 


PM sin 7 oH ¢" 0 aA sin” C=)" COS 0 
+ == Jf sin SEAS a —1 








= angle between VPZ, UPR; 
_PMsind- PQ 
Pee 
, sin 0(aA cos 6 + A® + 0?) 
= COs— — 
PYaSTNG 
= angle between VPN, OPY; 


OCPY)— OCP earl = sin- 





(14) 





_ sin 0(aA cos 6 + A? + Bb?) 
PZ-PN 
_, PMeos 6: PQ 
= COS PZ PN ) 


= 4m — angle between VPN, OPZ. 


0(PZ)+ 0(PN)= IL, = sin- 








(15) 
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In a complete III. E. I., when @ ranges from 0 to 27, the J term disappears 
or is 27r, and 


® = 2r —N = 0( MQ) =0(PV)=0(PZ) 


se = 20 — (PN) = 20 —O( PR). 


We shall require in conjunction with Q( PZ) the associated integral 

















*/ (A? + 0’)(a+ A cos @) dé 
(17) 2,(PZ) =| PF PQ’ 
and then 48) Bd 
a+y(A’?+ d 
(18) 9,(PZ) + 9(PZ) = [- (A? + 8?) — A cos 6 PQ’ 
a—y(A’+06*)  bdé 
ce 2,(P2Z)—9(PZ)= | pray yd cos PQ? 
two III. E. I.’s, with parameter f, ’’, f, #’’, such that 
, a—y(A’+ 0?) : r 
(20) sf F’= 5 Ty ue PESAG Leis y 


leading to a simple geometrical construction ; and it is found that 27 — 0, (PZ) 
is the conical angle subtended by the circle at P, on OP produced. 
So too in conjunction with Q( PR) we require 


V (a+ b?)(A + aeos 0) bdé 
(21) 0,(PQ) = [ee oo 











A+acos@ bdé 
(22) 0,(PR)+9(PR)=| gH) aead PO 
A+ acos@ bdé 
(23) O,( PR) —O2( PR) = ee *+ 6?) + acos0 PQ’ 


and 0,(P£) is the conical angle at P, where P,P, passes through B, or 
P,P’ is parallel to AB. 

48. Thus with sector elements }a’d@ for the determination of V, the poten- 
tial dV at P of the element about OQ is given by 


dV LOT as r + A cos 0 hae A cos 6dé 
‘00 an); Poms ie aoe 


= PQ — PO — 2A cos 6th" 


(1) 
PQ+ PO 


of which the first part is by Lemma I the potential of the strip OQg‘o, between 
OQ, oq radiating from Z, and the second is by Lemma II the potential of a 
shaving of uniform breadth d@-A cos 6 and length OQ. 
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As required in integration by parts, the second part of (1) can be written 

a a’ A’ sin’ @ ays 
PQ + POLO) ~ PQ-PO+ aA cos 0 + A? + 8? PQ 

a PQ: PO—aA cos 06—A*—b? A’ sin’ 0 
PO+ Saale BZ PQ 





2 0 a A sin 6th-! 








=25(4 sin 6th! 

(3) ! y 
=255(4 sin 6th- oro) eer, JEN. (1 we pp) 

aA cos 6 + A*+ 0? _ bdO( PZ). 

J aay d@ ; 





So also, if dQ is the conical angle subtended by the sector element about 
OQ, the application of Lemmas III and IV shows that 














os Gil Mee, OZ OZ ey ae 
PO mPO ~pp(por a) es 
3 
(®) ,PO _d0(PZ)_, PO al dQ(PY) 
ey seriete dl. PZ? tidd ie dain: 
so that 
dV dQ -a7-+ aid cos 0 o : a 
a ee. do PO 2 To ( Asin eth Howe! 


and thence the previous expressions in (13), § 43. 


49. The dissection which leads directly to MINCHIN’s integral in the Philo- 
sophical Magazine, February, 1894, is made by lines radiating from J. 
Denoting the angle AQ by », 


(1) 347Q° dn = sector element about MQ = 4MY-ad0 = 3(a° + aA cos 0)d0, 


and by Lemma III, 


(2) ahy ha (1 2 Pa) dn, 


dO dn a?+aAdAcosé@ 0b dyn dQ(MQ) 








(8) doe hae ne Ok PO de eon 
so that for any incomplete are AQ 
(4) Q=7-02(MQ). 
Now with the substitution of § 26 and in addition 
(5) MQ = m'(7 —t), 
so that 


(6) BP=m(t,—T), (a~AP=m(r—t,), (a+ AP =m (r—2t,), 


Trans. Am. Math. Soc. 34 
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then when J is inside the circle 

(7) a—A=my(7T—t,), a=im[(7—t,)+v(7T—#,)], 
(8) aA cos 0 = }m?(t, + t, — 2t), 

(9) aA cos 0 + a@ = 3m*[7T—t+V7(7T—1t,:7—14,)]. 


Integrating round the circle, the angle 7 makes a complete revolution when 
MM is inside, and 


a) V(tT—t,7T—t,) |v (t, —7)dt 
iG) al 2 3 bs 
= 27 iI | 1+ xa | iV 


t,—T ey \dt Wiles St dt 
(10) Saal) -2{? Tee 


= 207 —2F' sn 2fF" — ae ) 
= Ir (1—f)—2F an 2fF" — 2Fe' sn 2fF"; 











hence MIncHIn’s result obtained directly. 
If MM is outside the circle, the angle 7 oscillates ; but we must take 


(11) a=%3m[VY¥(tT—t,)-vY(tT—1t,)], 
and now 
—t,:-7T-t i 
(12) ame f [Cah D1 | Ua 2nf +2 Fm YF 2 Fe sn fF", 


equivalent to a change of f into 1 —f, as in going from P to P” so that (10) 
may be taken to hold for all cases. 

As P travels round the circle CPC” the quantities c, k, F’, #, K, H do not 
vary, and f may be taken as the independent variable. 

Starting from C in the plane of the disc, where f = 0, 


pocion V ; 
At C’ outside the dise in its plane, f= 1, 
Hck H—i'K V 
—— ver eae Fi ee), pa 755. 
(14) O=90, V=4a Wie 4a tae 10 =7(4 rgd A 


As P travels to P”, f increases from f to f’’ = 1 — f, so that 
(15) QO” = 2anf + 2h an 2fF’ —2F eC sn 2fF", 
(16) 040"=27—4F¢' sn 2fF'=27—4F sin’, O-O"”=27r—4B(2fF’), 


and ©” is the apparent area of the coaxial circle through P seen from any point 
on the circle AB. 
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(17) fs - a = 4H—4F sin’ Wy —(0+4 0")sn y= 4H — 2rsin y’, 
which is MINCHIN’s equation (28), p. 212, Philosophical Magazine, 
February, 1894. 


When P reaches ?’, f has increased to f’ = 1 +f, 


(18) OQ’ = — 2nf + 2m 2K’ + 2F sin wy, 
(19) Q — O' = 27, 

but 

(20) V'—v’=0. 


At P”, f has reached f” = 2 — f; 
(21) Q— 0” = 4r, V—V"=0, 


so that V has no eyclie constant as P describes a curve linked with the circular 
edge; a cylic constant like the 47 for Q would imply a non-conservative poten- 
tial and the possibility of the creation of energy, called otherwise Perpetual 
Motion. 


50. Dissected by (J into strips ydx = a sin’ 6d@, then by Lemma IV, § 46, 


bdx asin@ a’ sin’ @ bdé dQ dOCPN) 
RieeGes PN? PQ; | dada 3 





(1) dQ = 


so that y of § 27 is the appropriate coordinate angle, leading to E. F.’s of AAT 


and fA’, and 
A 2a a sin? 6 bdé 
= ee 7 = 9 ——, P 
it (75) CQ’ — a@ sin’ 6 Q 


le 4 sin’ x b dy 
9 a +, ; iret Dyce Ax ; 
( 2a ) — sin’ y 


which is reduced to the form A of § 5 by putting 


2 
& —8 r—?r s.— 8 
Se hips ae TS ee EN LE at 
(3) sin? y = ( Da ) _ 7 





(2) 





’ 
s — 8, a 


and this makes 





oo ite yy 8 
oy amg ee eed ary fR’) =2r(1—f)—4K mfk’. 
( ) } Si; VS ) 
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With the variable y of § 29 


PNG y a sin’ 0 
(°) 1 Y= PON) 1 Saat e 
and denoting the value of Y for y=1 by Y’, 
, b? b? 
(6) PO BC eee at 


so that from (11) § 29 


Guus ee if 14 \tv(- By 
ee aoa Ad ae Oe 1-—y VV 








) ” 
De yeie 
Ci wo : Y 





in which 


Nee Pe tecit ya! U1) 2A \? Pe OA Fe i 
(8) dn’ fA -7=3=2=(; J) Un? fee > cae 


from (8) $45, 








(9) dn ji dn y haa eee if it veal, 
, 2b 
(10) OQ =2r(1—f)+4Kan(1—f)k’ —4k —— 
r+, 
= 2r(1—/f)—4K an fh’, 
as before in (4). 
So also by Lemma II 
PQ + asin 6 asin 0 


BR Bi Peer eh ON Ts Pete ak  Cnbowas” 
(11) dV = deh log Tapa Sb a sin @d@ th PQ? 


and as before in § 48 we may transform this into 


dV po |t 9 dQ (PN) 


A sn ipedsas aie = Hess) 
(12) 6 = ig | (40s @ + A) th PQ PQ b 16 ; 








so that, as before in (4) § 48, over the circle, 


‘h (0 ae Ye 
(13) V +00 =[ Ce ert 


da 


To connect with the E. F.’s of h¥’ and 2/7”, by means of 0 (MQ), 





dQ dO(PN) aI, dQ(MQ) 


(14) a0 ae 0 ee 


(15) O = 27 —02(MQ), 
as in (4) § 49. 
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51. Dissecting by lines QQ” parallel to AB into strips 


(1) QQ dy = 2d cos’ @dé, 
of which by Lemma IV 


bdy Qk fk ay, a cos*@+aA cos  acos’O—aA cos f\ bdd 
PR Ul Pie -( BORMt a PQ PR” 

















(2) dQ= 


we may take 





3 dQ @eos'O@+aAcosO9 b  dOX(PL) 
@) dd Rie PO cine 


and then integrate round the circle from 0 to 27r. 
So also from Lemma II, with the same dissection, 


PQ+ PQ’ +2a cos 6 2a cos 6 PQ—PY 


1 sy) SA ce eb aN =i whe 
Q+PQ’— Dee =2dy th POLE OME oA F 


dV od (, 4 .PQ—PQ 4q?A? sin? 8 1 eI 

do ~d0\4 2A = te EO Pode) 

PQ: PQ’-A 40/1 1 
PR Pot Ee) 








(4) d V=dylog Pp 











(5) 7 = 4¢@ sin’ 6 





Ee ney a’+aA cos 0+ b* a’—aA cos 8+ b* 
eae w)( PR PQ + PQ@- PR)? 


and here again, in integrating round the circle we can take 


2m > wv +adAcosd+b’ dé 
(6) v= | (PRY) So BO 


and V + 60 is the same as before in (18) $50 





52. Finally there is the integration for V and © required when the circle is 
dissected into concentric rings; and now dV /dr is the potential of a circle of 
radius 7, and 


(1) aie ae = 8 Ki 
da re is 


(2) V= -{ ae da oe a cee 


of which the result is known cet by the other Ree ey although the inte- 
gration appears intractable at first sight. 
So also, from (8) § 31 


: dO CV 4ab F BPTTA GOVE ea eal a 
@) da ~~ dadb FF A- (R47, 





leading to an integral of appearance still more intractable. 
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53. Treating the potential U of the solid cylinder in the preceding manner, 
as given by a function homogeneous in the second degree of a, A, b, 


dU dU dU 


the first term is a times the pcetential of the curved surface, or skin potential 
as it may be called of the cylinder, so that 


10 ay ae b 2 eer utes dt 
v os pre eeee — 2 =| : ° 
(2) a da =), n Pow J u Nis —t y(t,—t-t—t,)’ 


not an elliptic integral; but dU/dA and dU/db are given in §§ 44, 54 as the 
potential of the cylinder due to transverse and longitudinal magnetization. 

We shall apply the same method in § 64 to Mr. Coleridge Farr’s problem 
(Proceedings of the Royal Society, November, 1898), to determine the 
electro-magnetic force of a cylindrical coil of finite thickness, where a similar in- 
tractable integral is encountered, in conjunction with elliptic integrals, which we 





consider tractable. 

A graphical representation can be given on the Mercator chart of the integral 
dW /ada in (2) by denoting the angle WQP by ¢, so that 

b 

(3) thie POs th sin ¢ = log tan (47 + 3¢); 
then if ¢, @ are taken as latitude and longitude, and the curve drawn on the 
Mercator chart, the area will represent the integral (2). 

Or else th~'(6/P@) can be expanded in odd powers of 6/ PQ = 6/(7,4@), 


and then the integral of each term such as 


= 6 d@ 


can be expressed by means of /’ and Z’, by means of the recurring relation 
(5) 9 (2n.—1)c" Do (2 2) lee Dor eee 
starting with D, = /’, D, = Efe”. 

Mutual induction of a circle and coaxial helix. 


54. The ILI. E. I. arises in the calculation of J between a helix and a 
coaxial ring: this has been carried out by Viriamu Jones in the Philosophical 
Magazine, January, 1889; Philosophical Transactions (1891); Pro- 
ceedings of the Royal Society, December, 1897 ; consult also WEBSTER, 
Electricity and Magnetism, p. 457 ; Mascart and Joubert, Lectricity (trans- 
lated by ATKINSON); and GRAY, Absolute Measurements in Electricity, volume 
Li, p38: 
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It results from the form of the integral that JZ is the same as between the 
ring and a uniform current sheet in a coaxial cylinder replacing the helix, in 
which the linear helical current y, and the superficial current y across unit 
height of the cylinder are connected with p the pitch of the helix by the relation 
(1) Y, = 2rpy. 

For if WV denotes the number of windings and © the total angle of the helix 
of height 6, 

(2) Ny, = by, where = ; NViz= ne = a . 

The potential of this current sheet has been worked out by MINCHIN in the 
Philosophical Magazine, February, 1894, as being the same as the poten- 
tial of a cylinder magnetized longitudinally, or of two end plates of the cylinder, 
positive and negative; the expression for the potential of a plate has been cited 
already in § 48 above. 

We notice now that MW is the Stokes function of the two end plates, or of 
the cylinder magnetized longitudinally, and that M/y,/27A is the magnetic 
potential in the plane «0z at a distance A from the axis of the cylinder mag- 
netized transversely parallel to this plane with intensity y; and denoting this 
magnetic potential by Q’y, and by W the potential of the solid cylinder, 





(3) ats =O'y, or Mp= AQ’; 
and 
ao — aA eos Ade dz 2a fe 
(4) EOS tra pelle i eae ay == — aA cos 6d6 th PO’ 


the first integral expression given by Viriamu JONEs, employing his notation of 
a and a? + 2 for WQ? and PQ’, but using z instead of w, and changing his 0 
into 7 — 0, to agree with the preceding treatment. 

The result for Mp is the same whether 2a denotes the diameter of the helix 
and 2A of the ring, or vice-versa as with Viriamu JONES, being symmetrical in 
aand A. 

Integration by parts enables him to replace (4) by 


20 Q7 A*b sin? Ode 


@) Aa Pah 


oe 


bf (-ad cos 0+ a Por 4(7— A’) O(MQ), 


integrals discussed already in §§ 33,49; and (65) is the equivalent of the double 
integral 


; a ° ¢t? A? sin? Od@dz ” (7 2a? dO dz 
@  aa-f Ostoy LL Se 


showing that the magnetic potential Q’ at P of the cylinder magnetized parallel 
to OM is the same as that of the surface magnetized circumferentially with 
intensity @ sin @. 
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It is the second form (5) which is reducible immediately to the standard 
elliptic form, and by the substitution in §§ 26, 49, writing 


(7) MQ? = 0 = A? + 2Aacos@+ a = m’*(r —¢), 

(8) PE = tb =m (tt), 

(9) B=m(t,—7T), (ar~A)=m (7-14), (a+A)?=m’?(r—t,), 
and thence from (5) 


(a dt 
, m‘(t,—t)(t—t,) V(t, —t-t—t,) 
ee arate ts m?(t —t) my (t,—t) 


ie (4, —t)(t—t,)dt 
=m f CRO AAIT 














see) dt 
Ib 


T—Tt 


t—t, dt Wants oe 
(a8 ty(—T’) dt 
ia pager |p T—t VT) 
Hence, on fig. A, 


te TON ee ™—t a—A 
Vena ae \i=t- % = cos vr, 


“a 




















(12) yi 
Jo = cos ar = Avy, yr =am 2fP", 
t,—ts Rs 
so that 
(13) pM=r,b[F — E+ Fe" cos’ y — cot cosy’ B(2/F'’)]. 
M , 
(14) Shei ee pe 


the equivalent of Viriamu JONES’s result in (6) p. 198, Proceedings of 
the Royal Society, 1898. 

We shall replace his angle 8 by wf, to avoid confusion with MaxweELL’s 
modular angle 8, and then 


Di eR eR CRIT AUS MC cera Se V (aA 
(15) yy, =am(1—2f)F", sn) = fue at,’ cos eices |, 





so that the angle yy, is constructed on fig. A by drawing the circle on the 
diameter A cutting the axis O/ in G, and then drawing OP, perpendicular 
to the radius GO’ of this circle, then the angle OAP, or OGO' is Wy. 
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55. With the notation of § 47, equation (5) § 54, is written 


bdé 
PQ 


(2) 240! + (a — A?) O(PY)= [ (aad cos 8) pg — (a — A’) 


(l) 240/ + (a?— 4) 9(MQ)= | (a — aA cos 0) 37 


and in a complete revolution of @ from 0 to 277, 


MQ + a’ — A? bd0 a — A? bdd 
a(MQ)= | MQ po7*{ Po MUG PQ 


(3) 
a 2F° + 2B(2fF") = 2Fe sn 2fF" + 2B(2fF") 
1 





equivalent to the result in (10) § 49. 
Also J, vanishes in a complete revolution of 6, and from (16) § 47, 


HOTA ES Eee Wad 6 F683 
so that 


240’ + 4(a?— A B(fK’) = ie (a? — aA cos 6) Po 
(4) 








_ 8a’ bk 
ae -+ 2b(7,+ 7,)(K — ff), 
in which 
2a i ae 
(5) Rech 5 an fe ; 


(6) pM= AQ’ =b(r,+1,)K dn? fk’ +(r,4+7,)(K—H) 
—2(a@— A’)B(fEK’), 
in the form given in (5) § 44, the quadric transformation of (138) § 54. 
This again, by means of (2), (8), § 17, can be transformed into 
M en 2fK’ 
(7) (7, +7,)9 Teel een Die 
In the indeterminate case of 2f=1 and C(1—2f) K’=oco, we have A =a; 
but returning to the integral in (10) §$ 54, and putting 7 = ¢,, 


(8) pM = AQ’ =~ (SS a) et bm y(t, — 4)(F— E) = 1 FB), 


Cie AK 





(9) oF —B)=(,+7)(K-H+kK), 


and this is the coefficient of self induction of the helix on a final turn of itself. 
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Numerical calculation of the mutual induction. 


56. The numerical calculation of MZ for given dimensions a, A, 6 now 
requires the five operations following, in the numerical tables of F. E., vol. I, 
LEGENDRE, and it is useful to check the calculation on fig. A, drawn A scale. 

I. Caleulate W and wW’ from 


b ; b 
(1) ban No aes ieg tan wv a Ae 


and then 


r,=(a+ A)secy’, r,=(a—A)secy. 
IJ. Calculate yy, and the modular angle y from 


: cos sin y’ 
2 see ee eee 
(2) sin yy, = are COS. = 


III. Caleulate f by LEcENDRE’s Table LX from 
Of = ne ) topes) 





% Fr, ¢)’ = Far, €) 
IV. Caleulate zn(1 — 2f)F” by Table LX from 

(4) on (1 — 9f) F’ = E(#, ¢) —(1—2f) E(4r, €). 
V. Look out 

(5) Tf == hae H= H(47,0¢). 


When /f is one of the rational fractions of (1) §4, we can express c, c, 
sn 2fF"', zn 2fF"’, ---, as algebraical functions of a parameter, leaving 7’ and 
F as the only transcendents, and these are tabulated by LEGENDRE in his Table 
I to an extra degree of accuracy. 

In the numerical application of Viriamu Jones, Philosophical Trans- 
actions (1891), Proceedings of the Royal Society (1897), 


Qa = 21.02678,  2A4=18.01997, 26 = 5.02480 (inches), 
aA = 4.008386 Ute A023 35 See 


and working with four figure logarithms we find w= 32° 3’, W’ = 8° 24, 
y= 74° 1’, , = 58° 58 or to the nearest degree, y= 74°, wy, = 69°) thas 
avoiding proportional parts in Legendre’s Table IX; #’ = 2.70807, 
H = 1.08448, and #” —1.60198, Hi, ¢) = 1.04123, 1 — 27 = Cooter 
Ff = 01750, af = 0.54985, Ei’ = 1.54052, (1 — 2f) £’ = 1.00184, 
Hy, = 1.01847, m(1—2f)F"=0.01T18, FW an(1 — 2f) FP” = 0.04638, 
A(1 — 2f) P= 0.5034T, cot cos y' A(1 — 2f) #’= 0.7952, #— H= 1.6236, 
M/r,@ = 0.8284, © = 2017, r, = 17.21, I= 9001 inches, as against 9028 
inches, given by Viriamu JONES. 
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This rough calculation is retained for the purpose of showing the term requir- 
ing extra calculated figures, compared with the parts where fewer figures are re- 
tained for the same degree of accuracy ; thus of the three chief terms of J//r,0, 
the first #’— # = 1.6236 is about double the second zf cot Wy cos yr = 0.8638, 
while the remainder cot W cos zn (1 — 2f) F’ = 0.0784. 

The modular angle must thus be determined with extra accuracy for the 
determination of /’— #’; and in this case raising the modular angle by one 
minute to 74° 1’ will make /’— H’ = 1.6258, and raise J/ to 9024. 

A diminution of 0.1 per cent. in f in the second term will raise JZ about 
0.05 per cent. to about 9028.5, without affecting the last term appreciably. 


Variation of the induction due to change in the dimensions. 


57. Viriamu JONES calculates the effect of small error of -measurement 
dA,da,dbin A, a, b in giving a change dV in MM, such that 


OM\dA OM\ da OM\ db 
) aM= (455) + (« Se) a + (055) 5 





so that 1 per cent. change in A, a, b gives a change in J of 


A OM a OoM b OM 
AG 100 34’ 100 da’ 100 
and their sum is J//100, because JZ is a homogeneous function of the variables 
A, a, 6, and of the first degree, the total helical angle © or number of wind- 
ings © + 27 being kept constant. But if the pitch p of the helix is kept con- 
stant, JZ is of the second degree in A, a, bd. 

Differentiating the double integral expression for JZ in (4) § 54, 


0 ~ (2 Aacos 6dé dz 
5 M=-— = : = 
©) pelt V (a + 2") 


and supposing the limits of @ to be 0 and 27 in the sequel, we have 


yi els —acosOdédz eff + acos @) Aa cos 0d0 dz 
(4) =f f V (a +2) TS (@ +2) : 


CEN Bi (A?+ Aa cos 0) Aa cos 6d0 w ea dd 
(5) Pa eo Se = 04? | aera: 

















and similarly 








oM ( Aa cos 6 + a?) Aacos 6d@ [er cos 6 + A? dé 
—— =M+46€ = Oa = 
OE tala ay (a + B) MG PQ’ 
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so that 
att dM — aA cos 6d0 
(7) a7 +477 =2u—-®@ PQ d 
while, keeping © constant, 
> 7 — aA cos 6dédz 

(8) m= 0 | f V(a + 2) ’ 

dM — aA cos 6d0@ 
(9) yo, t= 0 [ PQ : 
and then 

aM dM dM 


a verification of the homogeneity. Also 











| Laan 1 dM nay 
a) AdAtG du ~ -°f 59 =4r° eS rae 
12 Lyd Melo ea a” — A?” 10 4B(2fF’) 
te) A dA a dao, MLO) © ie ae 
1d : 4B fK’ 
(13) vice = “(Fe sn 2fF" + B(2fF")] = ao ) 
1 dM 2 ; ’ 44 1—f ke 


and we see now that the conditions are satisfied that this 17 of Viriamu JONES 
is the Stokes function of MINcHIN’s pair of end circular plates of density 
y = + 1/2: , corresponding to a helical current y, = 1, and 


dM dM dM 
(15) 2M =a 7 +Ao +b 7 + mM, 


(16) pM= — 2¢°-A(1—f) K+ 2A4’?- B( PR’) + O(7, + 7,)(K- A), 
in agreement with (6) § 55 above. 


58. Thus the magnetic components for the helical current y,, axial and 
transversal, are, for magnetic potential ©, 


1 Ga a IY, ees 
“) ~~ Bnd dA 
and, now keeping p constant in (8) § 57, 

dQ y, (MM vy ?"—aAcos dé 


— 4yB(fK’) = — y(2nf +4K m fK’), 














duo A db a AD), Po 
(2) : ‘ 
ayaa (eRe. bi A 
Be Aca ogee Many gman 
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With 6 = co we must take ¢, = 00, and the integrals in (10) § 54 reduce to 


“t,—t-t—t, dt 
tT—-t Yy(4-t,—t-t—t,) 





(3) pM = AQV =m? i 


t3 


ih ae io tees dt 
= In" ~~ — ¢, ——_ 
Pei rans pape Vid ota) 


Al eh 
=ni[ 854 T—t,—-VY(tT-—t,:T-— t) [an 





(4) 


with 
(5) 4aA=m’?(t,—t,), (a~AP=m(r—6t,), (a+AP=m'(r—-7t,), 


so that 
(6) il or A*(Al= @) or ma'(A>a). 


Otherwise, with 6 = oo in (5) § 54, 


on a A? sin? 0d0 
oa, ares t. 7 — 2 2 
(7) AS ea ip a+ 2aA cosO+ A? — OUT 





employing the substitution of § 26. 
Thus for the infinite helix, in the plane of the end AB, 


dQ Y, 
(8) ij mama or Oe 
and at M/ or M’, 
dQ Nie ab 
(9) Pee) ache, or 4y( A, — &,), 
OM OA 
(10) k, — OA or Om’ 4 


Thence by subtraction, for a helix extending from 6 to infinity, 





dO | 
(11) oD wm Ay A( FE"), 
do Vgends Be dem ef 
ah Eta E fy ae | 


with 2/51, according as ASa. 
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Potential energy of two coaxial helices. 


59. There remains still the evaluation of the potential energy of two coaxial 
helical currents or of their equivalent cylindrical current sheets, given by V. 
JONES in $18, p. 202, Proceedings of the Royal Society, 1897, and 
this is the same as the mutual potential energy of the two pairs of equivalent 
end plates. Viriamu JONES shows that this energy depends on the integral 


Aer 
(1) H(z) ==" { cos 0d0f (x), 


© somal Y(t48) +2] ves ron[oey ed sth 


—A 0 
(3) Fle y= des fo ae d0/ (a +22), 
and the second term in /’(z), 





3 


m> (2 dt 
H(2y=™ [ (2-6-4 )(4- On 


ae d dt 


m’* 
ar ((.-0e- t.)—V0 a EVD om 
the same integral as for G in $ 82. 

But it is the force between the two helices which alone is required, and this 
is given by df’(z)/dz, or by the change in ’(z) due to a small relative axial 
displacement of the helices, and as this is equivalent to the removal of a circu- 
lar element from one end to the other of a helix, this force depends only on the 
difference of the values of JZ between one helix and the two circular ends of the 
other helix; and this is caleulated by the preceding analysis, which gives the 
value of / as a function, say (6), of 6 the height of one helix say of radius 
A, when the ring of radius a is in the plane of one base of the helix. 

When the circle is at a distance z from the mean section of a helix of height 2 


(5) M= M(z+ 4h)— M(z—th); 
and since M(—z)= — M(z), this makes 17 = 21/( 3h), in the mean section. 


The hydrodynamical analogy is complete, JZ being the Stokes function, and 
V(z+ th) —V(z— 3h) the velocity function, V(z) denoting the potential of 
a circular plate, due to a uniform distribution of source or sink over the plate, 
thereby producing a streaming motion circulating through the helix, a line of 
flow having JZ = constant: thereby we gain a physical conception of the lines 
of magnetic force inside and outside a solenoid. 

MAXwWELL’s figure XVIII can be utilised by the method of superposition for 
drawing these lines when the ring is made to expand into a cylinder by pro- 
gressive axial displacement. 


1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY 521 


Eeploration of the electromagnetic field. 


60. The exploration of the electromagnetic field of the ring current is given 
by MaxweEL.L, E. and M. § 702, and in fig. XVIII by drawing the twelve sur- 
faces 0. = 27f, taking 


(1) f=(0,1, 2,8, ---, 11, 12); 
equivalent to direction at the ring on a clock face at B, for every hour and half 


hour from XII to VI, and again from VI to XII. 
Any surface 0 = 27f will cross the axis Oz at a point H such that 
OH 2rf 


(2) sin = sin ONES sani = ee 





so that His determined geometrically by drawing a circle center A and radius 
(1—/)AB, cutting the circle on diameter 4B in H’, and joining BH’ cut- 
ting Oz in Hf. 

Thence at O, where f=1, 


dQ 2w(1—f) 2x 
Gham (lf) aaa 





the galvanometer constant for the ring. 

Practically we need only draw the surfaces from f= 0 to 4, or between XII 
and III o’clock, as the remainder from III to VI can be inferred by the theorems 
in (25) that OM- OM = OB" for points P, P’ on a line through B. 

In another method of exploration we can utilize the analytical results given 
in Philosophical Transactions, 1904, and determine the value of 0, V, 
and M in §$ 34, 42, 43, 44, 54, when 2/ is one of the simplest rational fractions, 
such as 
6 yeaa! 


i 


a 
ae 


Go| bo 
bo| 


’ 


In this method it is simple to work with the elliptic functions to modulus c’ 
and argument 2/7” and to use the quadric transformation to obtain the result 
to argument /fX’’, if required. 

A curve along which 2f is a rational fraction is an algebraical curve, passing 
through A at an angle fa with Ox, and having Oz as an asymptote. 

We proceed to trace a few of the simplest, and for this purpose it is useful 
to employ a stereographic chart with poles at A and B, and center of projec- 
tion the antipodes of O, in which ease, as in § 25, 


(4) k = tan 4X = tha, ce = tan (45° — 3A) =e”, 


X denoting the latitude, the angle OL on fig. A. 
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Exploring the values of 0, V, J at the principal divisions of the clock face: 





; : 1—¢ 
KIlo’clock, f=0, 5=0, p=0, w=ak=az—, 
Ox Bar ONT 16g oe eT 
1l+c 
’ a Lac 
VI o'clock, fen b6=0, y=, w= 7 = a7, 


X=0, Vibe 
l—c 


c . , , / 
Il o’clock, 2f=1, s=47, xv=a, 22a, siny=c, ~=2amiXk'—tin, 





2 M — i ie 
OQ =r —2F¢, Veda p—m=2(“-—7), me Pet ey fe 
C c 3) c c 
on reference to (9) § 55. 
II o’clock, 2f = 3; and (see Philosophical Transactions, 1904, page 


261) in region By 38>p>1, 


pp pee ide om Gh) Oe Pauacs) 
16p : 16p : 








3 — = 
pA BY = 6 PDs zn gh" = vp, 





os | —1 
cos ~ = en ret cos y = dn 37” 4 sec py —secy’ =1, 


along the curve, analogous to 
w+ w’, or tany + tany’, or cosy + cosy’, --- a constant, 


a circle, or parabola, or magnetic line of force, - -- in biangular coordinates y, y’. 








2 
, : as 5k ines sie ee 
I o'clock: 2f = 4, sin VY = sn $7’ may aka 
ROM is Mp icndbs Slo ahs ee ene 
sin W = don =| Ip : pene a5 


A 
I. 30, 2f=3, y=anif’, sin yr = .|=——, sin y= /(1—c), 
2 Lec Vv 


2 22 


(a—xy (a+a)— 
mth =—}(1—c),  Qo3r—F(1—c)_2Fy(1 =o, 





tan’ yr — tan? y= 1, ats 
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XII. 45, or II. 15, 2f= } or ? (Philosophical Transactions, page 478), 


1 
bop /2—1i,; yeni (5 -p), 














p 
1+ BuO bees By a (1+ p’)(—1+4 2p +p’) 
2 — dn2i pr, (LE 2 Ps fee ep 
cos? yy = dn7i FP" ts sin? Wy = Ip ; 
4p° eh amas at oct ard 
ah 
aoe eC atl ay Bee 16p? 
and a change of p into — 1/p will change ie fae 4 to 3. 


XII. 36, I. 12, I. 48, IT. 24; 2f=4, 2, 3, 4, and the results in Philo- 
sophical Transactions, page 264, to be consulted. 


XII. 30, I. 80, 2f= 2, 8; consult page 288. 
61. In an apparatus constructed by Professor AYRTON and Viriamu JONES, 
neo 2a = 18 inches ; 
and then for the height 6 we shall find in correspondence with 2/, 
Ot & b bb 1 
pO 0s) 1.4-1,.2.0 05 4.09, 9:19; 00% 

















For if 
Forages By? 
ome ds Seas 
(1) of Tee b= 9 V (aA ) ae, 2.574, 
4 Certo 5g ; o9+1)(—p+38 
@ =a (Fpq) ater tet) 
b 21/p 
pee, 1) pee ay Diy Ha ee, Lee — 
p = 2.8822, Puany fami 2H SS oLile b = 4.593, 
2V/aA pn My ies | 
(3) 2f=%, ee Ae dn 3” = ae p= 2.9428, 
2 
geist eh dee b= 1.471, 





Vip—1-p+38)’ 





4aA a1 OT Cia) ) 
aa: 24 a 
(4) ao Re on Tey hee aay 4p 


a quartic for p having a root p = 0.48 and making 


1 2 
C= i (< —p) = Oona c= 0.695, 
cos” yr’ = dn? $F” = 4410? = 0.547 (= 43°), 
ex -A tan Se = OTD, 


Trans. Am. Math. Soc. 35 
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Similarly for 2f= +, 6 = 1.364. 


62. To determine the proportions of the apparatus when the modular angle y 
is raised to 75°, and we take 2f= 4, as in fig. A, we put 





2 (Pot (28) ee ae eee 
(1) c 16p sin? 75° = tee 
of which one root is p = — 7/8, but this root leads to 
(2) sn4Ph=7/3—1, dn#P=1/2. 


But with the other real root, 

















oer 2 ae flee iat ole 
(3) 73 v2 —1 = 2.948661, 
(4) ese = sn $F" = 3(p4+1) = 1.97433 (%==30°26)" 
. Pee tdi ee ae De sada hy | /— "79 94/ 
(5) sin yy == c¢ siny =| 4p =0.1819 (/=7°34’), 
. ° f 2p ° V4 
(6) sin, = sn 3” rae (7, = 60° 267), 
(7) cos yr, = dn 3F” = 3(p—1) = 0.974338  — 
(8) r= (a+ A) seep! = (a+ A)dn $F" = (a+ Aa], ear 
ey m (1 — 9f)F"’ = an 3’ = }(8p!— pi), 
M : p—1l-p+3(7 3p) — pi 


(11) #’ = 2.768063145, EH =1.0764051138, F — F=1.691658032. 


These angles are contrasted with those of the apparatus of Viriamu JONES in 
the table following. 











2f 4 = 0.38 0.35 
sin-'c = ¥ T5° (aoe ls 
sin'k= PB 36° 4’ 34° 36’ 

Va 30° 26’ BP ena 
yy’ ga: 8° 24’ 
Vv, 60° 26’ 58° 58’ 
vi pe BF 13° 36’ 
A/a 0.638196 0.61921 
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63. If the windings of the helix are not complete, or if the current is consid- 
ered through a fraction of the circular ring, the theta functions are required or 
the pseudo-elliptic algebraical III. EK. I. can be employed for a rational value of 
the fraction f, the simplest cases of which will be found worked out in the 
Philosophical Transactions, 1904. 

Lord RayYLeicH has shown, ina Report to the British Association 
(1899), that all error in extreme cases of this assumption as between two coaxial 
helices is eliminated by taking an average for different symmetrical positions. 

One object of the present memoir is to see if by a slight change in one of the 
dimensions of a helix, say the height 5, designed for the experimental determi- 
nation of the ampere, it would be possible to make 2f one of the rational frac- 
tions given above, and so simplify and check the numerical work. 

Or we may construct the apparatus so as to make the angle y in fig. A or 
8 in fig. B an integral number of degrees, so that the value of #’ and # or 
F and H can be taken out of LreGENDRE’s Table I and IX without use of 
proportional parts, and utilise all the decimal figures. 


Potential and Stokes function of a solid coil. 


64. To solve Coleridge Farr’s problem for a solid cylindrical coil, we have to 
determine the potential W and Stokes function P of a series of coaxial helical 
currents or equivalent cylindrical current sheets filling up a solid cylinder, inte- 
grating with respect to the radius the expression for a cylindrical sheet. 

It is simpler to determine W for a coil stretching in fig. A from the plane 
AB to infinity on the right, as this is equivalent to integrating over a single 
circular plate AB of superficial density y = y,/27p (qualified as shown in (8) 
by the factor a —7, r referring to any internal radius OQ"), the influence of 
the other end plate at infinity being insensible. 

In § 48 we have found for the potential V of the plate AB of unit density 


dV He a 
(1) 79 =P Y— POA cos 6 - 2th PQ+PO0’ 


the equivalent of d’? W/dad@, and integrating by parts with respect to a, 


a 


aw 
(2) “on (PQ—PO)da— A cos f 2h" pp 5G da 
= (a + 3A cos 0) PQ —(a+ $4 cos 8)PO 


a 


sath PQ+ PO (4A? — 40? + aA cos 6 + 2A’ cos 20). 
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Integrating again with respect to @ from 0 to 277, the term 
(3) Te i! oth-l Deeg 

PQ+P0 


is not an elliptic integral, and so considered intractable, like the integral (2) 


n $58, to be denoted by J; but 





5 dé 
faa cos @- 2th7” POLP po=«{ (1- ppyas cos 0+ A’+)’) PQ 


(4) —ay(4+¥) [Azz ») 40 


={(A cos 04. APB) a-Gr + ab[(2ar — O(PZ)] — 27a (A’ + 0’). 


PQ 
Bytes ant 6 » (sin? 6d0 
fA 008 20 2th 59 59 8 = -4 epee 
(5) 


+ (AE) [ (at A 0086) 5 so BV (At + BF) O,(PZ), 


so that W is composed of 


(6) (40—44*)J,  —ab[2r7—Q(PZ)], 2by(4’?4+6)0,(PZ), 
and I. and II. E. I.’s, amounting to employing the theorems of § 33, 

Gi in: ; Be fee 

Qn, (a —_ _ 130: _) a SS 


2W = (0?— 34’) I — 2ab[ 2m —0(PZ)] 4+ fb y (A? 4+ bt) ON an 
(7) 
ak 4 
i re: (a? — A* — 180’) + 8ar, EZ. 
1 
The potential W may also be considered due to the circular plate AB, sup- 
posing the density at any interior radius OQ’ =r is a—r; and then, expressed 
as a double integral 


(8) We {[[ Ge, 


d Ir dO 
oe | { PO = potential of the end plate of uniform density 








=(@ +aA tos 8) 5g — 2 [2r —4(PZ)], 
dw —(a—r)(reos 6 + A)rdrdé 
ay pp lomni rants Anta 
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(11) al -{f eae ee 
and 
dw d iB d Uae 


the homogeneity condition of W, of two dimensions in length. 


65. Other double integrals required in the calculation are 


(1) an —0(PZ)=f [To 


the apparent area or normal attraction of the disc AB; 


(2) 0,( PZ) = (pS are eee 


(3) t= { [Ze 


the intractable integral (3) § 64 which is the potential of the dise AB, with 
density 7—" 


at 2 
[UP es 6drdé -{f° + A cos tae A cos? 0 Idd 




















1 1 Acos?6/a+ Acos@ Acos@ 
(4) =|(po- po) 029— [ par ( a -“5o ) 4 
a dO) 1/7 (A* + 6°) ‘ » (cos dé 
meio cmmmetine Shh 2) hv Ate Nea > 
from (17) § 47, and the third integral vanishes ; 
r’ dr dé do PCAs 
(5) {fF gi = I-32 pot ou 0 (PZ), 
nea dé CA 5? 
(fas 3 — 12a Pot ( : 0,(PZ) —* [24 —9( PZ), 
dW dW dw 
AE wall O14 Pais ee LO ee adh 
(1) EE awh “du p db 
= BATH H(A) O,(PZ)— (tA 80) a7, B, 
(8) ea ya dP oral 


db aA’ dA db 
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66. The Stokes function P can be found by an integration of Viriamu 
JoneEs’s WM, but an infinite constant comes in when the coil stretches from 6 to 
00; so returning to a coil extending from 0 to 6, or from AB to the parallel 
plane through P, 

7P jdpM_ a’A’* sin’ 6 b 











(1) dadd— d@ ~~ MQ PQ’ 
and since 
(2) a = MW’ — 2A cos O(a + A cos @) + A’ cos 20, 
bda a+ A cos @ bda 
ate 2 2 wi SO) FAS 2 go ae 
— sin lees A? sin 0 cos8 [ MQ PO 
phys Yer fy: 
2 nate a 
: + A?’ sin @c0s)20) | ree 
(3) 
b 
= A*b(1—cos 20) th- POP PO 2A? sin’ 7 cos 8 (up PO —th Po) 
— A?*sin 6 cos 20 E — tan (- tan 0) | , 


where J, is given in (7) §47, and the integration of this term by parts with 
respect to @ will depend on 0( PZ) and Q,( PZ); and P is thus composed of 
4A°’bI and I., II., and ILL. E. I.’s, which can be evaluated in the preceding 
manner. 

The intractable integral 


ee if Oth te ee nag oe i tho! Oo fas {i th- me de, 


of which the second integral vanishes. 

Putting (a+ A cos @)/PQ=sin ¢’,, so that ¢’ is the angle between PO and 
PZ, and drawing the curve on the Mercator chart connecting latitude ¢’ and 
longitude 0, the area will represent J, as before in § 58 for 7. 

For a flat coil in the plane AB, 





(5) 


P) 


pM if — Pe cos ae drdé 


P 
(8) | eee ond cos 8 CP Ot O eet Cl eereiet2e vee 


a 
d6 PQ+P0’ 


so that 
(7) P =47rA’/ and L, IL, and II. E. I.’s. 


1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY 529 


Legendre’s discussion of the oblique cone. 

67. The method of discussion by LEGENDRE of the surface of the oblique 
cone in his Honctions elliptiques I, p. 329, may be resumed here, because his 
® , the angle of the sector of the developed surface, and Q the conical angle of 
opening of the reciprocal cone are connected by the relation 
(1) ®+ 0 = 27, 


so that one calculation implies the other. 





Fig. D. 


Adopting LEGENDRE’s notation for his oblique cone on a circular base, figures 
Cand D, and considering it as the reciprocal of the cone discussed previously 
in figs. A and B, then PW the perpendicular from the vertex P on the plane 
of the circular base AB making an angle d with PC’ the bisector of the angle 
APB, and the edges PA’, PB’ of the reciprocal cone making an angle 2’ with 
PC, and putting (LEGENDRE) 


(2) AO= OB =r, OM =f, MP=h, PA=a, PB=2¢, 























: het h ; r—f 
(3) sin PAC =sin(N +2) =~, cos(N' + A) = ——, 
Fees; h r+f 
(4) sin PBC =sin (Xr Rie cos (N — A) = maak 
Pa Wee 2 
(5) cos ye ee ae , sin oy cane 
aa ant 
y? — f? — ji 2rh 
ew a eiee i ‘= —, 
(8) cos 20’ = ——_——, sin 2’ = —_, 
h(a fects 
(7) cos X sin A’ = eee sin X cos ns teeta 


TaniAy fo ae 


HELE a ee 


(8) 


in LEGENDRE’s notation. 
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If Pq is the generating line of the reciprocal cone perpendicular to the plane 


PQY, making an angle 8 with PV, and ¢ denotes cos AOQ, 


MY r—fe sin 2’’—cam2r 
(9) Ot PM ih coke eos 


cos 8 cos 20’ + sin 8 sin 2X’ = cos (2 — B) 





(10) o . 
= cos 8 cos 2X + csin #8 sin 2X’ = cos B, 


if B’ denotes the angle between PQ’ and PW’ the perpendicular on the other 
circular section of the cone in fig. D ; so that 


(11) Bee eon. 
or the sum of the angles which PQ’ makes with PJ, PW is constant, and 


these are the focal lines of the reciprocal cone in fig. A; hence the fundamental 
property of a sphero-conic. 


68. LEGENDRE denotes the angle of the sector 4 PQ when developed by ®, 
and the angle A OQ by @, so that : 





(1) PPA = PY erda; 
PY? rdo 
?) = | pe pr 
and, writing c for cos @, 
(3) PO=Hr—2rfe+fr+h’, PYG =i fC) etek 
The angle QP Y is the y of LEGENDRE, and to reduce ® to our form, put 

; ied , r — 2rfe + f? + h? 

(4) Lf (0 8) ry a eee Y= Cr foe ’ 
Hie JPA-&) 





(5) (ape) ee tee 


PY? 
(6) m’(o—s,)=1. 
Then, as before in § 29, 


(7) m?(s,— 8) = 75 costa (“ +a)—(4 20)" 


(r — fe ¥ 4 f?? 











2PY 
aa’ Cai) ee ee NG 
(8) mi(s— 5) = Sy sint a (| ee ‘). 
UveMniors a8.) C= ie 
Od. aie nigh 
m’(s, — 8) = 72 08 Xs m*(s,— 8) = zy sin’), 


9 
(9) , 38 


a 
m*($,— 8) = 47, m*( 8, — 8,)(8,— 8) = 755 
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8, — 8, 

(10) sin? oe bes - 35) 3 — 7, 
so that » is the modular angle, 

aa! aa 
(11) m*(s,—a)= 7 cos’) — 1 = o cos” XN, 

a! a 
(12) m(o—s8,.)= a2 sin’?A +1 = a sin? 2, 

. 
(13) 3m //(—2)= I. 
Again from (11) § 67 
tan (8 — 2’) = tan (X’— f’) = tan (8 — 8’) 
(14) {eae > £008 Asin — sin A cos Ned tee me Se a)o— (a = a) S—S, 
i cos Asin A —csinACcosr | at+a—(a—a)jec s,—s’ 


so that as before in § 365, 

Shdc Al — 8, ds 
oe) OATS ey fae he s,—s /(4:8s,—s:s—s,)’ 
16 rdw —rdc as — frde r ds 
a) PY Pay lec em 29 1/( 8 — 8, ) Ui hn sa 


i eb Pel 
(17) oO |i Pie Ce eh Sa (aa Gomi CEP 


BESS VAS o—s ys 
83 














We notice now that in LEGENDRE’s notation, with 


a’ —a 
(18) cos 0 = as and tan 4m = tan 36 tan 3¢, 


equivalent geometrically to a change from the excentric anomaly @ to the true 
anomaly ¢ in an orbit of excentricity cos 0, 








(oe a) ce bee a jo cos o — cos 8 
oe) a +a—(a’—a)e 1—coswcosd ~ PED, 
S38 S—8, cosh 
(20) yg = ta 2008 $, oe Ad 


and the elliptic functions here are a quarter-period out of phase with the pre- 
ceding in § 26, and 
(21) ¢=am(1—A)K. 

Also 
(22) ied BEE Ther 8, 8, — 83 __ }? 1 4aa’ 

(in? fiGaieia amet teem oa cin” Ncon WN im( a .-pa.) 

so that 
(23) @6=am(1—/f)K’ 











= sin’ 0, 
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Stereographic projection of confocal sphero-conics. 


69. Describe the unit sphere with center P, cutting the focal lines Pl, 
PM' in A, Band PQ’ in C, so that in the spherical triangle ABC (fig. Z’) 


(1) AB=c=2n), BC+ CA=a+b=84 f'=2N, 


and the locus of C is a sphero-conic for 
constant a+ 06 or & or f, the orthogonal 

confocal sphero-conics having a@—b or h 
~ constant. 

Projecting these confocal sphero-conics 
stereographically on the tangent plane at /’, 
the middle point of A’ B, where the spheri- 
cal triangle A’ BC is colunar with ABC, 
and putting Cr =0, CFB=y, we can 
put, according to BurnstpgE, Messenger 
of Mathematics, vol. 20 (1891), p. 60, 


(2) tand0e"* = 7/c' sn (v + wi, c’) [c’—=tan}(7—e)], 





and obtain the orthogonal system of curves given by HOLZMULLER in Lsogonale 
Verwandtschaften. 

Here FA = 904+ 4c, FB=90 — ie, 
(3) cos a = cos @ sin dc + sin 8 cos 3c cos ¢ cos b 


= — cos @sin 4c + sin @ cos ic cos p. 





: sini(6—a)sini(b+a 

(4) 2 cos @sin $c = cos a — cos b, cos 06 = —— ahs 2 ( ) 
- sin da 

But, writing w, w’ for v + ui 


1—ec’ snwsnw 





(5) tan 30=c’ snwsnw’, cos 0 = ya 
1+ c’ snwsnw 


10) sn" OeeLe Cs sth 
1+c'sn’v 1—ce' sn? wu’ 


(6) cos 0 = 





so that replacing v and u by fF” and hf’, and employing the quadric trans- 
formation, 





dn fk’ 
(7) ahs areal ed 
(8) sin} (6+a)=dn fK’, cos4(b+a)=K' sn fk’, 
Bins (OG yee en 2h 
(9) snic  dn2Ki dn2hK cnn ae 
(10)  sin$(6—a)= AK sn(1— 2h) K, 
(11) cos $(b—a)=dn(1— 2A) K, 


(12) k = sin ic, k’ = cos de. 
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Thus 2 = } makes a = d, and the stereographic projection of the great circle 
GHZ is a circle, the coalescence of two branches of a quartic curve in Houz- 
MULLER’s diagram. ‘ 

From Napier’s formula 



































13 cos#(A—B) tani(a+6) dn fk’ 1 
GS) Coa oye.) otange! ~~ ken fA on (lyf) 
we deduce 
1—en(1—/f)K’' 
(14) tan 3A tani} B= i eat 4 ak 
and from 
sn3(MA—B) tant(a—b) k’sn(2h—-1)K 
(15) sie( By | tan de sedi Ry Hehe ia 
we deduce 
1 — en 2hAK 
(16) taniA +tani B= Lame 
1—en(1—/f) 1—cn 2h 
a Jl, zs 
(17) oo feet onl — /) 1 + en 2h’ 
" en(1—f) + en 2A ‘ sn(1—/f)sn 2h 
ee eye | TS ont py 
1—en(1—/f) 1+ en2h 
215 = we VEL 
a) ey ihn (lf) Lon 2h 
en(1— f) — en 2h : sn (1 — f) sn 2h 
emi cncienyents) 1 en ene 
and so on. 


70. If VV, WN’ are the poles of the circular sections of the cone, or the foci of 
the sphero-conics of the reciprocal cone, 
tan $c 


(1) sin EN = 4g £5) 


= cos? =cn(1l —f)K’, 


and we find by Spherical Trigonometry 


(2) cos CV, CN’ =cos CH cos HN+sin C#' sin HN sin CHA 
and 


(3) cos OF = oe BAG + 9) 008 3 (a — 8) 


‘= sn fdn(1— 2h), 





cos 4¢ 
_ Vsinssin(s—c) | 
(4) Oa ant ia ola 
V {sin s sin(s—a) sin(s—d)sin (s—c)} 
sin 4c cos 1¢ | 








(5) sin CHsin CHA= 
so that 


(6) cos CN, CN’= Rance [dn (1 —2h)+hen (1—2h)]=sn2fP''dn (+h) F, 


=cen fen (1—2h), 
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and 
(7) cos CN cos CN’ = ¢' sn? 2fF'", a constant, 


a fundamental property of the sphero-conic. 


T1. If dA denotes the element of plane area cut out by consecutive quartic 
curves, 
(8) dA=c cnwdnwenw dnw’: dh: F"-df 
and if dw denotes the corresponding conical angle, 


(9) dw =4cos Vi0dA = 4 cen w dn wen w dn w’ 


(1 + ¢’sn w sn w’)? 





FF' dfdh, 


and putting w, w =+fA' + hi, this becomes by the quadric transformation, 
1 — k (dn*w — k’)(dn* w’ — k’) 
_4l +k (1 — k*)? dn? w dn? w’ 

















dk “ L(1+k)KEK'dfdh 
1 k* sn wen wsnw’ enw’ \? 
a . dnwdnw’ 
2 dn‘ w — k*)(dn‘ w’ — k? ee 
(10) iis ean ( ; 7 \ ) Te KE 'dfdh 
(dn wdnw' +k snwenwsnw enw’ ) 
_ 9 dn’ (w+ w’) dn* (w—w')—h , 
= 2 ane KK 'dfdh 
ke? 
nue 2 (Pawo. Me Pepe AUT raat pal a 
249 (an fen ale bel KK’ dfah, 


in which the variables are separated. 
Performing the integrations between limits such that A ranges from 0 to 1, 
and f from 7 to 1 and doubling for the whole conical angle 0, 


(11) [fw fK' KE dfdh = K[(1—f)H’ —mfK’], 
ke at a A 2 ad 
SS spears © dpih= { [1 —an'(t— 2h) KK' df dh 
(12) =(1—f)K’ [ [1—du'(1 — 2h) K] Kah 


YG tS AV Ce I7A 

so that 
(18) O=4(1—/)(AH’'4 K'H-KK’')—4K mn fK' =2r(1—f)—4K m fK’, 
as before, for the complete cone; but (10) shows that the apparent area of any 
curvilinear quadrilateral, bounded by two pairs of HoLzMULLER’s curves can be 
expressed in the same manner by the I. and II. E. I. 

Looking back over the calculation we conclude that the Stokes function has 
the advantage in simplicity over the potential function, except for the case of 
the circular ring of § 44. 


1 STAPLE INN, LONDON, W. C., 
January 14, 1907. 


NOTES AND ERRATA: VOLUME 8 


L. P. Etsennart: Applicable surfaces with asymptotic lines - 


Pp. 1138-134. Since the publication of this memoir, the author is 
informed by Professor Brancut that he obtained the 
fundamental theorem (p. 122) in a note, “Suile coppie 
di superficie applicabili con assignata rappresentazione 
sferica,” published in the Rendiconti della R. Acca- 
demia dei Lincei, volume 18 (1904), pp. 147-161. The 


methods are essentially the same. 


W. R. Lonetey: A class of periodic orbits ---. 








Pel00, L282 For (m < p#) read (mM<p). 
V1l—(é@+e) V1—(é+e) 
Peouos en (: 4 = ples : ~ 
ple (ete) |? (1+ a)i[1—(e+e)]* 


L. E. Dickson: Jnvariants of binary forms ---. 


Peetool. 6. For yey” read no, 
P. 2238, formula (60). 66 3n sc on 


C. N. Moore: On the introduction of convergence factors ---. 


P. 305, 1. 1 up. Home p(.0.) == 0) “read “lim teh Geo 0) = 1. 

Peovosl 1. Condition (iii) should read: $”(a) exists for «> 0 
and (x) =0 (0<aaSc). 

Boel or atidel. G; Replace the sentence beginning in 1. 5 by the follow- 


ing: Condition (a) follows for «= 0 from (ii) and for 
2 > 0 from the fact that the second derivative of (x) 
exists for all values a> 0. 


eee La. up. For =x =c read O<e=c. 
Aro Te Lo. After Condition (11) Me follows from (c) 
and the continuity of d(a) forva=0. 
P. 308, 1. 3 up. Replace this line by the following: If for any value of 


a, (d) or (d’) holds for all values of n, (¢) is unnecessary. 
A similar change must be made in the corresponding 
footnote for Theorem V, and may be made, and thus 


535 


536 NOTES AND ERRATA: VOLUME 8 


_ secure greater generality, in the corresponding footnote 


for Theorems I and IV. 


Reo Lon ine. In the parenthesis at the right hand end of the line, 
jor a read a’. | 
P. 323, 1. 10 up. For 0<a <= read =O <a. 
Tt 2141. Op a $(a, x) ~ |p(a, x)|. 
c 
Lema bi cage “ Utd es “ Nas 


G. A. Buiss, A new form of the simplest problem --- 


Pea Tie eoe ps The function (a, y, «,7) should be defined as the 
negative of the expression given. 
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